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1. Introduction and Main Results

In this paper, we study the existence and multiplicity of positive solutions for the following
singular elliptic equation:

K -2 2,
“Au— —u=A(xX)|[u|T"u+ g(x)|ulfP*u inQ,
|x|2 f & (P,u,)u,f,g)
u=0 onoQ,

where 0 € Q ¢ RN (N > 3) is a bounded domain with smooth boundary 0, A > 0,0 < pu <
i = (N =2)*/4, i is the best constant in the Hardy inequality, 1< g <2 <p,and f,g: Q — R
are continuous functions which are somewhere positive but which may change sign on Q.
We will assume in this paper that p is a critical Sobolev exponent, that is, p= 2" = 2N/ (N -2).

When p = 0 and weight functions f(x) = g(x) = 1 on Q, (Pua5,¢) has been studied
extensively for 2 < p < 2* and various g > 1. See, for example, [1-3] and the references
therein. In [4], Wu has proved that there exists Ao > 0 such that (P, ) admits at least two
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solutions for all A € (0, Ap) with 1 < g < 2, a subcritical exponent p € (2,2%), g(x) =1 on Q and
f is a continuous function which change sign in Q. In a recent work [5], Hsu-Lin have showed
the existence and multiplicity of positive solutions of (P, f¢) with a critical exponent p= 2*
and sign-changing weight functions f, g.

To proceed, we make some motivations of the present paper. In [6], Chen studied
(Puy,fg) assuming that 0 <y < p-1,1< g <2, p=2"and f(x) = g(x) =1 on Q. He
proved that there exists A > 0 such that (P, 1,¢) has at least two positive solutions in Hg (Q)
for any A € (0,A). But we do not see any multiplicity results about (P, ) in the case of
the critical exponent p= 2" and the weight functions f, ¢ sign-changing. In the present paper,
we continue the study of [5] by considering the general case p € [0, ). We will extend the
results of [6] to the more general case with u € [0, 1) and the weight functions f, g which
may change sign on Q. Our assumptions are

(f1) f e cQ) and f* =max{f,0}#£0in Q,
(g1) g € C(Q) and g* = max{g,0} #£0in Q.
Set

A= ( 2-g >(24)/(2*2)< 2% _ 9 >|Q|(“7‘2*)/2*S(N/Z)_(N/4)q+(q/2) 50 (1.1)
2 -9lgl.. @ -9lf .. !

where |Q] is the Lebesgue measure of Q, and S, is the best Sobolev constant (see (2.2)). Now,
we state the first main result about the existence of positive solution of (P, f,¢)-

Theorem 1.1. Assume (f1) and (g1) hold. If A € (0, A1), then (P, 5¢) (simply written as (P,)
from now on) has at least one positive solution in Hy(Q).

In order to get the second positive solution of (P,), we need some additional
assumptions about f and g. We assume the following conditions on f and g:

(f2) there exist fy and py > 0 such that B(0,2pg) C Q and f(x) > fy for all x € B(0,2py);
(82) I8¥le = g(0) = max, 5g(x), g(x) > 0 for all x € B(0,2pp) and there exists f €

(7~ kN/\JF, \ffi—~ (N +1)/7/) such that

g(x) = g(0) +o(|x’) as x —0. (1.2)
Theorem 1.2. Assume that (f1)-(f2) and (g1)-(g2) hold. Then there exists Ao > O such that for
A € (0,Az), (Py) has at least two positive solutions in H&(Q).

This paper is organized as follows. In Sections 2 and 3, we give some preliminaries and
some properties of Nehari manifold. In Sections 4 and 5, we complete proofs of Theorems 1.1
and 1.2.

