Hindawi Publishing Corporation
Boundary Value Problems

Volume 2009, Article ID 634324, 17 pages
doi:10.1155/2009/634324

Research Article

On Step-Like Contrast Structure of Singularly
Perturbed Systems

Mingkang Ni and Zhiming Wang

Department of Mathematics, East China Normal University, Shanghai 200241, China
Correspondence should be addressed to Zhiming Wang, zmwang@math.ecnu.edu.cn
Received 15 April 2009; Revised 5 July 2009; Accepted 14 July 2009

Recommended by Donal O’Regan

The existence of a step-like contrast structure for a class of high-dimensional singularly perturbed
system is shown by a smooth connection method based on the existence of a first integral for
an associated system. In the framework of this paper, we not only give the conditions under
which there exists an internal transition layer but also determine where an internal transition time
is. Meanwhile, the uniformly valid asymptotic expansion of a solution with a step-like contrast
structure is presented.

Copyright © 2009 M. Ni and Z. Wang. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

The problem of contrast structures is a singularly perturbed problem whose solutions with
both internal transition layers and boundary layers. In recent years, the study of contrast
structures is one of the hot research topics in the study of singular perturbation theory. In
western society, most works on internal layer solutions concentrate on singularly perturbed
parabolic systems by geometric method (see [1] and the references therein). In Russia, the
works on singularly perturbed ordinary equations are concerned by boundary function
method [2-5]. One of the basic difficulties for such a problem is unknown of where an internal
transition layer is in advance.

Butuzov and Vasil’eva initiated the concept of contrast structures in 1987 [6] and
studied the following boundary value problem of a second-order semilinear equation with a
step-like contrast structure, which is called a monolayer solution in [1]

Wy =F(yt), 0<t<1, 1)
yO,p) =y,  y(Lp =y,

where p > 0 is a small parameter and F has a desired smooth scalar function on its arguments.



2 Boundary Value Problems

Suppose that the reduced equation F(y,t) = 0 has two isolated solutions i = ¢;(t) (i =
1,2) on 0 <t <1, which satisfy the following condition:

p1(t) < a(t), F, (pi(h),t) >0, i=1,2 (1.2)

The condition (1.2) indicates that there exist two saddle equilibria M;(¢;(t),0) (i =
1,2) in the phase plane (i, Z) of the associated equations given by

dy . dE - .
=5 d—T—F<y,t>, 0<f<1, (1.3)

where t is fixed and —co < T < +00.

It is shown in [6] that the existence of an internal transition layer for the problem (1.1)
is closely related to the existence of a heteroclinic orbit connecting M; and M,. The principal
value f( of an internal transition time #* is determined by an equation as follows:

¢2(to)
J F(y,ty)dy =0. (1.4)

1 (to)

In [7], Vasil’eva further studied the existence of step-like contrast structures for a class
of singularly perturbed equations given by

du
#E = f(ulvlt)l
p (1.5)
y—v =g(uv,t), 0<t<1,
dt

where f and g are scalar functions. For (1.5), we may impose either a first class of boundary
condition or a second class of boundary condition.

Suppose that there exist two solutions {¢;(t), ¢i(t)} (i = 1,2) of the reduced equations
f(w,o,t) = 0; g(u,v,t) = 0, and M;(p;(t), gi(t)) (i = 1,2) are two saddle equilibria in the
phase plane (ii, ©) of the associated equations given by

du o
d_: :f<u,v,t>;

o~ f(@eh),

(1.6)

where t is fixed with 0 < f < 1. This indicates that the eigenvalues A () (i,k = 1,2) of the

Jacobian matrix
A(f) = <f‘7 f5> (1.7)
S 8o =i (£), o= (1)
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satisfy the condition as follows:
either \;; (Z) >0, Ao (E) <0, or Ay (E) <0, A <¥> > 0. (1.8)

If (1.6) is a Hamilton equation, that is, gz = — f3, it implies that gdii— fdo = dH (1, 7, t).
Then, the equation to determine t; is given by

H (p1(to), g1 (to), to) = H (2 (to), g2 (to), to). (1.9)

Geometrically, (1.9) is also a condition for the existence of a heteroclinic orbit connecting
M (p1(t), g1 (t)) and Ma(a(t), a(t)).

