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1. Introduction

Injection molding is a manufacturing process for producing parts from both thermoplastic
and thermosetting plastic materials. When the material is in contact with the mold wall
surface, one has three choices: (i) no slip (which implies that the material sticks to the surface)
(ii) partial slip, and (iii) complete slip [1-5]. Navier [6] in 1827 first proposed a partial slip
condition for rough surfaces, relating the tangential velocity v, to the local tangential shear
stress T,3

Ug = _ﬁTaS/ (11)

where f indicates the amount of slip. When = 0, (1.1) reduces to the no-slip boundary
condition. A nonzero f implies partial slip. As f — oo, the solid surface tends to full slip.

There is a full description of the injection molding process in [3] and in our paper [7].
The formulation of this process as an elliptic system is given here in after.
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Problem 1. Find functions 6 and p defined in Q such that

-A0 =k(0)|Vp| +q(x) inQ, (1.2)
~div{ (k(©)|Vp|"* +B(x)|Vp|"*)Vp} =0 inQ, (1.3)
0=0), p=po on OQ. (1.4)

Here we assume that Q is a bounded domain in RY with a C! boundary. We assume
also that g, 6y, po, B, and k are given functions, while r is a given positive constant related to
the power law index; p is the pressure of the flow, and 0 is the temperature. The leading order
term f(x)|Vp|™~2 of the PDE (1.3) is derived from a nonlinear slip condition of Navier type.
Similar derivations based on the Navier slip condition occur elsewhere, for example, [8, 9],
[10, equation (2.4)].

The mathematical model for this system was established in [7]. Some related papers,
both rigorous and formal, are [3, 11-13]. In [11, 13], existence results in no-slip surface, § = 0,
are obtained, while in [3, 7], Navier’s slip conditions, f#0 and ry = 0, are investigated,
and numerical, existence, uniqueness, and regularity results are given. Although the
physical models are two dimensional, we shall carry out our proofs in the case of N
dimension.

In Section 2, we introduce some notations and lemmas needed in later sections. In
Section 3, we investigate the existence, uniqueness, stability, and continuity of solution p
to the nonlinear equation (1.3). In Section 4, we study the existence of weak solutions to
Problem 1.

Using Rothe’s method of time discretization and an existence result for Problem 1, one
can establish existence of week solutions to the following time-dependent problem.

Problem 2. Find functions 6 and p defined in Qr such that

0;— A0 = k(0)|Vp|" +4g(x) inQr,

—div{ (k(e)|v;o|"2 + ﬁ(x)|Vp|r°_2>Vp} -0 inQr,
(1.5)

0=60), p=po onoQx(0,T),

0=¢ onQx{0}.

The proof is only a slight modification of the proofs given in [11, 13] and is omitted
here.
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2. Notations and Preliminaries
2.1. Notations

In this paper, for s > 1, let H*(Q) and Hé’s (Q) denote the usual Sobolev space equipped
with the standard norm. Let

-

%, if1<T<N,
r .
o=1{-—7 if r > N, (2.1)
qgN ,
NT . N7/ f :N/
L gN —g+ N nr

where N < g < o. The conjugate exponent of o is

N, if 1<r <N,
or=4" if r> N, (22)
N
A2 ifr=N.
q-N

We assume that the boundary values 6y and py for Problem 1 can be extended to
functions defined on Q such that

6 H*(Q), poecH"(Q). (2.3)

We further assume that there exist positive numbers k; > k; > 0 and fy such that

ki <k(0) <k, VOeR.,

(2.4)
0 < B(x) < Po.
Finally, we assume that for 6,,,0 € HS’G(Q) + 6o, lim,;, . .6, = 0 a.e. in Q indicates
n}i_r)nook(ﬂm) =k(0) a.e in Q. (2.5)
For the convenience of exposition, we assume that
l<rg<r<t<oo. (2.6)

Next, we recall some previous results which will be needed in the rest of the paper.
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2.2, Preliminaries

An important inequality (e.g., see [11, page 550] ) in the study of p-Laplacian is as follows:

alx-yl’, if r>2,
x| 2x = ly| Py ) (x - y) > _yl? (2.7)
< |yl y)( Y) a|lx -y ., if1<r<2,
(b+1xl+|y])

where a > 0 and b > 0 are certain constants.
To establish coercivity condition, we will use the following inequality:

(a+b) <2'(a" +1"), (2.8)

wherer >0,a>0,and b > 0.
Using the Sobolev Embedding Theorem and Holder’s Inequality, we can derive the
following results (for more details, see [11, Lemma 3.4] and [13, Lemma 4.2]).