2. Preliminaries

Throughout this paper, (f1) and (g1) will be assumed. The dual space of a Banach space
E will be denoted by E™'. H;(Q) denotes the standard Sobolev space, whose norm || - || is
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induced by the standard inner product. We denote the norm in L*(Q) by | - |, and the norm
in L2(RN) by | - lL2mNy. DI2(RN) = {u € L¥(RN) : Vu € L*(RN)} with usual norm || - ||2g =
[an|V-[Pdx. |Q| is the Lebesgue measure of Q. B(x, r) is a ball centered at x with radius r. O(e")
denotes |O(g')|/e' < C, o(e") denotes |o(e')|/e! — 0ase — 0, and 0,(1) denotes 0,(1) — 0
asn — oo. All integrals are taken over Q unless stated otherwise. C, C; will denote various
positive constants, the exact values of which are not important. On H;(Q), we use the norm

2 = f(wuﬁ - Lu2>dx. 2.1)

|x[?

Thanks to the Hardy inequality, the norm || - [|, is equivalent to the usual norm || - || of Hé (Q).
H}(Q) with the norm || - || u is simply denoted by H. For all u € [0, ), we define the constant

fon (IVu = (p/ |xP)u?)dx

S, = inf 2.2
ued12(RN)\ {0} (IRN |u|2*dx)2/2* (22)
From [7, 8], S, is independent of Q C RN in the sense that if
Jo(IVul = (/1)) dx
S, (Q) = = (2.3)

ueH} (@)\(0) (g lul dx)**

then S,,(Q) = S,(RN) = S,,.

Leti = (N =2)/2)% 11 = \/ﬁ -\/p—WU, 1 = \//:4 + 1/p — u; Catrina and Wang [9],

Terracini [10] proved that S, is attained by the function

U(x) = ! = (2.4)
[l VB eV ¥
Moreover, for & > 0, U, (x) = & N2/2[4N (i — ) /(N - 2)] N 274U (x / ¢) satisfies
—Au— izu =|u*u inRN\ {0},
x| (2.5)

u—0 as|x| — co.

From [11, Theorem B], all the positive solutions of problem (2.5) must have the form of U,.
Moreover, U, attains S,.
We end these preliminaries by the following definition.

Definition 2.1. Let ¢ € R, E be a Banach space and I € C'(E, R).

(i) {u,}is a (PS), -sequence in E for I if I(u,) = ¢ + 0,(1) and I'(u,) = 0,(1) strongly in
Elasn — co.

(ii) We say that I satisfies the (PS).-condition if any (PS)_.-sequence {u,} in E for I has
a convergent subsequence.
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3. Nehari Manifold

Associated with (P,), we consider the energy functional J, in H, for each u € H as follows:
1 A 1 .
o) = 3l = [ Pt = 5 [l d @)

It is well known that ], is of C! in H, and the solutions of (P,) are the critical points of the
energy functional J, (see Rabinowitz [12]).

As the energy functional J, is not bounded below on H, it is useful to consider the
functional Nehari manifold

Ny ={ueH\({0}: (Jy(u),u)=0}. (3.2)
Thus, u € N, if and only if
(T30 ) = Wl = A Pt~ [ hul? dx 0. (33)
Note that M, contains every nonzero solution of (P,). Moreover, we have the following
results.

Lemma 3.1. The energy functional ]y is coercive and bounded below on N,.

Proof. If u € Ny, then by (f1), (3.3), the Holder inequality and the Sobolev embedding
theorem

-2 2" —g ]
R = 2l -1 (S0 [ ranax (4)
1 2 2" —q\ o-@/2) 2—q) /21,114
> gl =3 ( 5L ) 21l o) = ) 35)
Thus, J, is coercive and bounded below on _,. O
Define
ga(u) = (J) (u), u). (3.6)

Then for u € _N,,
(9 ) 0) = 2l g [ Pt -2 [ glul? dx
=(2- q)||u||i -(2"- q)J‘g|u|2*dx (3.7)

~A(2 - ) [ flulrex - 2= 2) Jul}.



Boundary Value Problems 5
Similar to the method used in Tarantello [13], we split /U, into three parts:
Ny ={ue Ny (¢ (), u)y >0},
N = {ue Wy (g (w),u) =0}, (3.8)
N = {ue Ny : (¢ (w),u) <0}.
Then, we have the following results.

Lemma 3.2. Assume that uy is a local minimizer for Jy on N, and u, ¢,/Ug. Then J\(uy) = 0 in
H1(Q).