Unfortunately, for a high dimensional singularly perturbed system, we cannot always
find such an equation like (1.9) to determine t; at which there exists a heteroclinic orbit. This is
one difficulty to further study the problem on step-like contrast structures. On the other hand,
we know that the existence of a spike-like or a step-like contrast structure of high dimension
is closely related to the existence of a homoclinic or heteroclinic orbit in its corresponding
phase space, respectively. However, the existence of a homoclinic or heteroclinic orbit in high
dimension space and how to construct such an orbit are themselves open in general in the
qualitative analysis (geometric method) theory [8-10]. To explore these high dimensional
contrast structure problems, we just start from some particular class of singularly perturbed
system and are trying to develop some approach to construct a desired heteroclinic orbit
by using a first integral method for such a class of the system and determine its internal
transition time t.

2. Problem Formulation

We consider a class of semilinear singularly perturbed system as follows:

#Zyll’ = fl (yllyZ/” -/ynlt);
#zy,Zl = fZ(ylrer'--/yn/t);

(2.1)
/’lzy;: = fn(y1/y2/ e /ym t)/
with a first class of boundary condition given by
vw(Op)=vy), k=12,...n
yiOpu) =2 j=12,..n-1 (2.2)

v (Lp) =z,

where p > 0 is a small parameter.
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The class of system (2.1) in question has a strong application background in
engineering. For example, in the study of smart materials of variated current of liquid [11, 12],
its math model is a kind of such a system like (2.1), where the small parameter y indicates a
particle. The given boundary condition (2.2) corresponds the stability condition [H3] listed
later to ensure that there exists a solution for the problem in question.

For our convenience, the system (2.1) can also be written in the following equivalent
form,

1Yy = z1;
HYs = 22;
HYy = Zn;

, (2.3)
uzi = fi(yuy2, - Ynst);

uzy = oy, y2,- - Yn,t);

#z = fa(Y1 Y2 - Yust).
Then, the corresponding boundary condition (2.2) is now written as
v ) =y, zi(Op) =pz), za(Lp)=pzy k=12,...n j=12,..,n-1 (24)

The following assumptions are fundamental in theory for the problem in question.

[H1] Suppose that the functions f; (i = 1,2,...,n) are sufficiently smooth on the
domain D = {(y1,y2,.--,Ynt) | lyil <L, 0 <t <1,i=12,...,n}, wherel; > 0 are real
numbers.

[H,] Suppose that the reduced system of (2.1) given by

i1 Yy Yurt) =0;

(U1 Yo Yrt) =0;
(2.5)

oY1 Voo Yrt) =0
has two isolated solutions on D:

{vi=al. = a®,... 5, =aw}),  |n=do.5=80,...5,-40} @6
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[Hs] Suppose that the characteristic equation of the system (2.3) given by

-1 0 1 0
0 - 0 1
=0, (i=1,2) (2.7)
flyl T flyn _‘A‘ i
: : 0
foyi = Sy, 0o A yi=al (t),y2=a (t),....yn=a (t)
has 2n real valued solutions Xk(t), k=1,2,...,2n, where
Re Me(£) <0, k=1,2,...,2n-1;
(2.8)

Re Az, (t) > 0.

Remark 2.1. [H3] is called as a stability condition. For a more general stability condition given
by

Re Ay () <0,...,Re Ac(t) < 0;
B B (2.9)
Re Agyq1(8) >0,...,Re Ay, (£) >0, 1<k<2n,

it will be studied in the other paper because of more complicated dynamic performance
presented.

Under the assumption of [H3], there may exist a solution y(t, ) with only two
boundary layers that occurred at t = 0 and t = 1, for which the detailed discussion has
been given by [13, Theorem 4.2], or it may consults [5, Theorem 2.4, page 49]. We are only
interested in a solution y(t, u) with a step-like contrast structure in this paper. That is, there
exists t* € (0,1) such that the following limit holds:

at(t), 0<t<t,

lim y(t, p) = (2.10)
#=0 a’(t), t<t<l.

