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1. Introduction

In this paper, we consider the boundary value problem of second-order Sturm-Liouville
equation with impulsive effects

—(p(t)u'(t))' +r(H)u' () + q(t)u(t) = g(t,u(t)), t#t, ae. te[0,1],
~A(p(t)u (k) = Ie(u(te)), k=1,2,...,p-1, (1.1)
W' (0 =u'(17) =0,

where 0 = tg < t <t < -+ < t,q < t, = 1,p € C}([0,1]),7,q € C([0,1]) with p and g
positive functions, g : [0,1] x R — R is a continuous function, I : R — R,1 <k <p-1are
continuous, —~A(p(tx)u'(t)) = —p(te) (/' (t;) —u' (), v/ (t;) and v/ (t,) denote the right and the
left limits, respectively, of u/(t) at t = t, u'(07) is the right limit of #'(0), and #'(17) is the left
limit of #/(1).

In the recent years, a great deal of work has been done in the study of the
existence of solutions for impulsive boundary value problems (IBVPs), by which a number



2 Boundary Value Problems

of chemotherapy, population dynamics, optimal control, ecology, industrial robotics, and
physics phenomena are described. For the general aspects of impulsive differential equations,
we refer the reader to the classical monograph [1]. For some general and recent works on
the theory of impulsive differential equations, we refer the reader to [2-9]. Some classical
tools or techniques have been used to study such problems in the literature. These classical
techniques include the coincidence degree theory of Mawhin [10], the method of upper and
lower solutions with monotone iterative technique [11], and some fixed point theorems in
cones [12-14].

On the other hand, in the last two years, some researchers have used variational
methods to study the existence of solutions for impulsive boundary value problems.
Variational method has become a new powerful tool to study impulsive differential
equations, we refer the reader to [15-20]. More precisely, in [15], the authors studied the
following equation with impulsive effects:

~(p(t)p (1 (1)) + s(t)pp (u(t)) = f(t,u(t)), t#t;, ae. te[ab],
“Alp(t)dp (W (1)) = 1j(u(t))), j=12,....1 (12)
au'(a) - pu(a) = A, yu'(b) + ou(b) = B,

where f : [a,b] x [0,+00) — [0,+00) is continuous, I; : [0,+c0) — [0,+0), j=1,2,...,1, are
continuous, and «, B, y, o > 0. They essentially proved that IBVP (1.2) has at least two positive
solutions via variational method. Recently, in [16], using variational method and critical point
theory, Nieto and O’Regan studied the existence of solutions of the following equation:

—u"(t) + Au(t) = f(t,u(t)), t#t;, ae te[0,T],
A (t)) =Li(u(ty)), j=12,...1, (1.3)
u(0) =u(T) =0,

where f : [0,T] x R — R is continuous, and I; : R — R,j = 1,2,...,] are continuous.
They obtained that IBVP (1.3) has at least one solution. Shortly, in [17], authors extended the
results of IBVP (1.3).

In [19],Zhou and Li studied the existence of solutions of the following equation:

—u"(t) + g(t)u(t) = f(t,u(t)), t#t;, ae tel0,T],
A () =Li(u(t)), j=12...p, (14)
u(0) =u(T) =0,

where f : [0,T] x R — R is continuous, and I; : R — R, j = 1,2,...,p, are continuous.
They proved that IBVP (1.4) has at least one solution and infinitely many solutions by using
variational method and critical point theorem.

Motivated by the above facts, in this paper, our aim is to study the variational structure
of IBVP (1.1) in an appropriate space of functions and obtain the existence and multiplicity
of solutions for IBVP (1.1) by using variational method. To the best of our knowledge, there
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is no paper concerned impulsive differential equation with Neumann boundary conditions
via variational method. In addition, this paper is a generalization of [21], in which impulse
effects are not involved.

In this paper, we will need the following conditions.