Proof. Our proof is almost the same as that in Brown-Zhang [14, Theorem 2.3] (or see Binding-
Drabek-Huang [15]) . O

Lemma 3.3. If A € (0, A1), then _/U?l = &, where Ay is the same as in (1.1).
Proof. Suppose otherwise, that is there exists A € (0, A1) such that ./Ug #@. Then by (3.7), for

u e N°, we have

2 _
l[ull, =

2*—q o
-4 fglul dx,

2" —-q
2 _ q
Il = A5 [ Flufta.

(3.9)

Moreover, by (f1), (g1), the Holder inequality, and the Sobolev embedding theorem, we have

1/(2' -2
2-¢q 52*/2) @2

lull, > (—
AT DlgTs o)
1/(2-q) .

2" — _ .y o
fluall,, < [Aﬁsﬂ @2)|Q|@-0/2 |f+|w] .
This implies

o_ @2-9)/2'-2) . e )
‘= ((z )Iq ‘] ) <(z : )Ii‘+‘| >|Q|<"*2 EGNATNITAD g, 3
=9)18" | =4 »

which is a contradiction. Thus, we can conclude that if A € (0, A1), we have ./Ug =g. O

By Lemma 3.3, we write /), = /] U/ and define

ay = uier}f,\h(u)’ ay = 1}3&]1(“% a, = uier}f;h(u)' (3.12)

Then we get the following result.
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Lemma 3.4. (i) If A € (0, A1), then one has a) < a} <0.

(i) If A € (0,(q/2)\1), then a, > do for some positive constant dy depending on

)‘/ ,u/ q/ NI S}ll |f+|OOI |g+|00 and |Q|

Proof. (i) Let u € N}. By (3.7)

—q 2 2
Sl > [stu ax,

and so

Jaw) = <% - %)nunﬁ + (- - —>jg|u|2 dx
G5 G 2)es

Therefore, from the definitions of a,, a}, we can deduce that a) < a} <0.

(i) Letu € W}. By (3.7)

3l < [glulax.
Moreover, by (g1) and the Sobolev embedding theorem,
[t < 5, 2l I .
This implies

9_ 1/@-2)
||u||#>(—(2* e ) s e
—q)I8

By (3.5) in the proof of Lemma 3.1

1 2- /2)2" — -
h(u)ZHunZ[Nnunﬂ R A ]

/(222 2-0)/(2-2
. < 2-g >q ( )SqN/4[lS(2—q)N/4< 2-q >( Ve
2 -9l LN @ -9,

2*
)LS -(q/2) |Q|(2 -q)/2* |f | ]

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Thus, if X € (0, (q/2)A1), then

Ja(u)>dy Yue N, (3.19)

for some positive constant dy = do(\, g, N, Sy, | f *les, 18" |, [€2]). This completes the proof. [

For each u € H with [ glu[* dx > 0, we write

oo ( @-lul; )1/<2*—2> o 520,
TN - q) [ gluldx

Then the following lemma holds.

Lemma 3.5. Let \ € (0, Ay). For each u € H with [ glu|* dx > 0, one has the following:
(i) if | flu|7dx <O, then there exists a unique t~ > tyay such that t u € Ny and

Ju(t7u) = sup/y(tu), (3.21)

t>0

(ii) if [ flul7dx > O, then there exist unique 0 < t* < tmay <t~ such that t'u € N}, t-u € N}
and

L(tru) = 0<§£}f Ta(tu), Lt u) = su%)])‘(tu). (3.22)
~t>Emax tz

Proof. The proof is almost the same as that in Brown-Wu [16, Lemma 2.6], and is omitted
here. O

4. Proof of Theorem 1.1

First, we will use the idea of Tarantello [13] to get the following results.

Proposition 4.1. (i) If A € (0, A1), then there exists a (PS),, -sequence {u,} C Ny in H for J,.
(ii) If L € (0, (q/2) A1), then there exists a (PS)aX-sequence {un} C N} in H for ]).

Proof. The proof is almost the same as that in Wu [4, Proposition 9] (or see Hsu-Lin [5,
Proposition 3.3]). O

Now, we establish the existence of a local minimum for J, on /7.

