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1. Introduction

The existence of positive solutions for nonlinear second-order and higher-order multipoint
boundary value problems has been studied by several authors, for example, see [1-12]
and the references therein. However, there are a few papers dealing with the existence of
positive solutions for the nth-order multipoint boundary value problems with infinitely many
singularities. Hao et al. [13] discussed the existence and multiplicity of positive solutions for
the following nth-order nonlinear singular boundary value problems:

u™ (t) +a(t) f(t,u) =0, te(0,1),
(1.1)
u(0) =0, W) =--=u"?0)=0,  u(1)=au(y),

where 0 < 7 < 1,0 < an™! < 1, a(t) may be singular at t = 0 and/or t = 1. Hao et al.
established the existence of at least two positive solution for the boundary value problems
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if f is either superlinear or sublinear by applying the Krasnosel’skii-Guo theorem on cone
expansion and compression.

In [14], Kaufmann and Kosmatov showed that there exist countably many positive
solutions for the two-point boundary value problems with infinitely many singularities of
following form:

—u"(t) =a(t)f(u(t)), 0<t<l,
(1.2)
u(0) =0, u(l) =0,

where a(t) € L7[0, 1] for some p > 1 and has countably many singularities in [0,1/2).

In [15], Ji and Guo proved the existence of countably many positive solutions for the
nth-order ordinary differential equation

ul(8) +a(t) f(u(t) =0, te(0,1), (1.3)

with one of the following m-point boundary conditions:

u(0) = "fkiu(éi), W0)=---=u"20)=0, u(1)=0,
. . (1.4)
u0)=0, W) =--=u"?0)=0, u(l)=> ku),
i=1

wheren >2, ki >0 (i =1,2,....m=-2),0< & <& < <¢ua <1, feC(0,+0),[0,+0)),
a(t) € LP[0,1] for some p > 1 and has countably many singularities in [0,1/2).

Motivated by the result of [13-15], in this paper we are interested in the existence
of countably many positive solutions for nonlinear nth-order three-point boundary value
problem

ul™ (b) + a(t) f(u(t)) =0, te(0,1),

1.5

u(©0) =au(n), w0 =---=u"20)=0,  u(l)=pu(y), )
wheren>2,a>0,>0,0<n<1l,a+ (f-a)yy"! <1, f € C([0,+),[0,+0)), a(t) € LP[0,1]
for some p > 1 and has countably many singularities in [0,1/2). We show that the problem
(1.5) has countably many solutions if a and f satisfy some suitable conditions. Our approach
is based on the Krasnosel’skii fixed point theorem and Leggett-Williams fixed point theorem
in cones.

Suppose that the following conditions are satisfied.

(H1) There exists a sequence {t; }32; such that ti,q <t(k € N), t <1/2, limy_, ot = t* >
0, and lim;_,, a(t) = +ooforallk =1,2,....
(H3) There exists m > 0 such that a(t) > m for all t € [t*,1 - t*].
Assuming that a(t) satisfies the conditions (Hp)-(Hz) (we cite [15, Example 6.1] to

verify existence of a(t)) and imposing growth conditions on the nonlinearity f, it will be
shown that problem (1.5) has infinitely many solutions.
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The paper is organized as follows. In Section 2, we provide some necessary back-
ground material such as the Krasnosel’skii fixed-point theorem and Leggett-Williams fixed
point theorem in cones. In Section 3, the associated Green’s function for the nth-order three-
point boundary value problem is first given and we also look at some properties of the
Green’s function associated with problem (1.5). In Section 4, we prove the existence of
countably many positive solutions for problem (1.5) under suitable conditions on a and f.
In Section 5, we give two simple examples to illustrate the applications of obtained results.

2. Preliminary Results

Definition 2.1. Let E be a Banach space over R. A nonempty convex closed set P C E is said to
be a cone provided that

(i) aue Pforallu € Pand forall a > 0;
(ii) u,~u € P implies u = 0.

Definition 2.2. The map a : P — [0, ) is said to be a nonnegative continuous concave
functional on P provided that « is continuous and

a(tx+ (1 -t)yy) > ta(x) + (1 -ta(y), (2.1)

forall x,y € P and 0 < t < 1. Similarly, we say that the map y : P — [0, o) is a nonnegative
continuous convex functional on P provided that y is continuous and

y(tx+ (1-t)y) <ty(x) + 1 -1y (y), (2.2)

forallx,y e Pand 0 <t < 1.

