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1. Introduction

In this paper we are interested in the existence of a global (L*(RYN), LP(RN))-attractor for the
m-Laplacian equation

uy — A u+ )L|u|m_2u +f(xu)=gx), xe€ RN, teR", (1.1)
with initial data condition

u(x,0) = up(x), xeRY, (1.2)

where the m-Laplacian operator A, u = div(|Vu"2Vu),2 <m < N, 1> 0.

For the case m = 2, the existence of global (L*(RYN), L?(RN))-attractor for (1.1)-(1.2) is
proved by Wang in [1] under appropriate assumptions on f and g. Recently, Khanmamedov
[2] studied the existence of global (L?(RN), L™ (RN))-attractor for (1.1)-(1.2) with m* =
mN/(N-m). Yang et al. in [3] investigated the global (L?(RN), LP (RN)nW '™ (RN))-attractor
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<4, under the assumptions f(x,u)u > aiul’ — ax|u|™ — az(x) and f,,(x,u) > as(x) with the
constants aj,a; > 0 and the functions as,as € L'(RY) n L*(RY). We note that the global
attractor &, in [3] is related to the p-order polynomial of u on f(x,u). In [4], we consider
the existence of global (L*(RN), LP(RN))-attractor for (1.1)-(1.2), which the term )L|u|m_2u is
replaced by Au. We derive L* estimate of solutions by Moser’s technique as in [5-7], and due
to this, we need not to make the assumption like f,(x,u) > as(x) to show the uniqueness.
For a typical example is f(x,u) = a(x)|u|“_2u - h(x)|u|ﬁ_2u with a(x) > h(x) >0, a> f > 2,
h(x) € L>(RN) N L*(RN). In [4], we assume that f(x, u) satisfies

0< fof(x,n)dq + L(x)|u| < ko (f (2, w)u + L(x)|ul) (1.3)

with some k, > 0 and L(x) € L2(RN) N L*(RN).

Obviously, the nonlinear function f(x, u) = —h(x)|u|‘7_2u with h(x) >0, g > 1 does not
satisfy the assumption (1.3).

In this paper, motivated by [2-4], we are interested in the global (L*(RYN), LP(RN))-
attractor &, for the problem (1.1)-(1.2) with any p > m, in which p is independent of the
order of polynomial for u on f(x, u).

Our assumptions on f(x,u) is different from that in [2-4]. To obtain the continuity
of solution of (1.1)-(1.2) in LP(RN), p > 2, we derive L* estimate of solutions by Moser’s
technique as in [4, 6, 7]. We will prove that the existence of the global attractor <4, in L? (RN)
under weaker conditions.

The paper is organized as follows. In Section 2, we derive some estimates and prove
some lemmas for the solution of (1.1)-(1.2). By the a priori estimates in Section 2, the existence
of global (L?(RN), LP(RN))-attractor for (1.1)-(1.2) is established in Section 3.

2. Preliminaries

We denote by L and W™ the space LP(RN) and W' (RYN), and the relevant norms by || - ||,

and || |1, respectively. It is well known that W (RN) = W)™ (RN). In general, |- | ¢ denotes
the norm of the Banach space E.
For the proof of our results, we will use the following lemmas.

Lemma 2.1 ([8-10] (Gagliardo-Nirenberg)). Let > 0,1 <r < g < m(1 + p)N/(N — m) when
N >mand1<r <q< oo when N < m. Suppose u € L" and |ulfu € W™, Then there exists Co
such that

1/(B+1 _ 0/(p+1)
Jaally < €5/ a9 Qa0 | (2.1)

m

with® = (1+P)(r ' =g ")/ (N =m ™t + (1+p)r!), where Cy is a constant independent of g, , J5,
and 0 if N #m and a constant depending on q/ (1 + ) if N = m.