Theorem 4.2. If A € (0, A1), then ]\ has a minimizer uy in A} and it satisfies

1) () = ay = ay,
(i) uy is a positive solution of (P,),
(iii) Jy(uy) — 0as A — 0.
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Proof. By Proposition 4.1(i), there exists a minimizing sequence {u,} for J, on A, such that
]A(un) =ay +0,(1), ];L(un) =0,(1) in H™. (4.1)

Since J, is coercive on M, (see Lemma 3.1), we get that {u,} is bounded in H. Going if
necessary to a subsequence, we can assume that there exists 1, € H such that

u, —uy weaklyin H,
u, — uy  almost every where in €, (4.2)

u, — uy  strongly in L*(Q) V1 < s< 2"

First, we claim that u, is a nontrivial solution of (P,). By (4.1) and (4.2), it is easy to see that
u, is a solution of (P,). From u, € NV, and (3.4), we deduce that

P () 2'q
e = ZE= Sl - 5T ) 43)

Letn — oo in (4.3), by (4.1), (4.2), and a) <0, we get

2"
)LJ‘f|u)L|qu>— qqm>0 (44)

Thus, u) € AN, is a nontrivial solution of (P,). Now we prove that u,, — u, strongly in H and
Ja(uy) = ay. By (4.3), if u € A, then

1 2% —
1) = gl = 54 f . 5)

In order to prove that J)(u)) = ay, it suffices to recall that u, € N, by (4.5) and applying
Fatou’s lemma to get

ay < Ja(uy) = %|

2*—-q q
> )Lff|ul| dx

22*—qq 1 J‘ Flun]” dx) (4.6)

1
<timini( ol
<liminf], (u,) = ay.

n— o0

This implies that J) (1) = a) and limn_mHunHﬁ = ||uA||,24. Let v, = u, — u,, then by Brézis-Lieb
lemma [17] implies that

l2ally = laeall,, = sl + 0n D). (47)
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Therefore, u, — u, strongly in H. Moreover, we have u, € A}. On the contrary, if u, €
N, then by Lemma 3.5, there are unique ¢; and ¢ such that tju, € A} and t;uy € A]. In
particular, we have t < t; = 1. Since

i] (tuy) =0 d—2] (tgur) >0 (4.8)
dt A 0 A) =Y, dt2 A 0 A 7 .
there exists t{ < t< t, such that J)(tjuy) < Ta(tuy). By Lemma 3.5,

Ju(tgua) < Ta(bwa) < In(tgun) = Ja(ua), (4.9)

which is a contradiction. Since [, (1y) = Jy(Juy|) and |uy| € N7, by Lemma 3.2 we may assume
that u, is a nontrivial nonnegative solution of (P,). Standard arguments implies that u, is a
positive solution of (P,). Moreover, by Lemma 3.4 (i) and (3.5), we have

2% — - . .
0> ay > —A(T(f)s#(q/z’mw D 1], (4.10)
This implies that J)(1y) — 0Oas A — 0*. O

Now, we begin the proof of Theorem 1.1: By Theorem 4.2, we obtain (P,) has a positive
solution u,.

5. Proof of Theorem 1.2

Next, we will establish the existence of the second positive solution of (P,) by proving that

J| satisfies the (PS)aI—condition.

Lemma 5.1. Assume that (f1) and (g1) hold. If {u,} is a (PS).-sequence for J, with u, — u in
H, then J)(u) = 0, and there exists a constant Co depending on q,N, Sy, |f*|s and |Q, such that
Ja(u) > =CoA?/ ).