We regard the solution y(t, ) defined above with such a step-like contrast structure as
being smoothly connected by two pure boundary solutions: y) (t, ), 0 < t < t* and y*(t, p),
t* <t <1.Thatis,

yO ) =y () 2O ) =20 ). (2.11)
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The assumption [H3] ensures that the corresponding associated system given by

dy _
ﬂ=Zk, O<t<l,
dr

(2.12)
dzk -
dT _fk<y1/]/2/ Iyn/t>/ k—1,2,...,n,

has two equilibria M;(al (t), aj(t),...,d,(t),0,...,0) (i = 1,2), where t is fixed. They are both
hyperbolic saddle points. From [13, Theorem 4.2] (or [5, Theorem 2.4]), it yields that there
exists a stable manifold W¥(M;) of 2n — 1 dimensions and an unstable manifold W*(M;) of
one-dimension in a neighborhood of M;. To get a heteroclinic orbit connecting M; and M; in
the corresponding phase space, we need some more assumptions as follows.

[H4] Suppose that the associated system (2.12) has a first integral

(- G 1, ZE) = C, (2.13)

where C is an arbitrary constant and @ is a smooth function on its arguments.
Then, the first integral passing through M; (i = 1,2) can be represented by

(1, G 1, ) = D( M ). (2.14)
[Hs] Suppose that (2.14) is solvable with respect to Z,,, which is denoted by

z, = h(gl,...,gn, 21, Ee M,»), (i=1,2). (2.15)

Let 207 = p- )(N( ). Y Yn ),z§ ). zZ,~ 1,Z M) and 2\ = h(+)(~(+),.. ,yff%ii”, .

(+) ,t, M) be the parametric expressions of orbit passing through the hyperbolic saddle
pomts M and M, respectively.

Corresponding to the given boundary condition (2.2), we consider the following initial

value relation at 7 =0
70 =570, k=1,..,m £70)=£"0), j=1,...,n-1 (2.16)
Let

H(E) =hO) —p® = (2.17)

where

hO = O (g§‘>(0),...,gﬁ"(o>,2§‘>(0),.. £9.(0),, M1>
(2.18)
K = p®) (g{”(O),..., 750),200),..., 27 (0),, M2>
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[Hs] Suppose that (2.17) is solvable with respect to t and it yields a solution ¢ = #.
That is, H(ty) = 0 and H'(ty) #0.

Remark 2.2. 1t is easy to see from (2.14) and (2.17) that the necessary condition of the existence
of a heteroclinic orbit connecting M; and M, can also be expressed as “the equation
(1)<M1, Z) - CD<M2, Z) (2.19)

is solvable with respect to t = t;.”

3. Construction of Asymptotic Solution

We seek an asymptotic solution of the problem (2.1)-(2.2) of the form

S[F) ) + Tyi(r) + Q7w 0<t<r;
yi(t p) = 4 l;o
2K 7)) + Rye(m) + Qyi(n)], ¢ <t<1,

(3.1)
(S [£7 () + izi(m) + Q' z(m)], o<
zi(t, 1) = < =0

S [ES () + Rizi(m) + QPz(m)], <<,
\ =0

where 7o = t/u, v = (t-t)/umn = (t-1)/pu;, and for k = 1,2,...,n, y,(j)(t) O<t<l
are coefficients of regular terms; IT;yx (1) (70 > 0) are coefficients of boundary layer terms
att = 0; Riyx(m1) (11 < 0) are coefficients of boundary layer terms at ¢ = 1; and QIG) Yi(T)
(oo < T < +0o0) are left and right coefficients of internal transition terms at t = t*. Meanwhile,
similar definitions are for E,(;) (), Tz (10), Rizk(11), and QIG) zr (7).

The position of a transition time t* € (0,1) is unknown in advance. It needs being
determined during the construction of an asymptotic solution. Suppose that t* has also an
asymptotic expression of the form

=ty +put + P+, (3.2)

wheret; (I=0,1,2,...) are temporarily unknown at the moment and will be determined later.
Meanwhile, let

Vi(t) = yio + pyl + WY+ (3.3)

where y;, (I =0,1,2,...) are all constants, independent of y, and y1(t*) takes value between
a; () and a3 (). For example, y1 (£*) = (1/2)(a; (t*) + aj ().
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Then, we will determine the asymptotic solution (3.1) step by step using “a smooth

connection method” based on the boundary function method [13] or [5]. The smooth
connection condition (2.11) can be written as

S ye0) +a(t) = Qv (0) + at(t),  QF2k(0) = Q2 (0);
D) + [73 (o)t + &] = Q5 i) + [78 ot + &7 (3.4)

Dze0) + 2 o)t + 15| = Q5 z0) + [2 (o)t + 1Y),

where k =1,2,...,n,1=1,2,... G) = gf)(to,...,tl_l), and gi? = §S)(to,...,t1_1) are all the
known functions depending only on to, ..., t-1.