Definition 2.3. Let0 < a < bbe given and let « be a nonnegative continuous concave functional
on P. Define the convex sets P, and P(a, a, b) by

P, ={xeP||x| <7},
(2.3)
P(a,a,b) ={x € P|a<a(x),|x] <b}.

The following Krasnosel’skii fixed point theorem and Leggett-Williams fixed point
theorem play an important role in this paper.

Theorem 2.4 ([16], Krasnosel’skii fixed point theorem). Let E be a Banach space and let P C E

be a cone. Assume that 1, Q, are bounded open subsets of E such that 0 € Q; C Q; C Q. Suppose
that

T:Pﬂ<§2\91> P (2.4)
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is a completely continuous operator such that, either

(D) ITul| < ||ull,u € PN 0y, and ||Tul| > ||ul|,u € P 0Ly, or
(ii) |Tu|| > ||u||,u € P 0L, and ||Tu|| < ||ul|, u € P () 0<2;.
Then T has a fixed point in P(\(Qz \ Q).
Theorem 2.5 ([17], Leggett-Williams fixed point theorem). Let A : P. — P, be a completely

continuous operator and let a be a nonnegative continuous concave functional on P such that a(x) <
llx|| for all x € P.. Suppose there exist 0 < a < b < d < ¢ such that

(C1) {x € P(a,b,d) | a(x) > b} #0, and a(Ax) > b for x € P(a,b,d),
(C2) |Ax|| < a for ||x|| < a,
(C3) a(Ax) > b for x € P(a, b, c), with || Ax|| > d.

Then A has at least three fixed points x1, xp, and x3 such that

|x1]] < a, b < a(xy), lx3]] > a with a(xs) < b. (2.5)

In order to establish some of the norm inequalities in Theorems 2.4 and 2.5 we will
need Holder’s inequality. We use standard notation of L?[a, b] for the space of measurable
functions such that

1
[ ol <e, 26)

where the integral is understood in the Lebesgue sense. The norm on L”[a, b], || - ||, is defined

by
1 1/p
I£1l, = (f0|f<s>|Pds> | 27)

Theorem 2.6 ([18], Holder’s inequality). Let f € LP[a,b] and g € Li[a,b], where p > 1 and
1/p+1/q=1.Then fg € L'[a,b] and, moreover

1
[ Ir©s@1ds < 71, sl 29
Let f € L'[a,b] and ¢ € L*[a,b). Then fg € L'[a,b] and

1
[ Ir©slas <7l sl @9
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3. Preliminary Lemmas
To prove the main results, we need the following lemmas.

Lemma 3.1 (see [15]). For y(t) € C[0, 1], the boundary value problem

um () +y(t) =0, te(0,1),

(3.1)
w0 =0, W0 =---=u"20)=0, u(l)=
has a unique solution
t—s 1-s
u(t) = —f (( 5)" I y(s)ds + " 1j ( ))' y(s)ds. (3.2)
Lemma 3.2 (see [15]). The Green’s function for the boundary value problem
—u™ () =0, te(0,1),
(3.3)
uw(0)=0, w0 =---=u"20)=0, wu@l) =0
is given by
1 (1 —s)" = (t-s)", 0<s<t<]1,
gt = —= B (34)
(=D | 11 - 5y, 0<t<s<l

Lemma 3.3 (see [15]). The Green'’s function g(t, s) defined by (3.4) satisfies that

(i) g(t, s) > 01is continuous on [0,1] x [0,1];

(ii) g(t,s) < g(61(s),s) forall t,s € [0,1] and there exists a constant y. > 0 for any T €
(0,1/2) such that

ter[n%n g(t, ) >7-g(0:(s),s) >¥.g(t',s), Vt,se€l0,1], (3.5)
where
- ) T n-1 T
Jro <91<s>> T-0i0s) |
(3.6)
01(s) = ° (s <B:1(s) <1).