Lemma 2.2 ([7]). Let y(t) be a nonnegative differentiable function on (0,T] satisfying

y'(t) + APy 0 () < Bt Ry () + CHS, 0<t<T, (2.2)
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with A, >0,00>1,B,C>0,k<1,and 0 <6 < 1. Then one has
1/6 -1
y(t) < A7VO(20+2BT'F) Tt 420 (44 BTIF) #10, 0<t<T. (2.3)

Lemma 2.3 ([11]). Let y(t) be a nonnegative differential function on (0, co) satisfying
y'(t)+ Ay () <B, t>0 (2.4)

with A, p >0, B > 0. Then one has

>1/(1+#)

y(t) < (BA™ +(Aut) M, s (2.5)

First, the following assumptions are listed.
(A;) Let f(x,u) € CL(RN*), f(x,0) = 0 and there exist the nontrivial nonnegative functions
h(x) € L N L* and hy(x) € L', such that F(x,u) < ki f (x, u)u and

—h(@)[ul? < f(x,u)u < h(x)[u|? + b1 (x), (2.6)

(FGe,u) = £, 0)) (= 0) 2 =ko (1+ [l + o )~ 0, (2.7)

where F(x,u) = fgf(x, s)ds, 2 < q<m,q =m/(m— q) and some constants ki, k, > 0.
(A,) Let f(x,u) € CLY(RN*), f(x,0) = 0 and there exists the nontrivial nonnegative function
hi(x) € LY, such that F(x,u) < ki f (x, u)u and

ar|ul* = axlu™ < f(x, uyu < biful® + balul™ + hi (x),
(2.8)
(Fe ) = f(x,0)) (=) > —ky (1+ "2 + ol ju = of?,

where ay < A\, m <a <m+2m/N,and a;,b1,b, >0, k1, ko > 0.
A typical example is f (x,u) = a(x)|u|* *u—h(x)ul *uwith a(x), h(x) > 0,and a > p > m.
The assumption (A,) is similar to [3, (1.3)—(1.7)].

Remark 2.4. If f(x,u) = —h(x)|u|"u, q > m, the problem (1.1)-(1.2) has no nontrivial solution
for some h(x) >0, see [12].
We first establish the following theorem.

Theorem 2.5. Let g € L™ N L* and uy € L. If (A,) holds, then the problem (1.1)-(1.2) admits a
unique solution u(t) satisfying

u(t) eX= C([O,oo),L2> nL™

loc

(10,00), W) 0Lz (10, 00), 12),
(2.9)

loc

u, €L™ <[0,oo),W71’m/>,
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and the following estimates:

lu®)li3 < Co(llgllme + IRl )t + luoll3, £ 20, (210)

IVl + Mu®li < Co( gl + 1S + Ikl ) + £ uolly, €50, (211)
f :nutmnédr < Co(llgllme + INE: +11Aslly) + 57 luolls, 0 <s<t, (212)
lu®)|, <Cit™,  so=NQ@m+(@m-2)N)", 0<t<T (2.13)

with m' = m/(m — 1). The constant Cy depends only on m, N, g, A, and C; depends on h, g, uy,
and T.

Proof. For any T > 0, the existence and uniqueness of solution u(t) for (1.1)-(1.2) in the class
Xr = C<[0, T], L2> n Lm([o, T],W1'm> nL> ([0, T],L2> (2.14)

can be obtained by the standard Faedo-Galerkin method, see, for example, [10, Theorem 7.1,
page 232], or by the pseudomonotone operator method in [2]. Further, we extend the solution
u(t) for all t > 0 by continuity and bounded over L? such that u(t) € X.

In the following, we will derive the estimates (2.10)—(2.13). The solution is in fact given
as limits of smooth solutions of approximate equations (see [5, 6]), we may assume for our
estimates that the solutions under consideration are appropriately smooth. We begin with the
estimate of ||u(t)|l,.