Substituting (3.1) into (2.1)-(2.2) and equating separately the terms depending on
t, 7o, 71, and 7 by the boundary function method, we can obtain the equations to deter-

mine (77 (1), 5 (1); (Tyw(m), Thiz(n)), {Riye(n), Rize()), and Q7 ye(r), Q7 2 (7)),
respectively. The equations to determine the zero-order coefficients of regular terms
[ ),z80 (1)) (k=1,2,...,n) are given by
Zo () =2 (1) = =F,0(1) =
A V8T ) = 0;

(1 Vs v Ui t) = 0; (3.5)

F (7595 o) = .

It is clear to see that (3.6) coincides with the reduced system (2.11). Therefore, by [H,],
(3.6) has the solution

(095,75} = {am,aw,... dmn}, i=12 (3.6)
The equations to determine {yk?(t) E(;)(t)} (k=1,2,...,n; 1=1,2,...) are given by
Vi =20 Vo1 = 2o Yoy = 2
Zj = 71% By + ?1y2 By +-- + 71%, By, + ha(t);
Zy1 = 72% By + 72y2(t)]721 tooet 72]/,, (Y, + ha(1); (3.7)

—

Zpl-1 = 7ny1 (t)yll + .Tnyz (t)yZI teooot 7ny,, (t)ynl + E"l(t)
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Here the superscript (¥) is omitted for the variables 7\’ and Z.. in (3.8) for simplicity in
notation. To understand /,, and Zy;, we agree that they take (-) when 0 < t < to; while they
take (+) when ty <t < 1. The terms Ekl(t) (k=1,2,...,m1=1,2,...) are expressed in terms
of Yy, and Zxp (k =1,2,...,m;; m=0,1,...,1 - 1). Also 7(_)(t) are known functions that take
value at (aj(t), a5(t),...,ay,(t)), wherei=1when0 <t <tjandi=2whenty <t <1.

Since (3.8) is an algebraic linear system, the solution {yl(;)(t),fl(;)(t)} (k=12,...,m;
1=1,2,...) is uniquely solvable by [H3].

Next, we give the equations and their conditions for determining the zero-order
coefficient of an internal transition layer { é_)yk (1), Qé_) zr(7)} as follows:

d o <)
I Yk =Qy zx, -0 <T<0;

d o ) )
EQO Zk=fk<a}(to)+Q0 y1,..-,a,11(to)+ N yn,to>, (3.8)

$y10) = yiy - al(to);
O y(-0) =0,Q 2 (~o0) =0, k=1,2,...,m.

We rewrite (3.9) in a different form by making the change of variables
g =alte) + QT 20 =00z, k=12...,n (3.9)

Then, (3.9) is further written in these new variables as

(3.10)
d”; = fk<gi_)/g§_)/‘"/gTs_)/t())I

7 (0) = iy
(3.11)
i (o) = alt), E)(-0) =0, k=12...,n.

From [Hs], it yields that the equilibrium (al(ty),...,al(t),0,...,0) of the autonomous
system (3.11) is a hyperbolic saddle point. Therefore, there exists an unstable one-
dimensional manifold W*(Mj). For the existence of a solution of (3.11) satisfying (3.12), we
need the following assumption.

[H7] Suppose that the hyperplane ]7;_) (0) = yj, intersects the manifold W*" (M) in the
phase space (77 (), 7 (to), ..., 55 (b)) x (27 (t0), 257 (ko) ..., 257 (t0)), where tg € (0,1) is
a parameter.
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Then, {N( )(0) Z( )(0)} (k=1,2,...,n) are known values after {g,(;) (T),EI(;)(T)} being
solved by [H7]. We can get the equat1ons and the corresponding boundary conditions to
determine { (()+)yk (T),Q(()+) z(7)} as follows:

me = Qé+)zk, 0<7T<+00;

. (3.12)
0z = fi(al(to) + Oy, ., a(t0) + QF o),
( )]/k(o) = 1/1(:)(0) - ai(to), k= 1/2/' - N
'z (0 =270), j=12...,n-1; (3.13)
O ye(+00) =0, Q\Vzk(+0) =0, k=1,2,...,n.
Introducing a similar transformation as doing for (3.9), we can get
d~(+)
Z’I; =2, 0<7<+o0;
(3.14)
dz () =) o)
dT = f <y1 Yy reesYn /t0>/
770 =500), k=12,...,n1
£70)=270), j=12...,n-1; (3.15)

7 (+oo) = @2 (o), 2V (+e0) =0, k=1,2,...,n.