Proof. 1f {u,} is a (PS) -sequence for J| with u, — uin H, it is easy to see that J| (1) = 0. This
implies that (]| (1), u) =0, and

fg<x>|u|2*dx = Jlull2 - Aff(xnuwdx. (5.1)

Consequently,

1 = (53 )1l - (G - 3 )4 Feoluira, 52)
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Using the Holder inequality, the Young inequality, and the Sobolev embedding theorem, we
have

/11N, ., 11 ]
R = (53 )1l = (5 - 52 ) Feourax
1 » 2°-q q 102 -q)/2*
> el =~ g 1 Ll 01
(5.3)
1 2% — —(q/2 . .
> [l = 5 LS il )
> ol = el ~ CoA2/ @0 = ~Co12/2-9
=N u u N u u 0 = 0 ’
where C is a positive constant depending on q, N, S, | f*|., and |€2]. O

Lemma 5.2. Assume that (f1) and (g1) hold. Then the functional ] satisfies the (PS).-condition
forall ¢ € (—oo, (1/N)|g+|;.f]\172)/25,1,\1/2 — Co\¥/ @9 where Cy is the positive constant given in
Lemma 5.1.

Proof. Let {u,} C H be a (PS)_-sequence which satisfies ] (u,) = c + 0,(1) and J|(u,) =
0,(1). Using standard arguments it follows that {u,} is bounded in H. Thus, there exists a
subsequence still denoted by {u,} and a function # € H such that

u, —u weaklyin H,
u, — u strongly in L°(Q) V1< s<2", (5.4)

U, — u a.e.on Q.

By (f1), (¢1), and Lemma 5.1, we have that J} (z) = 0 and
A’[f(x) |t |Tdx = )Ljf(x)lqux +0,(1), (5.5)

Let v, = u, — u. Then by g is continuous on Q, Brézis-Lieb lemma (see [17]), and
Vitali’s theorem, we obtain

[onll?, = llunll? = 1ul2 + 0n(1), (5.6)

fg(x) |0a|” dx = fg(x) |t dx - fg(x)|u|2*dx +0n(1). (5.7)



Boundary Value Problems 11

Since Ji(uy) = ¢ +0,(1), J| (tn) = 0,(1) and (5.5)—(5.7), we can deduce that

%”'Z)n”i - %Jg(x)|vn|2*dx =c— Ji(u) +o0,(1), (5.8)

”v”||‘124_J‘g(x)|vn|2*dx: On(l). (5.9)
Hence, we may assume that

loull; =1, sl dx—1 5.10)

By the Sobolev inequality, we have [[v,]|2 > S,|v,[3., combining with (5.10), we get that [ >
g NN S IN-D/N Either [ = 0 or [ > |g*|o\" ?/*S)\/2. 1f I = 0, this completes the proof.

Assume that [ > |g+|;fN72)/ZSLW2, from Lemmas 5.1, (5.8), and (5.10), we get

11 L i -(N-2/2oN2 2/(2-9)
c2> <§_E>l+]/\(u)2ﬁ|g+|oo S# - Co) @, (511)
which is a contradiction. Therefore, I = 0 and we conclude that u,, — uin H. ]

Lemma 5.3. Assume that (f1)-(f2) and (g1)-(g2) hold. Then there exist v € H and A* > 0 such
that for A € (0, A*), one has

1 ~(N-
supJy(tv) < ~ |g+ |OCEN 2)/25’14\1/2 _ C()J\Z/(z_q), (5.12)
>0

where Cy is the positive constant given in Lemma 5.1.
In particular, a; < 1/N|g+|;°(]\I*2)/ZS£]/2 — CoA? @9 for all A € (0, A¥).

Proof. Without loss of generality, we can assume that [g*|,, = 1. In fact, if [g*],, #1, we may
consider new coefficients g*(x) = g(x)/|g*|.c whose maximum equals to 1.
For convenience, we introduce the following notations:

1 1 .
1) = 3l - 5 [glal” dx,

1 ifx e B(0,2p),

laall

Qu) =

TR
|(8xB020m) """ ul5.
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From (g2), we know that there exists 0 < 6y < py such that for all x € B(0,26y),

VE-#N \JE-p(N +1)
Vi R

Motivated by some ideas of selecting cut-off functions in [18], we take such cut-off function
7n(x) that satisfies 77(x) € C5°(B(0,200)), n(x) = 1 for |x| < 69, n(x) = 0 for |x| > 269, 0 <7y <1
and |Vy| < C.For € > 0, let

g(x) = g(0) + o(|x|’) for some p € (5.14)

n(x)
[£|x|y1/\/ﬁ i |x|rz/\/ﬁ] Vi

U (x) = (5.15)

where i € [0,7), fi = (N =2)/2)% 11 =\[fi-\[fi— p, and 1o = \[i + i .