(H1) There is constants § > 2, M > 0 such that for every t € [0,1] and u € R with |u| > M,

0 < pG(t,u) <ug(t,u), 0< ﬂfulk(s)ds < uli(u), (1.5)
0

where G(t,u) = [;g(t,s)ds.
(H2) lim, —0(g(t,u))/u = 0 uniformly for t € [0,1], and lim,, o (Ix(u))/u = 0.
(H3) There exist numbers hy, h, > 0 and p; > 1 such that

g(t,u) <hy + holul" forueR, tel0,1]. (1.6)

(H4) There exist numbers ay, b > 0 and y € [0, 1) such that

Ic(u) < ap + bilu]* forueR. (1.7)

(H5) There exist numbers 7,7, > 0 and u € [0, 1) such that

gt,u) <r +nulft forueR, te[0,1]. (1.8)

(H6) There exist numbers a/, b, > 0and y, € (1,+o0) such that
Kk Pk Vi

Ii(u) < a) + b;<|u|Yl,< for u € R. (1.9)

This paper is organized as follows. In Section 2, we present some preliminaries. In
Section 3, we discuss the existence and multiplicity of classical solutions to IBVP (1.1). Some
examples are presented in this section to illustrate our main results in the last section.

2. Preliminaries

Take L(t) = fg(r(s)/p(s))ds. Then e X® e C([0,1]). We transform IBVP (1.1) into the
following equivalent form:

—(e*w)p(t)u’(t))' +e tOgt)u(t) = e Vgt ut)), t#ty, ae te[0,1],
—A(e‘L(tk)p(tk)u’(tk)> = e LWL (uty), k=1,2,...,p-1, (2.1)

' (07)=u'(17) =0.
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Obviously, the solutions of IBVP (2.1) are solutions of IBVP (1.1). So it suffices to consider
IBVP (2.1).

In this section, the following theorem will be needed in our argument. Suppose that E
is a Banach space (in particular a Hilbert space) and ¢ € C!(E,R). We say that ¢ satisfies the
Palais-Smale condition if any sequence {u;} C E for which ¢(u;) is bounded and ¢'(u;) — 0
as j — +oo possesses a convergent subsequence in X. Let B, be the open ball in X with the
radius r and centered at 0 and 0B, denote its boundary.

Theorem 2.1 ([22, Theorem 38.A]). For the functional F : M C X — [—oo,+00] with
M # 0, minyepF (1) = a has a solution for which the following hold:

(i) X is a real reflexive Banach space;

(ii) M is bounded and weakly sequentially closed;

(iii) F is weakly sequentially lower semicontinuous on M; that is, by definition, for each
sequence {u,} in M such that u, — uasn — oo, one has F(u) < liminf,_, F(u,)
holds.

Theorem 2.2 ([16, Theorem 2.2]). Let E be a real Banach space and let ¢ € C'(E,R) satisfy the
Palais-Smale condition. Assume there exist ug, uy € E and a bounded open neighborhood Q of ug such
that u; € E \ Q and

max{¢(uo), (1)} < inf (). (2.2)

Let

I'={h|h:[0,1] — E is continuous and h(0) = up, h(1) = u3},

— inf maxg(h(s)) 23)
e~ nf (),

Then c is a critical value of ; that is, there exists u* € E such that ¢'(u*) = © and @(u*) = ¢, where
¢ > max{e(uo), ¢(u1) }.

Theorem 2.3 ([23]). Let E be a real Banach space, and let ¢ € C'(E,R) be even satisfying the
Palais-Smale condition and ¢(0) = 0. If E = V@Y, where V is finite dimensional, and  satisfies that

(A1) there exist constants p, a > 0 such that ¢|sp.ny > a,

(A2) for each finite dimensional subspace W C E, there is R = R(W) such that ¢(u) < 0 for all
u € W with ||u|| > R.

Then ¢ possesses an unbounded sequence of critical values.