Lemma 2.1. The following statements hold
(i) For any positive numbers a and g, if u € L*(Q) and v € L¢(Q), then

-1
uv e LY, wherey= <% + %) ; (2.9)

moreover, |uollpy g <liullia g llvllis -
(ii) If p € HY(Q) and 1 < r < N, then p|Vp|2Vp € [LN/N-D(Q)1N; moreover,

||p|Vplrizvp“LN/(N—l)(g) < ”p”LN’/(N")(Q)”VPHZEQ)' (2.10)

(iii) Ifp € H' (Q) and 1 < r < oo, then |Vp|"2VpVp, € LE(Q), where

¢= (l + 1>_1, (2.11)

re T

and r* denotes the conjugate of v, namely, r* = r/(r — 1) for 1 < r < oo; moreover,

-2 1
” |Vp|" VPVPOHMQ) <IVellz @I Vroll - (212)
(iv) Ifp € H(Q) and n < r < co, then
r-2 ~ n
PP Vpe L7 @], r>m,
2.13)

p|Vp| PVp e [L3(Q)]", r=n,
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where s = (1/r* +1/q) ™ and r < q < oo. Moreover

-1

[pI9p125p],. o, <CUVPly 7>

(2.14)
1

1921290, o, < Pl TPty 7=

L*(Q)

The existence proof will use the following general result of monotone operators [14,
Corollary III.1.8, page 87] and [15, Proposition 17.2].

Proposition 2.2. Let K C X be a closed convex set (# ), and let A : K — X' be monotone, coercive,
and weakly continuous on K. Then there exists

ueK:{(Au,v-u)>0 foranyveK. (2.15)

The uniqueness proof is based on a supersolution argument (similar definition can be
found in [15, Chapter 3]).

Definition 2.3. A function u € H, llo’Z(Q) is a weak supersolution of the equation
—div{ (k(a)wur-2 + ﬁ(x)|Vu|’°_2>Vu} -0 (2.16)
in Q if
J‘Q <k(9)|Vu|r’2 + ﬂ(x)|Vu|r°72) Vu-Vedx >0, (2.17)
whenever ¢ € C{° (L) is nonnegative.

3. A Dirichlet Boundary Value Problem

We study the following Dirichlet boundary value problem:

—div{ <k(9)|Vp|r_2 +,6(x)|Vp|r“_2>Vp} =0 inQ,

(3.1)
p=po on 0Q.
Definition 3.1. We say that pg — po € Hé’r () is a weak solution to (3.1) if
r-2 70—2
IQ <k(9)|Vp9| +B(x)| Vpol )Vpg - Vedx =0 (3.2)

forall¢ € Hy"(Q) and a given 6 € H, " (Q) + 6.
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Theorem 3.2. Assume that conditions (2.1)—(2.6) are satisfied. Then there exists a unique weak
solution pg to the Dirichlet boundary value problem (3.1) in the sense of Definition 3.1. In addition,

the solution pg satisfies the following properties.
(1) we have

lIPell () < C (3.3)

where C is a constant independent of 0 and pe;
(2) if limy, — .0, = O a.e. in Q, then

lim pg, = po strongly in H'(Q). (3.4)

m— oo

The idea behind the existence proof is related to [15, 16]. We will first consider the
following Obstacle Problem.

Problem 3. Find a function p in K, ,, such that
f@ (k©)|Vp|"™ +px)|Vp|"?) Vp V (¢ - p)dx > 0 (35)

for all ¢ € Ky, Here
Ky (Q) = {p eHY(Q):p>yae inQ, p-pe H'(Q) } (3.6)

Lemma 3.3. If Ky, is nonempty, then there is a unique solution p to the Problem 3 in K.

Proof of Lemma 3.3. Our proof will use Proposition 2.2.
Let X = L"(Q; R") and write

K={Vv:veKyp} (3.7)

It follows from the proof in [15, Proposition 17.2] that K C X is a closed convex set.
Next we define a mapping A : K — X' by

(Av,u) = f (k(6)|v|r‘2 + p(x)|v|’°-2)vu dx YueX. (3.8)
Q

By Holder’s inequality,
-1 -1
(A9, )] < Kallo i 14l g + Bolloll oy laal o
1 (3.9)
-1 —
< C(Iollrig) + ol o Il -