1 _ (1 _ S)(Vl—l)/(n—z)
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Lemma 3.4. Suppose a + (f — a)n™ ' #1, then for y(t) € C[0, 1], the boundary value problem

um () +y(t) =0, te(0,1),

(3.7)
u(0) = au(n), WO =---=u"?0)=0,  u(l)=pu(n)
has a unique solution
u(t) = f o =9 s
T(n-s)"" (1-s)""
T T-a-(f-aynrt fo (n-ny YT T (p a)q" 1[ (n -1yt Y()s
(1-ayt  (TA-9)" (-t (n-
1 a-(p-a)ynp1)y (n-1)! y(s)ds - l-a-(B-a)yn 1j (n- 1)' y(s)ds
(3.8)
Proof. The general solution of u™ () + y(t) = 0 can be written as
t (t _ S)n—l e n-2 ;
u(t) = —fowy(s)ds + A"+ Y At + B (3.9)
: i=1

Since u”(0) =0 fori =1,2,...,n -2, weget A; =0 fori=1,2,...,n - 2. Now we solve for
A, Bby u(0) = au(r) and u(1) = pu(n), it follows that

"(n-5)""
B = Jo =1 y(s)ds + aAn" + aB

L(1-s)" 1(n-s)"" w1
0ﬁy(s)ds+A+B— -p —)'y(s)ds+ﬁA11 + pB.

(3.10)

By solving the above equations, we get

: G (n-s
A= TTas (B- a),ln1<(1 a)’[ ,y(s)ds p- a)f _— y(s)ds>,

1 1 (n—-s)" ! (N
=T oo (B-a)p? <—“Iomy(5)ds+an 1j Wy(smls)

(3.11)
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Therefore, (3.7) has a unique solution
t n-1
: (t—1s)
u(t) = ’[Omy(s)ds

(X?’ln_l 1 (1 _ S)nfl
l-a-(pB-a)ynp1)y (n-1)!

-yt (1(n-s)""
l-a-(P-a)yn1), (n-1)!

y(s)ds +

n-1
a f” (n-s) J(s)ds

Tl-—a-(f-a)p)y (n-1)!

. (1-a)t! L -s)™t
l-a-(p-a)yp1)y (n-1)!

y(s)ds —

y(s)ds.

(3.12)
O

Lemma 3.5. Suppose 0 < a + (f — a)n"! < 1, the Green’s function for the boundary value problem

um () +y(t) =0, te(0,1),

(3.13)
u(0) = au(n), W (0)=---=u"20) =0, u(1) = pu(n)
is given by
_ tn_l
G(t,s) = g(t,s) + n —([Zc —02,)6 - a;ﬂi_l g(n,s), (3.14)

where g(t, s) is defined by (3.4).
We omit the proof as it is immediate from Lemma 3.4 and (3.4).

Lemma 3.6. Suppose 0 < a+ (f—a)n™' <1, the Green’s function G(t, s) defined by (3.14) satisfies
that

(i) G(t,s) > 0is continuous on [0,1] x [0,1];

(ii) G(t,5) < J(s) forall t,s € [0,1] and there exists a constant y, > 0 for any T € (0,1/2)
such that

ter[nilr_l ] G(t,s) 2 y:J(s) 2y.G(t,s), Vt,sel0,1], (3.15)
where
(@ max{a, f}
](S) _g( 1(5)15) + 1 —a-— (ﬂ_a)rln,lg(rl’s)’

. { o min{ B-a)yr™ !, (p-a)(1 —T)"’l} +a}
Yr = min{ 7"},

max{a, }
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. n-1 min{ B-a)yr" !, (p-a)(1- T)"_l} +a
coinf (575" = |

"1-0:(s)’ max{a, B}

{ min{ B-a)r !, (p-a)(1- T)"_l} +a }
=min< ¥r, .