We multiply (1.1) by u and integrate by parts to get

D @)1+ IVa + Aol = f (8(x) - f(x,u))udx. (2.15)

Since

[ seuenuia< [ o dr < @l + Colll,

(2.16)
[ stouvdx < dlut ol
R
with 1g = A/4. We have from (2.15) that
L2 B+ 17O + 20 < Co gl + 1L (217)
> dt u 2 u m ol m = O(IIg”m’ ¢ ). :

Integrating (2.17) with respect to ¢, we obtain

1 ' m m m' 1 1
SO + [ (TG + 2l s < Colglly « IhIE )+ 5hlf @18)
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This implies (2.10) and the existence of t* € (0,t) such that

1Vt + 220 et 1 < Co([lg e + I1lE ) + £ lmoll3, £ 0. (219)
On the other hand, multiplying (1.1) by % and integrating on (s, ) x RN, we get

t
[ oBtr « Ivu@l+ @+ [ (P u) - geoum)dx

(2.20)
1 m ‘A’ m
= —[[Vu(s)llm + —lu(s)lm +I (F(x,u(s)) - g(x)u(s))dx.
m m RN
By (2.6), we have F(x,u) > —h(x)|u|’ and
o[ Feundx< [ neowordx < elu; + Collhl (221)
RN RN
with 0 < ¢ < 1/2m. Similarly, we have the following estimates by Young's inequality:
[ Igtoutnlax < eludl; + Callg .
R
[ Istou)ldx < oI+ sl
RN (2.22)

f F(x,u(s))dx < k1J‘ (h(x)|u(s)| + hi(x))dx
RN RN

< Co(llu(s) Il + 1N + 1Al )
Then, we have from (2.20) that

I e (7) |37 + VU@l + 5 M@l < CollVae(s) s + luls)lm + M), (2.23)

where
M = ||g||m + IRl + (1Bl (2.24)
Further, we let s = t* in (2.23) and obtain from (2.19) that
1Vl + Mu®Ily < Co(My + lwoll3), >0,

, (2.25)
I e (r)[5dT < Co( M + 7 wol3), 0<s<t.
S
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Thus, the solution u(t) satisfies (2.10)—(2.12). We now derive (2.13) by Moser’s
technique as in [5, 6]. In the sequel, we will write u” instead of [u[P 4 when p > 1. Also,
let C and C; be the generic constants independent of p changeable from line to line.

Multiplying (1.1) by [uP u, (p > 2), we get

1d -m m-2)/m m m-—. -
;;aﬂu(f)lli +Cp! nw<p+ 2)/ ”m M u®him s < fRN (8(x) = f(x,w)) [ul"*udx.
(2.26)

It follows from Young’s inequality that
_ -2 1-p)/(m-1 a,
[ JsGollurdx < dafutf 33+ 40 gl
(2.27)
[ Fml e <l A8
RN

p+m-=2
withlg =LA/4,a, = (p+m-2)/(m-1),p, = (p+m~-2)/(m-q). Then, (2.26) becomes

1d - _ m +m=2
S il + Copt ™ [vumm2m | e 2ol
(2.28)

(1=p)/(m-1) a 2-p-q9)/(m=q) 7, ,P
<4y llglle, + 4o IRl -

LetR>m/2,p1 =2, pyn = Rpp-1 — (m—-2),n=2,3,.... Then, by Lemma 2.1, we see

e Y e P A T A (2:29)
where
g, - Pr +m-2< L i> <l 1, p +m—2>1 _ NR(-puapy’) (2.30)
m Pn-1 P/ \N m MpPu_1 m+N(R-1)
Inserting (2.29) into (2.28) (p = p,), we find
D+ 0™ R ™l < i, (231)

where r, = (p, + m - 2)0,! — p, and

2-pn—q)/(m-q) n (1-pn)/ (m-1) n
Y P [ v P | (2.32)

A
An

with A\, = (py+m-2)/(m-1), uyy = (pn+m-2)/(m—-q),n=1,2,....
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We claim that there exist the bounded sequences {¢,} and {s,} such that

lu(®)ll,, <&t 0<t<T. (2.33)

Indeed, by (2.10), this holds for n = 1 if we take s1 = 0, & = MTV? + ||ug||,. If (2.33) is
true for n — 1, then we have from (2.31) that

y' (1) + A0y () <p, A, 0<t<T, (2.34)
where y(t) = [[u(t)|l., Tn = Supn and
0 = rup,, sp=(1+8,1(r,—m+2))r,", A= Clcam/e"pfl‘m 2T (2.35)

n—-1

Applying Lemma 2.2 to (2.34), we have (2.33) for n with
1/1n 1/pn
&= b (GG Pt ) T (240syt) T (2.36)

forn=2,3,....