Here we used Assumption (2.6), thatis, 1 < rp < r < T < oo. Therefore we have Av € X'
whenever v € K. Moreover, it follows from inequality (2.7) that A is monotone.
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To show that A is coercive on K, fix ¢ € K. Then
(Au—-Aop,u—1)

= fg [ (k@1 + Blur?)u - (k©)|o| 2 + Blo| )] (1 - ) bx

=f k() (I u - le"zw])<u—<p)dx+f (1"~ 1o "] ) (u - p)dx
@ © (3.10)

k(O r-2.. r-2 _ d
zfg()(lul =] p]) (u-p)dx
2k (lell”+ [lol") = Fea (el llpl] + [l ol )

—r r r— r-1 r-1 r-1
> ka2 ||u =gl = k2 loll (Il = ol + ol ™) = Kallol™ (llg = ull + llol]).

Inequality (2.8) is used to arrive at the last step. This implies that A is coercive on K.

Finally, we show that A is weakly continuous on K. Let u; € K be a sequence that
converges to an element u € K in L"(Q). Select a subsequence u;; such that u; — u a.e. in Q.
Then it follows that

— k(0) ] u + Blu|"*u (3.11)

k(0)|u; ,

r-2 7'0—2
| Ui, +ﬂ|ui].| U,

a.e. in Q. Moreover,

Ty -2

Uj,

X
i

" (ro-1)/(r-1)
dx>

(3.12)

r/(r-1)
dx < Cf <|ui].
Q

< C[’[ |uij
Q

<C

r-2
j ‘k(@)'uij' i, +p)u,~j
Q

r
+ |ui].

rdx + <I |ui].
Q

rx(ro-1)/(r-1)
0 )d

Thus we have that

1o -2

r—2
k(6) |ui]. |

wy + Bluy |, — KON+ Bl (3.13)

weakly in L'/ =D (Q). Since the weak limit is independent of the choice of the subsequence,
it follows that

k(O) il i + Bluag] s — k(O) [l Pu + Blul"u (3.14)

weakly in L™/ "D (Q). Hence A is weakly continuous on K. We may apply Proposition 2.2 to
obtain the existence of p.
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Our uniqueness proof is inspired by [15, Lemmas 3.11, 3.22, and Theorem 3.21]. Since
(k(0)|Vu"+ p(x) |Vu|""?)Vu does not satisfy condition (3.4) of &/ operator in [15], we need
to prove the following lemma, which is equivalent to [15, Lemma 3.11]. Then uniqueness can
follow immediately from [15, Lemma 3.22]. O

Lemma 3.4. If u € HY(Q) is a supersolution of (2.16) in Q, then

f <1<(9)|Vu|’*2 + ﬂ(x)qul"”z)Vu Vedx >0 (3.15)
Q

Sfor all nonnegative ¢ € Hé’r (Q).

Proof. Let ¢ € Hé’r(Q) and choose nonnegative sequence ¢; € C°(Q) such that ¢; — ¢ in
H'"(Q). Equation (2.6) and Holder inequality imply that

U (k(e)wur—2 + [5|Vu|r0‘2> Vu- Vedx - f (k(e)wur-2 + [5|Vu|r0‘2> Vu - Vepidx
Q Q

- |[ K@ITur= - - godx+ | pTurVu- V(- g)dn
Q Q

(3.16)

m,l

@ + Poll Vel ooy 1V (0 = 90) || o

< C<||V”||£7(1gz) + ﬂOHV””B;}Q)) [V —¢:) ”U(Q)'

< k2||Vu||£72Q) V(- i)

Because lim; . oo ||V (¢ = ¢i) || = 0, we obtain

f (k(e)wur-2 + [3|Vu|"’_2>Vu Vedx = .limJ‘ (k(9)|Vu|’-2 + ﬂ|Vu|’“"2>Vu Vpidx >0
Q =)o
(3.17)

and the lemma follows. O
Similar to [15, Corollary 17.3, page 335], one can also obtain the following Corollary.

Corollary 3.5. Let Q be bounded and py € H'"(Q). There is a weak solution py € HS’T(Q) +po to
(3.1) in the sense of Definition 3.1.