Let us recall some basic knowledge. Denote by X the Sobolev space W2([0,1]), and
consider the inner product

1 1
(u,v) = J‘Ou'(t)v'(t)dt + J‘Ou(t)v(t)dt (2.4)
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which induces the usual norm
1 1 1/2
llul| = U |u’(t)|2dt+J |u(t)|2dt] . (2.5)
0 0

We also consider the inner product

1 1
(u,v)y = foe‘L(t)p(t)u'(t)v’(t)dt + Ioe‘L(t)q(t)u(t)v(t)dt, (2.6)
and the norm
1 1 1/2
lull = <f0e‘“”p<t>|u’(t)|2dt+ foe-“”q(tnu(tnzdt) : (27)
then the norm || - ||x is equivalent to the usual norm || - || in W1?([0, 1]). Hence, X is reflexive.

We define the norm in C([0,1]), L*([0,1]) as ||u||,, = maxte[oq]|u(t)| and ||lul, = [fé|u|2dt]1/2,
respectively.

For u € W?2([0,1]), we have that u, ' are absolutely continuous, and ©” € L*([0,1]),
hence —A(e™ W p(ti)u' () = —e LW p(te) (W' (1) - u/(t)) = 0, for any & € [0,1]. If u €
X, then u is absolutely continuous and ' € L?(0,1). In this case, the one-side derivatives
u'(0%),u' (17),u' (t),u'(t), k = 1,2,...,p — 1 may not exist. As a consequence, we need to
introduce a different concept of solution. We say that u € C([0,1]) is a classical solution of
IBVP (2.1) if it satisfies the equation in IBVP (2.1) a.e. on [0,1], the limits u'(t}), u'(t,), k =
1,2,...,p-1exist and impulsive conditions in IBVP (2.1) hold, #'(0*), #'(17) exist and u’(0") =
#/'(17) = 0. Moreover, for every k =0,1,...,p = 1, ux = u| s, 1,.,) satisfy ux € W?2(ty, tis1).

For each u € X, consider the functional ¢ defined on X by

u(ty) 1
Ii(s)ds — I e tOG(t, u)dt. (2.8)
0 0

1o Ko g
9l = 3l - Tt
k=1
It is clear that ¢ is differentiable at any # € X and
1
¢' (1) (v) = f e Optu o' (1) + e Og(tu(tyo(m | dt
0
. : (2.9)
- e L u(t)o(t) - [ e HOg(t,ut)onds

k=1 0

for any v € X. Obviously, ¢’ is continuous.

Lemma 2.4. If u € X is a critical point of the functional ¢, then u is a classical solution of IBVP
(2.1).
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Proof. Let u € X be a critical point of the functional ¢. It shows that

1
f . [e-“f)p(t)u’(t)v’(t)+e-L<f>q(t)u(t)v(t)] dt
. : (2.10)
= e MW L (u(te)o(t) - joe-L<f> g(tu(t))o(t)dt=0
k=1

holds for any v € X. Choose any j € {0,1,2,...,p — 1} and v € X such that v(t) = 0 if
t € [tk, tx] for k # j. Equation (2.10) implies

t'+1
J ] [e‘L(t)p(t)u'(t)v'(t) +etOgBu(tyo(t) - et g(t,u(t))v(t)]dt = 0. (2.11)
k
This means, for any w € Wg’z(tj, tiv1),
ti1
J [e‘L(t)p(t)u}(t)w'(t) +e tOqtu;(hw(t) - eV g(t, uj(t))w(t)]dt =0, (2.12)
k
where u; = ul; 1;,,). Thus u; is a weak solution of the following equation:
-(e*uf)p(t)u'(t))' +e Mgtyu(t) = e "Og(t,u(t)) te (tj,tia), (2.13)

and therefore u; € Wy(tj, ti1) C C([t tj1]). Let h(t) := e O (g(t,u) — qu), then (2.13)
becomes the following form:

—(e-“f)p(t)u’(t))’ = h(t) on (t;,ti1), j=0,1,2,...,p-1. (2.14)

Then the solution of (2.14) can be written as

t

ui(t) =Ca+ sz £ ¢, p(r)

t i

t s
e(L(S)‘I“P(S))ds—I <e<L(s)‘1“p(s))j hir) eh‘p(”dr> ds te (tj,tj1), (2.15)