It is not difficult to show that s, — sy = NQm+ (m-2)N)", asn — oo and {&,) is
bounded, see [6]. Then, (2.13) follows from (2.33) as n — co.

We now consider the uniqueness and continuity of the solution for (1.1)-(1.2) in L?. Let
u1, up be two solutions of (1.1)-(1.2), which satisfy (2.10)—(2.13). Denote u(t) = u;(t) — ua(t).
Then u(t) solves

= (Aptty = Apitin) + Al P = o] "P102) = f (¢, 1) = f (o, 01). (2.37)
Multiplying (2.37) by u, we get from (2.7) and (2.13) that

d m m - -
SO+ a5+ plu 7 < e[ (1l + ol ulelx

N =

(2.38)
< kzj (1+ (DN + o (DI )e2dae < Co(1+ 202 ) () |3
RN

with some yy, 71 > 0. Since so(q —2) < 1 and u(0) = 0, (2.38) implies that ||u(t)|, = 0in [0, T]
and u1 () = up(t) in [0, T].
Further, let t > s > 0. Note that

¢ 2 ¢
() - u(s)|? = fRN <f ut<r>dr> dx < f e ()2 - 5). (2.39)

S

This shows that [[u(t) — u(s)|l} — 0ast — sand u(t) € C([0,T],L?). Then the proof of
Theorem 2.5 is completed. O
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Remark 2.6. By (2.23), we know that if ug € W', then
! 2 1 m A m m
f lus (D) ll2dT + —[IVu®) |l + 5= Ilu®Im < Colluolly,, + M1, t20, (2.40)
0 m 2m

where M; is given in (2.24). Hence, we have
Theorem 2.7. Assume (A1) and g € L™ N L*. Suppose also ug(x) € W™, Then, the unique
solution u(t) in Theorem 2.5 also satisfies

ut)eY = L°°<[0,+oo),W1/m>, u € L2<[O,+oo),L2>, (2.41)

and the estimate (2.40).

Now consider the assumption (Aj). Since m < a < m +2m/N, one has so(a —2) = N(a -
2)/(2m + (m —2)N) < 1. By a similar argument in the proof of Theorem 2.5, one can establish the
following theorem.

Theorem 2.8. Assume (A,) and g € L™ NL*, uy € L2 Then the problem (1.1)-(1.2) admits a
unique solution u(t) which satisfies

u(t) X = c([o, ), L2> N L;gc<[o, ), wlfm) NLZ, ([o, ), L2>,

(2.42)
w e Lz ([0,00), W),
and the following estimates:
)15 < Cotll gl + luolls,  £20,
IV a(®)lly + M) + )5 < Co(lIgll + Il ) + £ luoll3,  £>0,
(2.43)

t
[ hryizar < Ca(llgliy + Waulh) + 5wl 0<s <,
S

lu)|l, <Cit™, sp=NQ@m+(@m-2)N)"', 0<t<T.

Further, if ug € W™, the unique solution u(t)(€ Y) satisfies
t ) ,

f lar(r) ez + [T + Il + NS < Co (ol + nlly + gl ), (2:44)
0

where Cy depends only on m, N, A, a, and Cy on the given data g, h1, ug, and T > 0.

So, by Theorems 2.5-2.8, one obtains that the solution operator S(t)ug = u(t), t > 0
of the problem (1.1)-(1.2) generates a semigroup on L? or on W™, which has the following
properties:
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(1) S(t) : L — L2 fort > 0, and S(0)ug = ug for ug € L? or S(t) : Wi — W™ for
t>0,and S(0)ug = ug for ug € Wi,
(2) S(t+s) =5(t)S(s) fort,s > 0;
(3) S(H)0 — S(s)@inL>ast — s forevery 0 € L2.