Proof of Theorem 3.2. The existence result is given in Corollary 3.5, and we now turn to proof
of uniqueness. For a given 6, assume that there exists another solution pj. Then we have that

S

— r-2
k<9|VP9| *Vpo - | Vpi| VPé)
(3.18)

To— T'()—Z
+ﬁ<|VPe| 2VP9—|V;9}9| Vp;)].vgdx=o
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forall ¢ € Hé’r(Q). If we take ¢ = pg — pé in above equation, from inequality (2.7), we have
the following.
(i) whenr > 2,

0=A
oo r=2
> [ k@ (190l p0= V| "985 ) - (Tp0 - ) ax (319)

> Cf |Vpe - Vpéirdx,
Q

where C is a positive constant;
(i) when 1 <r <2,

0=A
> f k(0) <|Vp9|r_2Vp9 - |Vpé|r_2VPé> -(Vpo - Vph) dx
Q

. CIQ'VPE"VPHZ(M [Vpe| + 'Vpél)r_zdx (3.20)

, 2/r
>c([ [wph-vpefax) ([ (o190l + |7}
Q Q

Here the Holder inequality for 0 < t < 1, namely,

Hgfgdx 2 (IQ|f|tdx>m(fglglt*dX)l/t*, P = % (3.21)

is applied to the last inequality.
Poincaré’s inequality implies that pg = pj a.e. We complete the uniqueness proof.
Next we prove (3.3). Taking ¢ = pg — po in (3.2), we have

(r=2)/r

)rdx>

f k(0)|Vpe| dx < f k()| Vps| > VpeVpodx +f B|Vpe|" Ve Vpodx. (3.22)
Q Q Q

From (2.4), and the Holder inequality, we obtain

(r-1)/r 1/r
kl,[ |Vp9|rdx§k2<f |Vp9|rdx> (J |Vpo|rdx>
Q Q Q

(3.23)
. (ro-1)/7 . (r-ro+1)/r
+ Bo <f | Vpol dx) (f |V o/ 0% )dx> .
Q Q
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Young's inequality with ¢ implies

kl,[ |Vpel| dx < sf |Vpel| dx + C(j [Vpo| dx + j |Vp0|r/(r_r°+1)dx> (3.24)
Q Q Q Q

and (3.3) follows immediately from (2.3) and (2.6).
Finally, we prove (3.4). From weak solution definition (3.2), we know that

[ (k@17p, 7 + pITpa. | ) Ty, Teax
? (3.25)

- J‘ (k©)|Tpo] ™ + | Vpo| ") Vo Ve dax = 0.
Q

Setting ¢ = pg,, — po and subtracting [, (k(6,,) |Vpe| ™ + B|Vpe| ) Vpe V¢ dx from both sides,
we obtain that

Ig k@) (1VPe, " *Vpe, — [Vpal Vpa) + B(1Vpa,|" pe, — | Vel " *Vpa) | V (po, - po)dx

- fg(k(e) — K(8m))| Vol 2 peV (pe, - po)dx.
(3.26)

Denote the right-hand side by A;. Similar to arguments in the uniqueness proof, we arrive at
the folloing:
(i) whenr >2,

Cf |Vpe, — Vpe| dx < Ag; (3.27)
Q

(i) when 1 <r <2,

2/r (r=2)/r
C(I |Vpe, — Vp9|rdx> (I (b+ |Vpe| + | Vpe, |)rdx> <A (3.28)
Q Q

Egorov’s Theorem implies that for all € > 0, there is a closed subset Q. of Q such that |Q\ Q.| <
€ and k(6,,) — k(0) uniformly on Q.. Application of the absolute continuity of the Lebesgue
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Integral implies

Alsj +j 1k(O) — k(O)]|Vpo| " |V (pa, - po) |dx
Q. Q\Q,

< €[<IQ|VPe|rdX) o, 2kz] (fQIV(Pem - Pe)lrdX>1/r (3.29)

—0 asb6, —0.

Theorem 3.2 is proved. O

4. Nonlinear Elliptic Dirichlet System

Definition 4.1. We say that {60, p} is a weak solution to Problem 1 if

0-00€ H’(Q), p-po€H(Q), (4.1)

and for all v € CF°(Q)
-fgve.wdx:fg(k(9)|vp|’+q)vdx, 42)

and for all ¢ € Hy” (Q)
[ (k)19pI + )| VpI™ ) V- Vi = (43)

Theorem 4.2. Assume that (2.1)—(2.6) hold. Then there exists a weak solution to Problem 1 in the
sense of Definition 4.1.

We shall bound the critical growth, |Vp|", on the right-hand side of (4.2).