To ensure that the existence of a solution of (3.15)-(3.16), we need the following
assumption.

[Hs] Suppose that the hypercurve {gf) 0) = gi‘) (0),...,g,§+)(0) Yn )(0) 5%) 0) =
."z'g_) (0),.. ~(+) 0) = Z;_) (0)} intersects the manifold W®(M;) in the phase space
(37§+>(t0),y§*>(t0), e T (00)) X (B (ko) 257 (ko) - ., 7 (b)), where g € (0, 1) is a parameter.

Here it should be empha51zed that under the conditions of [ H7] and [ Hg], the solutions
{ (x)yk (1), ((f)zk (1)} (k=1,2,...,n) not only exist but also decay exponentially [13], or [5].

If the parameter f; is determined, { G)yk(T) Q(%zk(r)} (k = 1,2,...,n) are

completely known. To determine ty, it is closely related to the existence of a heteroclinic orbit
connecting M; and M, in the phase space.

By the given initial values (3.14) or (3.16), we have already obtained

790 =520, k=12...,n,
(3.16)
£7(0) = zj.‘>(0), j=1,2,...,n-1.
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If we show z(+) 0) = 'z“,([) (0), the smooth connection condition (2.11) for the zero-order is

satisfied. By [H4] and [Hs], we have

.7 nl/

9 KOG 0 2010 ) o

Since ]7,(;) (k =1,2,...,n) and Z](T) (j =1,2,...,n—1) only depend on y},, while y, only
depends on t), the necessary condition for existence of a heteroclinic orbit connecting M;
and M, at 7 = 0 is given by

h(_) (yTO(tO)/ tO/ Ml) = h(+) (]/To (to)/ tO/ M2)/ (318)
or

D(M, t) = D(Ma, t). (3.19)

However (3.19) or (3.20) is the one to determine fy. Then, by [Hg], there exists an
ty = t; from (3.19) or (3.20). We can see that the process of determining t, is the one of

a smooth connection. Therefore, all the zero-order terms { G)yk(r) Q(ﬂzk (7)} have now
been completely determined by the smooth connection for the zero-order coefficients of the
asymptotic solution.

For the high-order terms {QIG) ]/k(T),Ql(;)Zk ()} (I =1,2,...), we have the equations
and their boundary conditions as follows:

d _
EQI( "k =Q 7z, —o<T<0;

d O
Q2 = fiy Qi + fi MQ ya - ) (0Q v + G (),

;‘>y1<0> =y, — [Yy (bt + &ulto, - - ti1)];
Dy(-0) =0, Q7zk(-0) =0, k=1,2,...,n,

% Py =0z, 0T < +oo; (3.20)
Q2= T+ F Qs+ ) 0@y + G (),

Q7 yk(0) = Y (0) = [Flto)tr + Galto, ... )], k=1,2,...m;

Qz;(0) = £ - Bttt +alt, - b)), j=12...,n-1;

QM yk(+0) =0, QM z(+e0) =0, k=1,2,...,n,

where f p )) () represent known functions that take value at (al(to) + Q(ﬂyl(r),. ., ak(t) +

(¥)yn(7)) G(x)(T) are the known functions that only depend on those asymptotic terms
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whose subscriptis 0,1,...,] = 1; and &k and 7 are all the known functions. Since (3.21) are
all linear boundary value problems, it is not difficult to prove the existence of solution and
the exponential decaying of solution without imposing any extra condition.

As for boundary functions I'ly(7p) and Ry(71), it is easy to obtain their constructions
by using the normal boundary function method. So we would not discuss the details on them
here [13] or [5]. However, it is worth mentioning that the coefficients #; (I = 1,2,...) in (2.3)
will be determined by an equation as follows:

H'(to)t = &(to, - -, ti1). (3.21)

Then, t; can be solved from (3.22) by [Hg]. Then, we have so far constructed the asymptotic
expansion of a solution with an internal transition layer for the problem (2.1)-(2.2) and the
asymptotic expansion of an internal transition time #*.