From Theorems 2.5-2.8, one has the following lemma.

Lemma 2.9. Suppose (A1) (or (Az)) and g € L™ NL*. Let By be a bounded subset of L2. Then, there
exists Ty = To(Bo) such that S(t)By C D for every t > T, where

@ = {ue W™ || Vully + Mully < My | (2.45)

with My = |13} + 1l + 11g ]y if (Ax) holds, and My = ||l + 1Ig |l if (A2) holds.
Now it is a position of Theorem 2.5 to establish some continuity of S(t) with respect to the
initial data uy, which will be needed in the proof for the existence of attractor.

Lemma 2.10. Assume that all the assumptions in Theorem 2.5 are satisfied. Let S(t)¢,, and S(t)¢
be the solutions of problem (1.1)-(1.2) with the initial data ¢, and ¢, respectively. If ¢, — ¢ in
LP(p > 2) as n — oo, then S(t)¢, uniformly converges to S(t)¢ in LP for any compact interval
[0,T]asn — oo.

Proof. Let u,(t) = S(t)$pn, u(t) = St)p, n=1,2,.... Then, w,(t) = u,(t) — u(t) solves

Wt = (Apetty = Att) + (|t " Pty = [ul"10) = (x,10) = £ (x,10) (2.46)

and wy(x,0) = ¢n(x) — P(x).
Multiplying (2.46) by |w,|’ 2wy, we get from [8, Chapter 1, Lemma 4.4] and (2.13)
that

p+m-2

1d I
2 Slon O 10| 1902+ o1

<hof (L+IlHO <l 0) lwn (O
RN

(2.47)
< Co(1+ un IS + UL ) a1
<Co(1+ 626D ) o, (1))}, 0<t<T,
for some yp > 0, depending on m, N. This implies that
lewn(®)l, < llwn ()1, exp(Co (T + (1 - so(q - 2) ' T 2))
(2.48)

= ||¢n - q3||pexp<C0<T +(1-s0(q- 2))—1T1—so(‘1—2)>>, 0<t<T,
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with sp(q —2) = N(g-2)((m—-2)N + 2m)™ < 1. Letting n — oo, we obtain the desired
result. O

Lemma 2.11. Suppose that all the assumptions in Theorem 2.5 are satisfied. Let u(t) be the solution
of (1.1)-(1.2) with ug € L?, ||uo|l, < Mo. Then, 3Ty > 0, such that for any p > m, one has

lu®)ll, < Ap+ By (t=To) /7™, t>T, (2.49)
where ag = (m -2+ m?/N)/(p —m) and Ap, B, > 0, which depend only on p, N, m and the given
data |8l , ks, Mo with @y = (p+m ~2)/(m~1),p, = (p+ m~2)/(m ~q).

Proof. Multiplying (1.1) by |u[P~?u, we have
1d p (p-2)/m m p+m-2 p-2
5 i 1O 3|V (™2 ) | e A7 < fRN (8(x) - f(x, w)ulul?dx  (250)

with y, = m™(p - 1)(m + p —2)™™". Note that

-2 +m—2
[ st tudx <epud « Gl

(2.51)
o[ S < [ nGolul 2 < elull 5 + Gyl
RN RN
with 0 < £ < 1/4. Then (2.50) becomes
1d P E-2/m \||™ 4 Ay b a
5 a1 OI 1|V (™2 ) | e Z1p23 < G (Il + 1) (2.52)
By Lemma 2.1, we get
IV (@ ) 17 2 Colla(®) 1" ()17, (2.53)

T:p;ZI 91:(1+T)<l_%><1 + T>_1, Tl:m<1—91‘1>(1+7-)<0. (2.54)

m N m

By Lemma 2.9, 3T > 0, such that t > Ty, ||u(t)||,, < M. Therefore, we have from (2.52)
and (2.53) that