]

where C; and C, are two constants. Then u;. € C(tj, tj;1) and u;’ € C(tj, tj+1). Therefore, u;
is a classical solution of (2.13) and u satisfies the equation in IBVP (2.1) a.e. on [0, 1]. By the
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previous equation, we can easily get that the limits u’(t}“), u’(t]f), j=12,...,p-1Lu(t;) and
u'(t,j ) exist. By integrating (2.10), one has

I ; [e-L<f>p(t)u'(t)u'(t) + e-L<f>q(t)u(t)v(t)] dt

-1 1
- pZe-“fk’Ik(u(tk))v(tk) - J e Mg (t, u(t))o(t)dt

k=1 0
-1
- —pZA(e’L(tk)p(tk)u'(tk)>v(tk) +e "Wp)u' (17)v(1)
k=1

-1
— e LOp(0)u/ (0*)0(0) - pZe‘L““Ik (u(ti))v(te)

P (2.16)
1
-,

p-1
== > [A(e M Wptu 1) + e (e |ote)
k=1

_<e—L<f>p(t)u'(t)>' +e P Og(t)u(t) - e‘“”g(t,u(t))] o(t)dt

+e " DpMyu' (17)v(1) - e "Op(0)u/ (07)(0)
1
.

and combining with (2.13) we get

(e Op(ty () +e M Og(tyu(t) - e‘””g(t/u(f))] v(t)dt =0,

p
- 2 [A (e pn @) +e I u ot o1

+e " Wp1)u' (17)v(1) - e Op(0)/ (07)v(0) =0.

Next we will show that u satisfies the impulsive conditions in IBVP (2.1). If not, without loss
of generality, we assume that there exists i € {1,2,...,p — 1} such that

e MO L (u(t;) + A (e_L(ti)p(ti)u’(ti)) 0. (2.18)
Let
14
o(t) = (t = te)- (2.19)
k=0,k#i
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Obviously, v € X. Substituting them into (2.17), we get
(A L@ p(t)u (k) + e (k) )o(t) = 0 (2.20)

which contradicts (2.18). So u satisfies the impulsive conditions in IBVP (2.1). Thus, (2.17)
becomes the following form:

e Up)u (17)o(1) - e Op(0)u' (07)0(0) = 0, (2.21)

for all v € X. Since v(0),v(1) are arbitrary, (2.21) shows that e *Wp(1)u/(17) =
e tOp(0)4/(0*) = 0, and it implies #/(17) = #/(0*) = 0. Therefore, u is a classical solution
of IBVP (2.1). 0

Lemma 2.5. Let u € X. Then ||ul|, < Mi||ul|x, where

M, =212 max{ : 1 T2 : ! 7 } (2.22)
(mingepoe X Op(t)) (mingepo1e~ LM q(t))

Proof. By using the same methods of [15, Lemma 2.6], we easily obtain the above result, and
we omit it here. O

3. Main Results

In this section, we will show our main results and prove them.

Theorem 3.1. Assume that (H1) and (H2) hold. Moreover, g(t, u) and the impulsive functions Ij.(u)
are odd about u, then IBVP (1.1) has infinitely many classical solutions.

Proof. Obviously, ¢ is an even functional and ¢(0) = 0. We divide our proof into three parts
in order to show Theorem 3.1.

Firstly, We will show that ¢ satisfies the Palais-Smale condition. Let {¢(u,)} be a
bounded sequence such that lim,_,.¢'(1,) = 0. Then there exists constants C3 > 0 such
that

loua)| <Cs,  ||¢ (un)|lx < Cs. (3.1)
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By (2.8), (2.9), (3.1), and (H1), we have
p
(& - 1) = Sl - o

p-1 1y () 1
= B () — ¢ ()t + ﬁZe‘L(tk)f Ii(s)ds + ﬂj e TOG(t, u,)dt
k=1 0 0

p-1 !
= e L (aan () () - f et g (t, w)updt
k=1 0

p-1 Ly up ()
=ée <ﬂfo 1k<s>ds—Ik<un<tk>>un<tk>> 52)