max{a, f}
(3.16)
Proof. (i) From Lemma 3.3 and (3.14), we get
G(t,s) > 0 is continuous on [0, 1] x [0, 1]. (3.17)
(ii) From Lemma 3.3 and (3.14), we have
_ n-1
Glt,s) = g(t,9) + - _(i _‘?ﬂt_ a;;l 3(1,5)
(3.18)
< 5O, 5+ — 2Pl g
_g( 1(5)15) 1—£x—(ﬁ—a)71"‘1g n,s)= 5)-
Next, we prove that (3.15) holds.
From Lemma 3.3 and (3.14), for t € [7,1 — 7], we have
_ tn—l
Glt,s) = glt,s) + - _(i _‘25 - a;;_l g(n,s)
~ m'm{ B-a)yr" !, (p-a)(1- T)"’l} +a
> 7:8(61(s),8) + g i 8(1,9)
) min{ (B- @), (B-a)(1 -7} 42 pay(a,p)
:Yrg(91(5)15)+ max{a,ﬂ} x 1—0[—('3—“)7]"_18(11’5)
max{a, B}
2 Yr (g(el(S),S) Yoo (- a)ﬂn_lg(ﬂf S)>
= YT](S)
>y.G(t,s),
(3.19)

for all #' € [0,1], where y, = min{7""!, (min{(f — a)7"", (B - a)(1 - 7)"'} + a) / max{a, B} },
T€(0,1/2).
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We use inequality (3.15) to define our cones. Let E = C[0, 1], then E is a Banach space
with the norm [|u|| = maxc(o1]|u(t)|. For a fixed 7 € (0,1/2), define the cone P C E by

P= {u € E|u(t)>0on [0,1], and . I[l’l%l’l ]u(t) > YT||M||}- (3.20)
e[r,1-1
Define the operator T by
1
Tu(t) = j G(t,s)a(s)f(u(s))ds, 0<t<1. (3.21)
0

Obviously, u(t) is a solution of (1.5) if and only if u(t) is a fixed point of operator T. [

Theorems 2.4 and 2.5 require the operator T to be completely continuous and cone
preserving. If T is continuous and compact, then it is completely continuous. The next lemma
shows that T : P — P for 7 € (0,1/2) and that T is continuous and compact.

Lemma 3.7. The operator T is completely continuous and T : P — P for each T € (0,1/2).

Proof. Fix T € (0,1/2). Since a(s) f (u(s)) > 0 for all s € [0,1], u € P and since G(t,s) > 0 for
all t,s € [0,1], then Tu(t) >0 forall t € [0,1],u € P.
Letu € P, by (3.15) and (3.21) we have

min u(t) = min ]flG(t, s)a(s) f(u(s))ds
=

te[r,1-71] te[r,1

1
- fotel[lrl&r-lr]c(t’ s)a(s) f (u(s))ds

(3.22)
> YTIZG(t’, s)a(s)f(u(s))ds
> v Tu(t),
forall ' € [0,1]. Thus
min u(t) 2 e[ Tull. (323)

Clearly operator (3.21) is continuous. By the Arzela-Ascoli theorem T is compact. Hence, the
operator T is completely continuous and the proof is complete. O

4. Main Results

In this section we present that problem (1.5) has countably many solutions if a and f satisfy
some suitable conditions.
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For convenience, we denote

! J S - (4.1)

A= .
! 171, - llall,

maXte[o,l]f_lrl_TlG(t, s)ds - ml

Theorem 4.1. Suppose conditions (Hy) and (Hy) hold, let {7y} 2, be such that tiw < T < b, k =
1,2,.... Let {Ri}72q and {ri} 2y be such that

Rk+1 <YTkrk<Tk<Rk, MTk<LRk, k=1,2,..., (4.2)

where M € (A1,+0), L € (0,Ap). Furthermore, for each natural number k, assume that f satisfies
the following two growth conditions:

(H3) f(u) < LR forall u € [0, Ri],

(Hy) f(u) 2 Mry forall u € [yr i, 7]

Then problem (1.5) has countably many positive solutions {uy } 1=, such that ri < ||uk|| < Ry for each
k=1,2,....

Proof. Consider the sequences {Q1x}32; and {Qx} i, of open subsets of E defined by

Qi ={u€E||ull <R},
(4.3)
Qo ={u € E||lull <ri}.