1d 1+a a
SO+ MY @™ < A=Cy (i) +lglly), T @59
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with

_ 2
p(1+a0) = M, ixl :m_2—pa0<(), ag = M > 0. (2.56)
6, p-m

It follows from (2.55) and Lemma 2.3 that

. \1/(+ag)
lut)lly < (AM;" ;)

+ (CoMTag(t-Tp)) /™, t>Ty. (2.57)

This gives (2.49) and completes the proof of Lemma 2.11. O
By Lemma 2.11, we now establish

Lemma 2.12. Assume that all the assumptions in Theorem 2.5 are satisfied. Let By be a bounded set in
L? and u(t) be a solution of (1.1)-(1.2) with ug € Bo. Then, forany 1 > 0and p > m, Iry = ro(17, Bo),
T1 = Tl (1’1, 730), such that r >19,t 2 Tl,

f lu(t)|Pdx <n, Yuy € By, (2.58)
B

where BE = {x € RN | |x| > r}.

Proof. We choose a suitable cut-off function for the proof. Let

0, 0<s<1;
po(s) =13 (n-k)! <n(s ~ 1D~ k(s - 1)”), 1<s<2; (2.59)
1, s>2;

in which n(> k > m) will be determined later. It is easy to see that ¢(s) € C'[0,0), 0 <
do(s) < 1,0 < ¢)(s) < Pody /*(s) for s > 0, where fy = k(n/(n - k))"/*. For every r > 0,
denote ¢ = ¢(r,x) = ¢o(|x|/r), x € RN. Then

1
V(0] < 24 K r ), xerY, 260

with ﬁl = Nﬁo
Multiplying (1.1) by [u|P~2u¢, (p > m), we obtain

lif |u|P¢ dx + f IVMIm_ZVuV<|u|p‘2u¢>dx + éJ‘ |u|P+m—2¢ dx
pat]ay R 2) (2.61)

< G, (IInlf (B5) + 18112 (B ),
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where and in the sequel, we let ||f||£(£2) = [4|f (x)Pdx. Note that
D = fRN|Vu|m'ZVuv <|u|”_2u¢>dx =(p- 1)IRN|u|p_2|Vu|m¢ dx + D, (2.62)
with
D, = fRN|Vu|m_2VuV¢|u|”_2u dx

sf [Vu|" | V| |ulP " dx
RN

(2.63)
S &J‘ |vu|m—1|u|p—1¢l—l/kdx
r J RN
< &J‘ <|Vu|m|u|p—2¢ + |u|p+m—2¢1—m/k>dx‘
r ) RN
Therefore, if r > 23, /(p - 1),
-1
D; > p—f V| [ulP 2 dx — @f lulP 2 gk d, (2.64)
2 RN r J RN

Further, we estimate the first term of the right-hand side in (2.64). Since

%(lu(pl/pru(pl/lﬂ) =(T+ 1)|u|T¢T/p <¢1/p% + g%(pl/Pl)’ i=1,2,...,N,

T 2 T 207 u? _ 2u _
|V ([ug 7| ugp )| = (= + 1 upm¢? /P<|Vu|2¢2/P v s |Velg? e S 1va¢>,
(2.65)

we have

W [l ()]

< .)Lo<|u|Tm|Vu|m¢mT2 + |u|mT0|V¢|m¢m(Tz—l) + |u|mT+m/2(|Vu||V¢|)m/2¢mTZ‘m/2)/

D= o (ut”