1
+ f e MO (BG(t, un) — gt 1n)un) dlt + Pip(utn) = ¢ (1) e
0

< BCs + M2Cs|unllx

1
-L(t)
+ dt G(t, —o(t,u,)u
foe o, Jf}f}?[_M,M]lﬂ (t, 1) — g(t, Up) 1ty

p71 un(tk)
—L(t)
+§e max I (s)ds — I (1, (), (F1) |-

k=1 un(tk)e[—M,M]‘ﬂjO k(s) k (Un (tr)) tn (tk)

It follows that {u,} is bounded in X. From the reflexivity of X, we may extract a weakly
convergent subsequence that, for simplicity, we call {u,}, 1, — u in X. In the following we
will verify that {u,} strongly converges to u in X. By (2.9) we have

(¢ (un) = ¢’ () (un — 1)

= [l — ull%

1

_ Ze_L(t")(Ik(un(tk)) = Iic(u(tn))) (un (te) — u(te))

- (3.3)
k=1

1
- foe-“” (5t (D) - g(t, u(t))) (alt) — u(t))dt.

By u, — uin X, we see that {u,} uniformly converges to u in C([0,1]). So

1
joe—L(t) (gt un(t)) — g(t, u(t))) (ua(t) — u(t))dt — 0,

P (3.4)
e L) (e aa (t1)) = Tic (1)) (i (£i) = () — 0,

k=1

(¢'(un) —¢'(u)) (up —u) — 0 as n — +oo.
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By (3.3), (3.4), we obtain |lu, — ul|y — 0asn — +oo. Thatis, {u,} strongly converges to u in
X, which means the that P. S. condition holds for ¢.

Secondly, we verify the condition (Al) in Theorem 2.3. Let V = R,Y = {u € X |
f(l)u(t)dt = 0}, then X = V @Y, where dimV = 1 < +oo. In view of (H2), take ¢ =
min{1/ 8M%fée‘“”dt,1 /8M3 ZZ: e Lt} > 0, there exists an 6 > 0 such that for every u
with |u| < 6,

G(tu) < eluf?, f Ii(s)ds < e|ul*. (3.5)
0

Hence, for any u € Y with ||u||x < 6/M;, by (2.8) and (3.5) , we have

u(ty)

1
Ix(s)ds — J e tOG(t, u)dt
0

o) = 3 lully Ze-wk’ j

1 p-1 B 1
> Sl - e el - [ e Oelu(oPat
k=1 0
1 -1 1 (3.6)
> DIl - M el - e e Oanful
-2 = 0
1 2 2
> 2wl - gl - g
1
= e

Take a = 6 /4M?,p = 6/ M, then ¢(u) > a,Yu € Y N OB,
Finally, we verify condition (A2) in Theorem 2.3. According to (H1), forany u > M >0
and f € [0, 1] we have that

G(tu)\' _ uPg(tu) - puf'Glt, u) g(t,u) - BG(t, u)
( - > - £ e (37)

Hence

Gt,w) _ G(t, M)

> P mi =C .
" P >M trerﬂ(}/ln]G(t,M) C'>0 (3.8)

forallt € [0,1] and u > M > 0. This implies that G(t, u) > C'uf forallt € [0,1] and u > M > 0.
Similarly, we can prove that there is a constant C” > 0 such that G(¢, u) > C"|ul forallt € [0,1]
and u < —M. Since G(t, u) — C4|u|ﬂ is continuous on [0, 1] x [-M, M], there exists Cs > 0 such
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that G(t, u) — C4|u|ﬁ >—-Cson [0,T] x [-M, M]. Thus, we have
G(t,u) > Calul - Cs V(t,u) € [0,1] xR, (3.9)

where C4 = min{C’,C"}.
Similarly, there exist constants Cq, C7 > 0 such that

J‘ Ix(s)ds > Celulff = C; V(t,u) € [0,1] x R. (3.10)
0

For every ¢ € R\ {0} and u € W\ {0}, by (2.8), (3.9), and (3.10), we have that the
following inequality:

1,0 RS i p g p
<z - K(C t)lF - Cr) - C - Cs)dt
0@ < 5leulli - Sie (Coléutt) - C) f e (Culgut’ - C5)