Let {7k };2, be as in the hypothesis and note that ty < txs1 < Tk < fx < 1/2, for all k € N. For
each k € N, define the cone Py by

P = {u €E|u()>0o0n [0,1], and min wu(t) > ka||u||}. (4.4)
te[T,1-7%]

Fixed k and let u € P, () 0Qx k. For s € [k, 1 — 7], we have

Yotk = Yrllull < min  u(s) <u(s) < |lull = . (4.5)
s€[ Tk, 1-7k]
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By condition (Hy), we get

1
ITu|| = m XIOG(t, s)a(s) f(u(s))ds

€[0,1]

> male_TkG(t, s)a(s) f(u(s))ds

te[01]) 5,

17 4.6
> max G(t,s)a(s)ds - Mry (46)
te[0,1] T

1—T1
> mMry - maxf G(t,s)ds
te[0,1] T

> 1k = lull.

Now let u € P () 0Q1x, then u(s) < ||u|]| = Ri for all s € [0,1]. By condition (H3), we
get

1
ITull = max [ Gt 9)a(e)fu(s))ds

1
< foﬂs)a(s)ds LR, 4.7)

<171, llall, - LR

< Ry = ||ul|.

It is obvious that 0 € Q ; C ﬁZ,k C Q1 k. Therefore, by Theorem 2.4, the operator T has

at least one fixed point u € P ﬂ(ﬁl,k \ Qo) such that r, < |lugl]] < Rg. Since k € N was
arbitrary, Theorem 4.1 is completed. O

Let 7 is defined by Theorem 4.1. We define the nonnegative continuous concave
functionals ay (1) on P by

ar(u) = min  wu(f). (4.8)

te[ T, 1-7]

We observe here that, for each u € P, a(u) < |ju]|.
For convenience, we denote

1*‘1‘)(

A=1Jl,-llall,  Te= min | G(ts)ds-m. (4.9)

te[me1-7c]) o,
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Theorem 4.2. Suppose conditions (Hy) and (Ha) hold, let {7}, be such that tiq < T < ti, k =
1,2,.... Let {ax};2q, {br} iy, and {ck )y be such that

M
Cis1 < ap < by < min{ka,T}ck <cx, k=1,2,..., (4.10)

where L € (A, +), M € (0,Tk). Furthermore, for each natural number k, assume that f satisfies
the following growth conditions:

(Hs) f(u) <ck/L forallu € [0, ck],
(Hg) f(u) <ax/L forallu € [0, ax],
(Hy) f(u) > bx/M forall u € [br, b/ yr].

Then problem (1.5) has three infinite families of solutions {u1x } iy, {tok } {oy, and {usk} oy such that

lluikll < ax, min ok (t) > by, lusk|l > ak, with min  us(t) < by, (4.11)
tE[Tk,l—Tk] tE[’Tk,l—Tk]

foreachk =1,2,....

Proof. We note first that T : P, — P, is completely continuous operator. If u € P, then
from properties of G(t,s), Tu(t) > 0, and by Lemma 3.7, minse[r, 17 Tu(t) > yr|Tul.
Consequently, T : P — P.

Ifue P_Ck, then ||u|| < ck, and by condition (Hs), we have

Tul| = Tu(t
ITull = max|Tu(®)]

= maxX
te[0,1]

1
foG(t, s)a(s)f(u(s))ds

(4.12)

C
< Zk
L

1
Jl)](s)a(s)ds

Ck
<7 g - llall, < ek

Therefore, T : P,, — P.,.Standard applications of Arzela-Ascoli theorem imply that T
is completely continuous operator.

In a completely analogous argument, condition (H) implies that condition (C;) of
Theorem 2.5 is satisfied.

We now show that condition (C;) of Theorem 2.5 is satisfied. Clearly,

{u € P<ock, by, 5—") | ax(u) > bk} #0. (4.13)

Tk
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If u € P(ak, bi, br/yx,), then by < u(s) < b /vy, for s € [T, 1 — 7]. By condition (H7), we get

ax(Tu) = min JlG(t,s)a(s)f(u(s))ds
0

te[ Ty, 1-7%]

177‘)(

> min G(t,s)a(s) f (u(s))ds (4.14)

te[ Tk, 1-7] e

bk 1—Tk
>m- min f G(t,s)ds > by.