(2.66)

where 7, = 79/p, 790 = 1+ 7 = (p — 2 + m)/m and with some constant Ay > 0. The second term
of (2.66) is

m
(266)2 < lf_:n|u|p—2+m¢l+(m—2)/p—m/k < %|u|p—2+M¢1+(m—2)/p—m/k’ r> 1’ (267)
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and the third term of (2.66) is
(2.66); < %|u|p—2+Tn/2|Vu|m/2 hHm-2)/p-m/ 2%
< (2Tl + g en ) s
with some C; > 0. Thus, we let k > pm/(2m - 4) and have
Dy<C <|u|p—2lvu|m¢ + r—l|u|p+m—2¢1+(m—2)/p—m/2k>
or
P2 1Vul"g 2 €7V (jug P ugtP) | 2 ok,
This implies that

m
f P ?Vul"pdx 2 €|V (jug 7 ug! ) | —r-lf e A
RN m RN

and forr >1,

[)1 > Cl—l ”V <|u¢1/P|Tu¢1/P> ||m _ Cprilll‘ |u|p+m—2 (¢1+(m—2)/pfm/2k + (i)lfm/k)dx.
m RN

On the other hand, we obtain by Lemma 2.9 that

|u977|| < lu@®l, <M, t2T,,

and then for t > Ty,

(m+mrt) /6,

ud)l/p” ,

m+mr) /6, ||
P

up’r

[ (g rTug )| = ol

|
> C()]VI;-1
m

(
P
where 71 and 0; are determined by (2.54). Hence we get from (2.61)—(2.74) that

1d

il 09|+ comy

p(1+ag)
o],

_ -2
< Cp (Il (BE) + 18112 (B + r M ut) ) 3(BY)), ¢ To, 72 1.

By Lemma 2.11, we know that there exist 311 > To and M2 > 0, such that

lEllprm—2 < Mpim—, for t>Ti.

13

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)
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Then we obtain

_i\ 1/ (1+ap) A/
f P dx < (H(r,t)(M;’lco) 1) (M gt -T)) V™, b Ty, (2.77)
RN

where

H(rt) = C,,<||h||ﬂ:(B$) +[lgll2 (BE) + r’lMp+m_2>, t>Ty, r>1, (2.78)

p+m=2

and H(r,t) — 0 asr — oo. Then (2.77) implies (2.58) and the proof of Lemma 2.12 is
completed. O

Remark 2.13. In fact, we see from the proof of Lemma 2.12 that if (2.73) and (2.76) are satisfied,
then (2.77) and (2.58) hold.

Remark 2.14. In a similar argument, we can prove Lemmas 2.10-2.12 under the assumptions
in Theorem 2.8.

3. Global Attractor in RN

In this section, we will prove the existence of the global (L?, LP)-attractor for problem (1.1)-
(1.2). To this end, we first give the definition about the bi-spaces global attractor, then, prove
the asymptotic compactness of {S(t) };5, in L? and the existence of the global (L?, LP)-attractor
by a priori estimates established in Section 2.

Definition 3.1 ([2, 3, 13, 14]). A set o4, C LF is called a global (L?, LP)-attractor of the
semigroup {S(t)} 5 generated by the solution of problem (1.1)-(1.2) with initial data u, € L?
if it has the following properties:

(1) &4, is invariant in L7, that is, S(t)#, = 4, for every t > 0;
(2) &4, is compact in L?;
(3) ¢4, attracts every bounded subset B of L? in the topology of L7, that is,

dist(S(t)B, #p) = sup inf [|S()v - ul, — 0 ast— +oo. (3.1)
veB UEHp

Now we can prove the main result.

Theorem 3.2. Assume that all assumptions in Theorem 2.5 (Theorem 2.7) are satisfied. Then the
semigroup {S(t)},so generated by the solutions of the problem (1.1)-(1.2) with ug € L?* has a global
(L?, LP)-attractor <4, for any p > m.

Proof. We only consider the case in Theorem 2.5 and the other is similar and omitted. Define

A= (A1), A1) = [Usm%] , (3.2)
Lr

7>0 27

where 9D is defined in (2.45) and [E]y, is the closure of E in L”.
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Obviously, /() is closed and nonempty and &#(71) C &#(72) if 71 > 7. Thus, &, is
nonempty. We now prove that &, is a global (L?, LP)-attractor for (1.1)-(1.2).