2 p-1 p-1 1 1
< %||u||§(—C6|§|ﬂZe’L(t">|u(tk)|ﬁ+C7Ze’L(t") —c4|§|ﬁf e LOu(t)Pdt+Cs f e L4t
k=1 k=1 0 0
(3.11)

holds. Take w € W such that ||w||x = 1, since § > 2, (3.11) implies that there exists ¢’ > 0 such
that ||¢w||x > p and ¢(éw) < 0 for ¢ > ¢' > 0. Since W is a finite dimensional subspace, there
exists R(W) > 0 such that ¢(u) <0 on W \ Brwy. By Theorem 2.3, ¢ possesses infinite many
critical points; that is, IBVP (1.1) has infinite many classical solutions. O

Theorem 3.2. Assume that (H1) and the first equality in (H2) hold. Moreover, g(t, ) is odd about
u and the impulsive functions Ij(u) are odd and nonincreasing. Then IBVP (1.1) has infinitely many
classical solutions.

Proof. We only verify (Al) in Theorem 2.3. Since I (1) are odd and nonincreasing continuous
functions, then for any u € R, [(Ix(s)ds < 0. So we have Zz;i e‘L“")f’g"(tk)Ik(s)ds < 0. Take
€= 1/8M%fée‘“”dt >0,a =36%/8M?,p = 6/ My, like in (3.6) we can obtain the result. O

Theorem 3.3. Suppose that the first inequalities in (H1), (H3), and (H4) hold. Furthermore, one
assumes that g(t,u) and the impulsive functions I (u) are odd about u and we have the following.

(H7) There exists Ag > 0 such that

Ag ~ -L Yk AYi P1 AP ! -L
5> Mlge W (MY AT + ar ) + My (MY AY + hl)joe O gt. (3.12)

Then IBVP (1.1) has infinitely many classical solutions.
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Proof. Obviously, ¢ is an even functional and ¢(0) = 0. Firstly, we will show that ¢ satisfies
the Palais-Smale condition. As in the proof of Theorem 3.1, by (2.8), (2.9), (3.1), the first
inequalities in (H1) and (H4), we have

p p
(z _ 1) loaalFy = 5l = el

Un (tk)

p-1 1
= Pop(un) — ¢’ (tn)ttn + ﬁZe‘L“k)f Ix(s)ds + pj e LOG(t, uy,)dt
k=1 0

0

p-1 1
— 3 M L (u (1) Yt (1) f e Og(t, un)undt
=1 0

1

= Bp(itn) — ¢ (1) 1t + f 1O (BG(t, 10n) — g{t, )ity )it
0

p—l Upn (tk) p—l
#p3e0 | T ns)ds - 3Ot )
k=1 0

k=1

1

< BCs + M2Csluy|| + | e tOdt max Gt uy,) — ¢(t, uy)u
<+ MiCalll+ [ t0dt max - 1BG(E )~ ()|

p-1
_ 1 1
+(B+1) e (@eMyfunlly + beM] ).
k=1
(3.13)

It follows that {u,} is bounded in X. In the following, the proof of P. S. condition is the same
as that in Theorem 3.1, and we omit it here.

Secondly, as in Theorem 3.1, we can obtain that condition (A2) in Theorem 2.1 is
satisfied.

Take the same direct sum decomposition X = V @Y as in Theorem 3.1. For any u € Y,
by (2.8), (H3), and (H4), we obtain

1 p-1 u(ty) 1
0 = 3l - Tt T n(s)ds - [ 06w
k=1 0 0

-1
1 2 X - +1 +1
> Sllulf = Yo (aMallullx +beM] ully ™)
k=1

1
- f e M 0dt (M Jull + M} Julf™) (3.14)
0

1 = 1 1 (" 1
= 3l = e b e = hanl [ ety
k=1 0

p-1 1
= M ||ull <Ze‘wk)ak + hlf e‘L(t)dt>.

k=1 0
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In view of (H7), set ||lul|x = p := A¢ > 0, then we have

1., o —L(t Y+l p v+l p1+1 ! ~L(t p1+1
‘P(”)Z“ZQAO‘;E’ Wy M AN - iy MY foe AP

p-1 1
- M1A0 <Z€_L(tk)ak + I’l1J‘ E_L(t)dt> > 0.
0

k=1

(3.15)

Therefore, p(u) > a,Yu € Y N 0B,. By Theorem 2.3, ¢ possesses infinite many critical points,
that is, IBVP (1.1) has infinite many classical solutions. O

Theorem 3.4. Assume that the second inequalities in (H1), (H5), and (H6) hold, moreover, one
assumes the following.