M te[ Tk, 1-7¢] T

Therefore, condition (Cy1) of Theorem 2.5 is satisfied.
Finally, we show that condition (C3) of Theorem 2.5 is also satisfied.
If u € P(a, by, ck) and ||Tu|| > bi/yr,, then

a(Tw) = _min_ Tu(t) 2y |Tul > b (4.15)

te|

Therefore, condition (Cj3) is also satisfied. By Theorem 2.5, There exist three infinite families
of solutions {u1x } 321, {12k } 1oy, and {usk }{2, for problem (1.5) such that

w1kl < ax, min  uy(t) > by, llusill > ax, with min wug(t) <by,  (4.16)
te[ i, 1-7¢] te[ Tk, 1-7¢]
foreach k =1,2,.... Thus, Theorem 4.2 is completed. O
5. Example

In this section, we cite an example (see [15]) to verify existence of a(t), and two simple
examples are presented to illustrate the applications for obtained conclusion of Theorems
4.1 and 4.2.

Example 5.1. As an example of problem (1.5), we mention the boundary value problem

u® @) +a(t) f(u(t) =0, te(0,1),

u(0) = %u(%)I #(0) =0, u(1) = u<%>, (5.1)
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where a(t) is defined by [15, Example 6.1] and € = 1/4,

fu) =

(32 x 107¢4k+2) _ (1/2) x 10~4k+1)
(1/625) x 10-Bk+4) — 10-8(k+1)

1 1
+§ x 10—4(k+1), uc [10—4(k+1), g x 10—(4k+2)] ,

(u2 _ 10—8(k+1))

u — (1/25) x 10~¢4k+2)
10-(4k+2) — (1/25) x 10-(#k+2)

18 x 10~ +2) x sinar

] +32x 107 ¢k+2), ue [21_5 x 10-(4k+2), 10—(4k+2)] ,
32 x 10-@k+2) — (1/2) x 1074 (12~ 10°%)
10-(Bk+4) _ 10-8k
1
5% 1074, u € [10-6k+2 1074%] (k=1,2,...),
T, »
\Exlo ’ uE[lO ,+00).

(5.2)

We noticethatn =3, a=1/2,=1,n1=1/2.

If we take to = 5/16, tx = tg — S0 1/ +2)*, 7 = (1/2)(t + tr1), k = 1,2,..., then
tker < Tk <t and 1/5 <t <7 < 71 = 1/4-1/(2x3%) < 1/4, Y7, = min{72, (min{ (- )72, (B~
a)(1-1)?) +a)/ max{a, )} >1/25,k=1,2,....

It follows from a direct calculation that

1-1/4

177’1
G(t,s)ds > j G(t,s)ds
T 1/4
3/4 3/4
4 1
= t,s)ds+ = (1+ ¢ f <—,s>ds
1/4g( ) 3< > S\2
1 t 3/4
:E{f [t2(1—s)2—(t—s)2]ds+f £(1-s)%ds
1/4 t
4 1/2 /4 1 2 3/44
+=(1+¢ J. —(1—5)2—<——s> ds+J‘ ~(1-s)*ds
3( >[ 1/4<4 2 124 )
1

25
=—( 96> + 122> - 1 i
576( 96t + t 8t + > )

(5.3)
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SO

-1 1-1/4
! 31x7 1
> =" 5 __
maxf G(t,s)ds > max J‘1/4 G(t, s)ds X6 X 32 > vk

te[01]) ., te[1/4,1-1/4]
1 1/2 5 ”2 9 (5'4)
Il = <Ioff(5)d5> < o llall, = \@<? - Z>'
In addition, if we take 7 = 10042 R, =104, M =32, L = 1/2, m = (4/3)"*, then
4 1/4
a(t) > <§> =m, te[t,1-1t],
1
Riy1 = 1074k < 5 X 107682 <y oy <1 = 1002 < Ry = 107%,
1
_ —(4k+2) _ 2+ —4k _
Mr =32x10 <LRe=5x10%, k=12, (5.5)
1 1
A1: - S 1/4<32:M,
maxte[o’l]fﬂ 1Gl (t, S)ds -m (1/32) X (4/3)
2 = ! > ! >L= %,
171l - llall, (5/6) x \/V2(xr2/3 - 9/4)
and f(u) satisfies the following growth conditions:
1 -4k -4k
f@) SLRe=5x107%, e 0,107,
(5.6)

f(u) > Mr =32x 10742 4 ¢ [% x 107 (4k+2) 10K+ |

Then all the conditions of Theorem 4.1 are satisfied. Therefore, by Theorem 4.1 we
know that problem (5.1) has countably many positive solutions {uy}%, such that 10~¢#k+2) <

luk|l < 107# for each k = 1,2,....