Step 1. Show that sup, I (tu,) < (1/N)S)/? + O(e(N-2/2).
On that purpose, we need to establish the following estimates (as ¢ — 0):

— ~~(N-2)/2 2
= N22UR, o0y +O0(e), (5.16)

/2|2
| (@xm0z00)" 1],

lluell? = e-<N-2>/Zj <|vu|2 - lizLIZ)dx +0(1), (5.17)
RN x|

where U is defined as in (2.4), and wy = 27N/ /NT(N/2) is the volume of the unit
ball B(0,1) in RN. We only show that equality (5.16) is valid, proofs of (5.17) are very similar
to [18]. By (g2) and the definition of u,, we get that

.o .
|(£>’)(B<0,2po>)1/2 Ue |, = J () |uc|* dx
B(0,26)
. 5.18
[ res o9
= - —dx.
RN [g|x|]’1/\/,l;+ |x|yz/\/ﬁ]
On the other hand, it is clear that
f ! Ndng_(N/z)f ! Nd]/
= (el VI | V) N ly VI y e VE] (5.19)

N,
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Combining the equalities above, we have

~(N/2 /2" o
e/ )|U|L2 (RN) |(8XB(0,2po)) Ul

_ J‘ -7 (g f 1-8(x) P
RN\B(0,60) [slxlﬁ/\/’:‘ + IJCIYZ/\/E]N B(050) [slxlﬁ/\/ﬁ + a2/ VE N

hence

e .
0<e (N/2)|U|L2 (RN) |(gXB(0r2P0))1 ? u5|§*

<f ! dx+f o(1+1") dx
~ JrN\B(0,60) [g|x|yl/\/ﬁ n |x|yz/\/ﬁ]N B(0,50) [E|X|Y1/\/ﬁ n |x|yz/\/ﬁ]N

1 o(lxIF)
< ——dx + ——dx,
RN\B(0,60) |x|YzN/\/l; B(0,60) |x|YzN/\//3 (5.21)
®© LN-1 6°o(rﬂ)rN 1

:NwNj ——dr+
60rY2N/\/ﬁ 0 rYZN/\/i

N\ RN 0(1)5ﬂ (il /DN

Ve e

which leads to

< C; = Const.,

2 |7 -
0<1- |(gXB(0,2po)) u Lg* (]RN) eN/2 < Cllu Lz* (]RN) N/2/ (5.22)
that is,
1/2
1- C1|u|L2 (]RN) N/2 S '(gXB(O,zf’O)) |u|L2 (RN) N/2 S 1. (523)

Now, let € be small enough such that C; |ll|22 N/2 < 1, then from (5.23) we can deduce that

2/2"
1-— C1|LI N/2>

N2 (1- iUl

L2* (]RN) Lz* (]RN)

(5.24)

< |(8XB(0,2p0)) ug|2 |l,I|L2 )€ eN-2)/2 < 1,

which yields that

|U|i2*(RN)57(N72)/2 G |u|Lz*(RN)5 < |(gXB(O,2p0)) u£|2 < |u|L2* N) gi(Niz)/zr (525)
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equivalently, equality (5.16) is valid.
Set [U[, = [pn(IVUJ* = (u/]x[*)U?)dx. Combining with (5.16) and (5.17), we obtain
that

e N22U% +0(1)
e ND2UL,. v, +O(e)

Q(ue) =

(5.26)
|u|/24 T O(E(N_Z)/Z)

CUR, o + O(eN2)

L# (RN)

Hence

UR +O(eN-272) up

BT IE T hTe
|U|L2*(RN> + O(EN/z) |U|LZ*(]RN)