Lemma 4.3. Suppose that 6 and p satisfy

0-60€ H(Q), p-pocH,(Q), (4.4)
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and (4.3). Then, under the conditions of Theorem 4.2, for all v € C'(Q)

f k(0)|Vp| vdx = f k(©)|Vp| 2 Vp - Vpoo dx
Q Q

- fgk(9)|VP|r_2VP(P —po) - Vodx

(4.5)

- f@ﬂIVPI’”VP V(p-po)odx

- JQﬁWPrU_ZVP(P —po) - Vodx.

Moreover, there exists a polynomial F that is independent of 0 and p such that
[ k@I v < (ol o) ol o (46)

Proof. We first show (4.5). Letting ¢ = v(p — po) in (4.3), we obtain

ng(9)|VP|r‘2VP' [0 V(p-po) + (p—po) Vo] dx .
4.7

+ fgﬁ|VP|r_2VP' [0 V(p—po) + (p—po) Vo]dx = 0.

After some straightforward computations this yields exactly (4.5).
We now show (4.6). We denote the four terms on the right-hand side of equation (4.5)
by L 11, I1I, and IV, respectively. Under the conditions of Lemma 4.3, we have

|Vp| ?Vpel (Q), Vpel (Q), r'= - i - (4.8)
Part (iii) of Lemma 2.1 and Sobolev’s imbedding theorems indicate
-1
1< ko[ VP e IV Poll - oy 121l
-1
< ClIVpll eI VPoll -y 19 e ) (4.9)

<C|IVpll5 ool e @)

where {* = r/ (T —r) satisfies (r —=1)/r+1/7+1/¢* = 1.
According to Sobolev’s imbedding theorems, the integrability of (p — py) depends on
N. We estimate Il in three different cases.
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Case1 (1 <r < N).

11 < Cllp = poll o @ I VP I i@ 172l

(4.10)
< C(Iplly s gy + Pl e ) 2l -
Case 2 (r = N).
-1
1} < Cllp = poll 1a(q) ”VP”L(Q)”Vv”m/(q-v)(g) r<g<o
(4.11)
S C<“p”;_pr(g) + ||P||H1 r(Q)) ||v||H1,qr/(q-') (Q)
Case 3 (r > N). p — po is a bounded continuous function, so
-1
1| < C”Vp”z,(Q)HVUHU(Q). (4.12)
We next estimate III:
111] < j B|Vp| vdx| + j BlVp|"Vp - Vpov dx
Q & (4.13)

r0—1

Lr(Q)”v”L'/ (1) (Q) + C”VP

< ﬂOHVPl Lr(Q)”U”HW* Q)

The estimate of the first term used Holder inequality and Sobolev’s imbedding theorems. The
argument of the second estimate is similar to that of I.
Recall that 1 < rg < r. Similar to II, we estimate IV in three different cases.

Case1 (1 <r <N).

n)—l

VI < Cllp = poll pvsovn @y VP iy I VOl v iveron (@) - (4.14)
Since Nr/(N(r —ry) +r) < N, we have
V1< Clpls ) + 1P @ )12l v - (4.15)
Case 2 (r = N).
IV < Cllp = Poll oy | VP ey 1V 2l vty 7 < g < . (4.16)

Since gr/(q(r —ro) + g —r) < gqr/(q—r), we have

V] < C (Pl iy + P15 g ) 12l (417)
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Case 3 (r > N).

V] < Cl[Vp |5 e 1Vl (4.18)
These estimates lead to
11| + TI| + [IIT] + [IV] < F(”p”H”(Q)) 0]l (4.19)
for some polynomial F. O

Proof of Theorem 4.2. Using Theorem 3.2, let z € Hg'a(Q) + 6y, then for (3.2) there exists a
unique solution p. satisfying

|- ”HLV(Q) <C (4.20)

Moreover, if lim,, _, .z, = z a.e. in Q, then

lim p., =p. strongly in H'"(Q). (4.21)

m— oo

Next, using Lemma 4.3, we can define a linear functional F, € (H"*"(Q))" determined

by
(F,,v) = f k(©)|Vp.| " Vp. - Vpov dx
Q

- jgk(e) |Vp-| 2 Vp=(p- - po) - Vodx
(4.22)

- I QﬁIVPzIr“_ZVPz -V (pz—po)vdx

- fgﬂl Vp. | Vp. (p2 - po) - Vodx,

for all v € HY (Q). By virtue of (4.6), F, is well defined, and there exists a constant C > 0
independent of z such that

|(Fz,v)| < Cliollge (@) (4.23)

We notice that (4.2) is the same as [11, equation (1.6)]. Therefore, arguments after [11,
equation (3.19)] can be used to complete the proof of Theorem 4.2. O
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