Example 5.2. As another example of problem (1.5), we mention the boundary value problem

u® (t) +a() f(u(t)) =0, te(0,1),

u(0) = %u(%), ©(0) =0, u(l) = u<%>, (5.7)
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where a(t) is defined by [15, Example 6.1] and € = 1/4,

fu) =

( g ue [10_4(k+1)/ 10—(4k+3)] ,

(1/2) x 10~ @k+3) _ 45 x 10~(4k+2)
10—(8k+6) _ 10—(8k+4)

(uZ _ 10—(8k+4))

+45 x 10-(4k+2), u € [10-4k+3) 10-4k2)],
_ 10—(4k+2)
—(4k+2) o, u
5x10 XS 10-(k+2) _ 1(-@k+2)
+45 x 10~ (#k+2) ue [10—(4k+2), 25 x 10—(4k+2)]’
51060 (/) x 104 o
625 x 10-(8k+4) — 10-8k
1
+5x107%, u € [25x10°4+,107%], (k=1,2,...),
1 » .
= x107%, u € [107*, +o0).

\ 2
(5.8)

Wenotice thatn =3, a=1/2,p=1,n=1/2.

If we take ty = 5/16, t, = tg — v 1/(i +2)*, 7 = (1/2)(tx + tea1), k = 1,2,..., then
tin < Tk <t and 1/5 < t* <7 <71 =1/4-1/(2x3*) < 1/4, y7, = min{7Z, (min{(f-a)7}, (B~
a)(1-1)*} +a)/ max{a,B}} >1/25,k=1,2,....

It follows from a direct calculation that

5 yrz 9
A=l lal, < > ﬁ<? : Z),

(5.9)

1-7% 1-1/4
3253 1
i G(t,s)ds > i G(t,s)ds = oo 7= > 1=
te[ﬁlir-‘fklfrk ts)ds2  min I Ly C8)ds = 5555345 7 B

In addition, if we take ax=10"(#*3) b =104+ ¢, =104, M =1/45, L=2, m=(4/3)"/*, then

4 1/4
a(t) > <§> =m, te[t,1-1t],
Cpar = 107465 < g 2 10-0k$3) < — 10-04k+2)

1 M
< % x 1074k = min{ka, T}Ck < = 1074,
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1 1 4 1/4 1—Tk
M:— —_— - i Gt, d . =F, k=1121"'/
515" (3) < te[?ﬂr_‘TkJLk (t9)ds =T

5 7% 9
A:||]||2‘||a||2§6 \f2<———> <2=1,

3 4
(5.10)
and f(u) satisfies the following growth conditions:
10-%

fa < ==—, uelo10%],

~(4k+3)
fay <% =20 we o0 w), s

—(4k+2)
fu) 2 % = mlw =45x 1072 4 ¢ [10*<4’<+2>,25 x 107<4k+z>]_

Then all the conditions of Theorem 4.2 are satisfied. Therefore, by Theorem 4.2 we
know that problem (5.7) has countably many positive solutions {u};-; such that

k]| < 10~ @3, min  ug () > 107462
te[Tk,1-7¢]

(5.12)

lluse|l > 1074 with min wuze(t) < 107¢k+2),
te[ Tk, 1-7k]

foreachk=1,2,....

Remark 5.3. In [8-12], the existence of solutions for local or nonlocal boundary value
problems of higher-order nonlinear ordinary (fractional) differential equations that has been
treated did not discuss problems with singularities. In [13], the singularity only allowed to
appear att = 0 and/or t = 1, the existence and multiplicity of positive solutions were asserted
under suitable conditions on f. Although, [14, 15] seem to have considered the existence of
countably many positive solutions for the second-order and higher-order boundary value
problems with infinitely many singularities in [0,1/2). However, in [15], only the boundary
conditions #(0) = 0 or u(1) = 0 have been considered. It is clear that the boundary conditions
of Examples 5.1 and 5.2 are u(0) #0 and u(1) #0. Hence, we generalize second-order and
higher-order multipoint boundary value problem.
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