4. Existence of Step-Like Solution and Its Limit Theorem

We mentioned in Section 2that the solution with a step-like contrast structure can be regarded
as a smooth connection by two solutions of pure boundary value problem from left and right,
respectively. To this end, we establish the following two associated problems.

For the left associated problem,

#(%@) =z;
) (4.1)
ﬂ(%@) =fk<y§_),...,y,([),t>,
vy O =y, k=121
z;->(0,/4) —pz, j=12,...,n-1; (4.2)

y (1) = i),

where 0 <t < t* <1, t* is a parameter, such a solution {yl(;) (t, ‘u),z,(;) (t, )} of (4.1) and (4.2)

exists by [H1]-[H3] [14, 15]. Then, we have {y,((_) (t*, 1), zl((_) (W} k=12,...,n
For the right associated problem,

() =

, (4.3)
/4<Z,(:)> = fk<y§+),...,y,(1+),t>,
yO ) =y @), k=12...n
Z](-+)(t*fll) = Z](-_)(f*), j=12,...,n-1; (4.4)

2 (1, ) = pzl,
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where 0 < t* < t < 1, t* is still a parameter, the similar reason is for the existence of
(), 280 () of (4.3) and (4.4) [14,15].

Then, we write the asymptotic expansion of { y,(j) (t, 1), z,(j) (t,p)} as follows:

Yy (tp) = al(t) + Toyi(o) + Q5 yi(7) + O(p), 0<t<t
yi(t,p) = (4.5)
y;(:) (t, ) = ai(t) + Royi (1) + Q(()+)yk(7') +0(p), t<t<l,

Zl(c_) (t, ) = Mozk(T0) + Qé_)zk(r) +O(p), 0<t<ty
z(tp) = (4.6)
2 (t, 1) = Rozi(r) + QVzk(r) + O(w), #<t<1,

where )y =t/pu, 71 =(t-1)/pand 7 = (t - t*) /.

We proceed to show that there exists an t* indeed in the neighborhood of t; such
that the solution { y,(;)(t,y),z,(:) (t,u)} of the left associated problem (4.1) and (4.2) and the
solution { y,(:) (t, 1), zl(:) (t, )} of the right associated problem (4.3) and (4.4) smoothly connect
at t*, from which we obtain the desired step-like solution.

From the asymptotic expansion of (4.5) and (4.6), we know that {a](t), ay(t), ..., ah(t))
and {a% (1), a% (t),...,a%(t)} are the solutions of the reduced system (2.5). In the neighborhood
of ty, the boundary functions {Iloyi(m),ITozik(70)} and {Royi(71), Rozk(71)} are both
exponentially small. Thus, they can be omitted in the neighborhood of ;.

We are now concerned with the equations and the boundary conditions for

which { (()_)yk (T),Q(()_)Zk(T)} satisfy. They can be obtained easily from (3.9) just with the
replacement of ty by #*,

d _
7 (())]/k:Q(())Zk/ -0 <T<L0;

d e 1/ “) 1, ().
_Q Zk=fk a(t)+Q yll---/an(t)"'Q ynlt s
dr <0 ( 1 0 0 > 47)
10) = i - al(t);

(()_)yk(—OO) =0, (()_)Zk(—oo) =0, k=1,2,...,n.

After the change of variables given by

7O =al() + QP w(r); 20 =QVz(r); k=1,2,...,n, (4.8)
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then (4.7) can be written as
4
Z:' = Z,((_), -0 <T<0;
: (4.9)
dE - N
B (),
7 =)
(4.10)
O (~0) =al(t), 20(-0)=0, k=12,...,n

{ (+)

It is similar to get the equations and the boundary conditions for which
yk(7), (()+)Zk(T)}Satisfy

d < +)
= <
7790 Yk =Q) 'zk, 027 <+o0;
Q2 = fi(@ ) + Qw1 @28+ QF yw ),
$ye0) =y (0) - a2 (1),

(+)

k=102 n (4.11)
020 =£7(0),

i=12,...,n-1;

QP yk (+o0) = V2 (+00) = 0

After the transformation given by

7 =) + QP yk(r); 2 =Q\Vzk(r); k=12,

n, (4.12)
then (4.11) can be written as

A

cyl:' Nl(:), 0< T < +o0;

" (4.13)
d5¢
dT _fk(yll . /ynrt)
770 =y 0), k=12...,n1
£70)=270), j=12..,n-1; (4.14)

7 (+00) =0, 2 (+00) = 0.