Que) =Sy

UL ) O(eN272) — UL O(EN?) (5.27)
(U, ) + O(N) YU,

= O(eN272),

Using the fact

tZ t2* a N/2
rrg)x(ia—?b) =1/N<W> forany a,b>0, (5.28)

we can deduce that

supl (fu) = - (Q(u)) 2. (5.29)
>0

From (5.27), we conclude that sup,,I(tu.) < (1/N)Sp’? + O(eIN-2/2),

Step 2. Let & = A*/@DWN-2 We claim that there exists A* > 0 such that sup,,,Ji(tu,) <
(1/N)SR/? = CoA?/ =9 for all A € (0, A¥).
Let 61 > 0 be such that

1

Ns}j/z - Co\¥@P >0, VYAe (0,6). (5.30)

Using the definitions of J,, u. and by (f2), (g2), we get

2
Ja(tug) < %”ue Vt>0, L>0, (5.31)

2
‘ul
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which implies that there exists tg € (0, 1) satisfying

sup ])L(tug)<—SN/2 Co\ 9, VYA e (0,6). (5.32)

0<t<ty

Using the definitions of ), u,, and by the results in Step 1 and (f2), we have

sup/y(tu) = sup <I(tu5) - —Aff(x)|ug|qu>

>t
g (5.33)
1 t
< —SN2 4L O(eN-2/2y - & O)Lf u|1dx.
N H ( ) q 16 B(0,60) | El
LetO<e< Géyz_m/ﬁ, we have
1
f u|dx = f —dx
B(0,60) B(0,60) [5|x|Y1/\//:‘ . |x|Y2/\/ﬁ] Vi
> f ;\[dx (5:34)
B(0,60) 7. VI
" 25y
=Ci1(N,q,1,60).
_ 14/(2-g)(N-2) (2-n)//H
Combining with (5.33) and (5.34), for all £ = A*/ ™9 € (0,06, ) we get
4
sup/y (tu,) < —SN/2 +0(\Y9) - —ﬁocl (5.35)
>t
Hence, we can choose 6, > 0 such that
4
O\ @) - Eoﬂoclx <=CoA*¥@ D 1€ (0,6). (5.36)

If we set A* = min{51,6527q) VK ,6,} >0, then for A € (0, A*) and & = \*/@D(N-2) e have

sup T (tue) < —sN/2 CoA\2/ 20, (5.37)

Step 3. Prove that a; < (1/N)S,/? — CoA?/ @9 for all A € (0, A%).
By (f2), (g2), and the definition of u,, we have

J F(x)|ue|?dx > 0, f g(x)|ue|* dx > 0. (5.38)
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Combining this with Lemma 3.5, from the definition of «} and the results in Step 2, we obtain
that there exists ¢, > 0 such that t.u, € A and

1
ay < Ja(teug) <supfy(tue) < ESL\[/Z — CoA¥/ D (5.39)
£0

for all X € (0, A¥). O
Now, we establish the existence of a local minimum of J, on A.

Theorem 5.4. There exists A, > 0 such that for A € (0, Ay) the functional J) has a minimizer U in
N} and satisfies

(i) i) = a,
(ii) U, is a positive solution of (P,) in H,

where Ay = min{A*, (q/2)A\1}, A* is defined as in Lemma 5.3, and Ay is defined as in (1.1).

Proof. By Proposition 4.1(ii), there exists a (PS) o -Sequence {un} C N in H for ], for all
A€ (0,(q/2)A1). From Lemmas 5.2, 5.3 and 3. 4(11) for A € (0, A*), ] satlsfles (PS), -—condltlon
and a) > 0. Since ], is coercive on WV, (see Lemma 3.1), we get that {u,} is bounded in H.
Therefore, there exist a subsequence still denoted by {u,} and U, € N7 h such that u,, — U,
strongly in H and J,(U)) = &) > 0 for all 1 € (0, A7). Finally, by using the same arguments
as in the proof of Theorem 4.2, for all 1 € (0, A;), we have that U, is a positive solution of
(Py)- O

Now, we complete the proof of Theorem 1.2: By Theorems 4.2 and 5.4, we obtain (P,)
has two positive solutions 1, and U, such that uy € A7, U, € ;. Since JUI NN = g, this
implies that 1) and U, are distinct.
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