(H8) There exists Ay > 0 such that

A p-1 ;o 1
5> MY et (BMPAL + ) ) + My (nMIA] + 1) f Oe-L<f>dt. (3.16)
k=1

Then IBVP (1.1) has at least two classical solutions.

Proof. We will use Theorems 2.1 and 2.2 to prove the main results. Firstly, we will show that
(p satisfies the Palais-Smale condition. Similarly, as in the proof of Theorem 3.1, by (2.8), (2.9),
(3.1), the second inequalities in (H1) and (H5), we have

p p
(5 1) hnlB = S sl = sl
p—l un(tk) 1
= (1) — ¢ () 1y + pZe*L“k)f Ii(s)ds + pf e FOG(t, uy)dt
k=1 0 0

p-1 !
= > eTH I () (i) — f e O g(t, un)uydt
k=1 0

1
< BCs+ MiCallx + [ &0dt(ry+ oM )

1
— 1 1
+ ﬁf e MOt ( M|l + 2 My 1)
0

p71 un(tk)
—L(t)
+§e max p Ii(s)ds — I (1, (tr) ) u, (t
— () ELM, ]‘ IO k( ) k( n( k)) n( k)
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1
= pCs + M%C3||un||x + ’[ e_L(t)dt<7’1 + TzM’f”unHl;() (BMilugllx +1)
0

un(k
+Ze L) max ‘ﬁf t I (8)ds — I (uy () ) uy (t) |-
0

un (t)E[-M,M]

(3.17)

It follows that {u,} is bounded in X. In the following, the proof of P. S. condition is the same
as that in Theorem 3.1, and we omit it here.

Let A > 0, which will be determined later. Set By := {u € X : |ju|lx < A}, then
B = {ueX:|u x < A} is a closed ball. From the reflexivity of X, we can easily obtain
that B, is bounded and weakly sequentially closed. We will show that ¢ is weakly lower
semicontinuous on B A. Let

niw =3[ Opol @ e+ [ HOqinfa, .

u(ti

p-1 (
() =31
k=1 0

) 1
Ix(s)ds — f e tOG(t, u)dt.
0

Then ¢(u) = ¢1(u) + ¢2(u). By u, — u on X we see that {u,} uniformly converges to u
in C([0,1]). So ¢, is weakly continuous. Clearly, ¢; is continuous, which, together with the
convexity of ¢, implies that ¢, is weakly lower semicontinuous. Therefore, ¢ is weakly lower
semi-continuous on B 4. So by Theorem 2.1, without loss of generality, we assume that (1) =
inf, 5, ¢(u). Now we will show that

p(uo) < uéggAw(u)- (3.19)

For any u € 0B4, by (H5) and (H6), we have

u(ti)

1
Ii(s)ds — J e FOG(t, u)dt
0

o) = 3 lully Ze-m f

1
> > llull - Mlze L“k)(b’ Ml +a§<||ullx) (3.20)
k=1

1
- le e’L(t)dl‘<rsz||u||?<+1 + 7’1||”||x>-
0



Boundary Value Problems 15

Hence

. 1 pl _ ! ' +1
inf () 2 5 Jullk - My ye ™ (B M [ull ™ + allully )
uU€dB 4 2 k=1 (3 21)

1

_ 1

—le e L(t)dt<r2M’f||u||’; +r1||u||X>.
0

In view of (HS8), take A = Ay > 0, we have infueaBAl(p(u) > 0, for any u € 0B4,. So ¢(up) <