[H3] and [Hy] imply that there exists a first integral
<gi )/ . /yn ),Zg )/ z¢

2 ),t*> = d(My, ) (4.15)
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of the system (4.9) that approaches M;(aj(t*), ay(t*),...,a}(t*),0,...,0) as T — —oo; and
there exists a first integral

o(F", G BB ) = (M, 1) (4.16)

of the system (4.13) that approaches Mz(a%(t*), ag(t*), e, ai(t),0,...,0)as T — +oo.
In views of [Hs], from (4.15) and (4.16) we have

27 =hO (37, 502D, B M), (4.17)

Then, we know from (4.2) and (4.4) that y](:)(t*,y) = yl(:)(t*,y), k=1,2,...,n;,and z](._) (t,p) =

zj.” (t,w), j=1,2,...,n-1for the solutions {y,(f) (t, 1), z,(f) (t, )} of the left and right associated
problems. For a smooth connection of the solutions, the remaining is to prove

20 (8, ) = 2 (1, ). (4.18)
Let
A() =25 (8, 1) - 23 (). (4.19)

Substituting (4.6) into (4.19), we have

A(t) = (()_)zn(O) _ Q(()+)Zn(0) +0(p) = B ™ 4 o)

(4.20)
= H(t") + O(p) = H(ty) + H'(to) (" — to) + O(t* — t)* + O(n),
where O(y) can be regarded as Cy for simplicity.
If we take t* = tp £ Ky in (4.20), we have
A(H) = +H'(to))Kp + O(p). (4.21)

Since the sign of H'(fy) is fixed, (4.21) has an opposite sign when K is sufficiently large, for
example, K > C, and y is sufficiently small. That is,

(H'(to))Kp+O(p))(-H'(to))Ku+O(n)) <0, as K>C, p<1. (4.22)

Then, there exists f € [ty — Ky, to + Ku] such that A(t) = 0 by applying the intermediate value
theorem to (4.21). This implies in turn that (4.18) holds.

Therefore, we have shown that there exists a step-like contrast structure for the
problem (2.1)-(2.2). We summarize it as the following main theorem of this paper.
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Theorem 4.1. Suppose that [Hy]-[Hg] hold. Then, there exists an po > 0 such that there exists a step-
like contrast structure solution yi(t, p) (k =1,2,...,n) of the problem (2.1)-(2.2) when 0 < p < po.
Moreover, the following asymptotic expansion holds

1 I ) o(u), 0 A/
yi(t p) = %)+ Hoylmo) + Qi) y(r) + O) R stet (4.23)
a%(t) + Roy(m) + Qy vk (1) + O(p), E<t<1.

Remark 4.2. Only existence of solution with a step-like contrast structures is guarantied
under the conditions of [H;]-[Hg]. There may exists a spike-like contrast structure, or the
combination of them [16] for the problem (2.1)-(2.2). They need further study.

5. Conclusive Remarks

The existence of solution with step-like contrast structures for a class of high-dimensional
singular perturbation problem investigated in this paper shows that how to get a heteroclinic
orbit connecting saddle equilibria M; and M, in the corresponding phase space is a key
to find a step-like internal layer solution. Using only one first integral of the associated
system, this demands only bit information on solution, is our first try to construct a
desired heteroclinic orbit in high-dimensional phase space. It needs surely further study for
this interesting connection between the existence of a heteroclinic orbit of high-dimension
in qualitative theory and the existence of a step-like contrast structure (internal layer
solution) in a high-dimensional singular perturbation boundary value problem of ordinary
differential equations. The particular boundary condition we adopt in this paper is just for
the corresponding stability condition, which ensures the existence of solution of the problem
in this paper. For the other type of boundary condition, we need some different stability
condition to ensure the existence of solution of the problem in question, which we also need
to study separately. Finally, if we want to construct a higher-order asymptotic expansion, it is
similar with obvious modifications in which only more complicated techniques involved.
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