We first prove 4, is invariant in L?. Let ¢ € #,. Then, 3t, — +co0 and 6, € D such
that S(t,)0, — ¢ in L?. Since S(t) is continuous from LF — LP by Lemma 2.10, we obtain
S(t+1t,)0, =St)(S(ty)0,) — S(t)¢ in LP. Note that

S(t+tn)0n € JS(HD = S(t)p € A(1) = S(H)p € [ A(7). (3.3)

t>T >0

Thatis, S(t)¢ € A, and S(t)Ap C Ap.

On the other hand, let ¢ € &#,,. Suppose t, — +oo and 6, € D such that S(t,)0, — ¢
in L. We claim that there exists ¢ € o/, such that S(t)¢s = ¢. This implies o4, C S(t)A4).

First, since {6, } is bounded in W™ by Lemma 2.9, so is {S(t, — t)0,,} by Theorem 2.7.
Thatis, 3ng > 1, Ty > 0, M3 > 0, such that

||un||m < M3/ ||vun||m < M3 for n > no, tn -t > TO/ (34)

with u, (x) = S(t, — t)0,(x). Then,

[tnllwrng, ) = IVinlln(Bry) + [l (Br,) < h(ro, M3), n 2> no, (3.5)

where the constant h(ry, M3) depends on ry, M3, and ry is from Lemma 2.12. By the compact
embedding theorem, 3{u,, } C {u,} such that u,, — ¢ in LP(B,,) if 2 < p < m*. We extend
¢ (x) as zero when |x| > ro. Then u,, — ¢ in LF, and ¢ € H4(7), ¢ € A,. By the continuity of
S(t) in LP, we have

S(tn)On, = S(E)(S(tn, = 1)) — S(H)g = ¢ = S(t)y  in LF. (3.6)

So, Ay C S(t)#, and A, is invariant in L? for every t > 0.

For the case p > m*, we take y € (m,m*] and u,, — ¢ in L* as the above proof. Thus
{1y, } is a Cauchy sequence in L#. We claim that {u,, } is also a Cauchy sequence in L”.

In fact, it follows from Lemma 2.11 that 3M, and ng such that if n > ny, thent, —t > T

and
(p-Dp
||”n||p <M, p= ﬁ (3.7)
Notice that
p P‘l p—l
JRN Un; = Upn; | AX < |[Un, — U, . Up, = Un, , < (2M,) | Up, = U, , (3.8)

for i, j > no. This gives our claim. Therefore, 3¢ € L? such that u,, = S(t,, — )0, — @inL?
and ¢ = S(t)¢. Hence 4, C S(t)A, and S(t)Ap = Ap.

We now consider the compactness of <4, in L. In fact, from the proof of &4, C S(t)4,,
we know that [Uj>:S(£)®]}, is compact in L, s0 is 4.
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For claim (3), we argue by contradiction and assume that for some bounded set By of
L2, dist;» (S(t)Bo, +4p) does not tend to 0 as t — +oo. Thus there exists 6 > 0 and a sequence
t, — oo such that

distzr (S(tn)Bo, 4p) > g >0, forn=1,2,.... (3.9)

Foreveryn=1,2,...,30, € By such that

distrs (S(t)0n, 4,) > g > 0. (3.10)

By Lemma 2.9, @ is an absorbing set, and S(t,)0,, C @ if t, > Ty. By the aforementioned proof,
we know that 3¢ € L and a subsequence {S(t,, )0y, } of {s(t,)0,} such that

¢ = lim S(t,)0y, = lim S(ty, ~T0)(S(T)6,), in LV. (3.11)

When 0,,, € By and Tj is large, we have from Lemma 2.9 that S(Ty)0,, € ® and

S(tn. — To)(S(T0)6x,) € | JS(1)D. (3.12)

t>T

Thus, ¢ € o4, which contradicts (3.10). Then the proof of Theorem 3.2 is completed. O

Remark 3.3. Let p = m* = mN/(N — m). Theorem 3.2 gives the results in [2, Theorem 2]
for the case N > m > 2 and improve the corresponding results in [3]. The attractor &/, in
Theorem 3.2 is independent of the order of u on f(x, u).
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