#(0) = 0 < infueop, ¢ (u).
Next we will verify that there exists a u; with |jui||lxy > A; such that ¢(u;) <
infueom, ¢(u). Let ¢ € R\ {0}, B(t) = 1. Then by (3.10) and (H5), we have

§2 1 p-1 ¢ 1
¢(¢B) = —J e tWq(t)dt - Ze-wwf I (s)ds — f e tOG(t, &)dt
2 0 0 0

k=1

§2 1 p-1 p-1
< EJ et Oq(t)dt — CeléfP > e ™) + C; Y eH (3.22)
0 k=1 k=1

1
+ (rale! + r1|§|>f et Ogt.
0

Since f > 2,0 < pu < 1, we have limyg|_ 1, ¢({B) = —oo. Therefore, there exists a sufficiently
large & > 0 with [|{B||x > A such that ¢($B) < infueop, ¢(u). Set u1 = B, then ¢(u1) <
inf,cap » (). So by Theorem 2.2, there exists u; € X such that ¢'(u2) = 0. Therefore, uy and
u, are two critical points of ¢, and they are classical solutions of IBVP (1.1). O

Remark 3.5. Obviously, if g is a bounded function, in view of Theorem 3.4, we can obtain the
same result.

Theorem 3.6. Suppose that (H4) and (H5) hold. Then IBVP (1.1) has at least one solution.
Proof. The proof is similar to that in [19], and we omit it here. O

Corollary 3.7. Suppose that g and impulsive functions I,k =1,2,...,p—1are bounded, then IBVP
(1.1) has at least one solution.

4. Some Examples

Example 4.1. Consider the following problem:

—u'(t) +u'(t) +u(t) = g(t,u(t)), t#tg, ae. te[0,1],
“A(u'(t)) = I(u(te)), k=1,2, (4.1)
W' (0 =u'(17) =0,

where g(t,u) = 4u® + 6tu°, I (u) = 1.



16 Boundary Value Problems

Obviously, g(t,u), Ix (1) are odd on u. Compared to IBVP (1.1), p(t) =1, q(t) =1, r(t) =
1, k = 2. By simple calculations, we obtain that M; = V2e. Let p =3, M = 1. Clearly, (H1),
(H2) are satisfied. Applying Theorem 3.1, IBVP (4.1) has infinitely many classical solutions.

Example 4.2. Consider the following problem:

—u"(t) +u(t) = g(t, u(t)), t#tc, ae te[0,1],
-A(u (t)) = I(u(te)), k=1, (4.2)
W' (0 =u'(17) =0,

where g(t,u) = (1/8)u® + (1/20)t sinu, I (u) = (1/16)u'/3 cos u.

Obviously, g(t,u), I (u) are odd on u. Compared to IBVP (1.1), p(t) =1, q(t) =1, r(t) =
0, k = 1. By simple calculations, we obtain that M; = V2,e L0 = 1. Let p=3 M=4m=
1/20,n=1/8, ax =0, by =1/16, yr = 1/3, p1 = 3. Clearly, the first inequalities in (H1), (H3),
and (H4) are satisfied. Take Ag = 1/2, then (H7) is also satisfied. Applying Theorem 3.3, IBVP
(4.2) has infinitely many classical solutions.

Example 4.3. Consider the following problem:

—u"(t) +u(t) = g(t,u(t)), t#t, ae tel0,1],
AU (b)) = Ie(u(ty), k=1, (4.3)
W (0 =u'(17) =0,

where g(t,u) = (1/16)u'/3sint, Ix(u) = (1/2)u’ + cos u.

Compared to IBVP (1.1), p(t) = 1, q(t) = 1, r(t) = 0, k = 1. By simple calculations,
we obtain that M; = v2,et® = 1. Letp =3, M =2, =0, = 1/16, p = 1/3, a, =
1, b, = 1/2,y; = 5. Clearly, the second inequalities in (H1), (H5), and (H6) are satisfied.
Take Ay = 1/2, then (HS8) is also satisfied. Applying Theorem 3.4, IBVP (4.3) has at least two
classical solutions.
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