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1. Introduction

It is well known that a number of problems in mechanics lead to studying the completeness of
all or part of the eigenvectors and joint vectors of certain polynomial operator groups and the
completeness of elementary solutions of the operator-differential equations corresponding
to these groups (see, e.g., [1, 2], and their references). In this case, it is first necessary to
investigate the correct solvability of Cauchy or boundary-value problems for these equations,
and only after this it will be possible to proceed to the abovementioned problems. The present
paper is dedicated to the problem of correct solvability of the boundary-value problem for
one class of operator-differential equations of the fourth order, considered on a semiaxis.

Let H be a separable Hilbert space and A be a self-adjoint positively defined operator
in H.
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Let us consider the following operator-differential equation of the fourth order:
d d d d*u(t)
Q(dt>u(t) = <E —A) (d +A> u(t) + ZA prrea =f(t), teR,=[0;+), (1.1)

with the boundary conditions

d*u(0)
Atk

=0, k=0,1,2, (1.2)

where f(t) € Ly(Ry;H), u(t) € Wf(RJr;H),AS,s = 1,2,3, are linear and generally
unbounded operators in H. Under L,(R,; H) and Wf(RJr ; H), the following Hilbert spaces
can be described:

+oo 1/2
Ly(R,; H) = {f(t) . ||f||Lz(R+;H) = (Io ||f(t)||fth> < +oo},

1/2
W3 (R; H) = u(t)l||u||W§(R+;H)=<IO < ||A4 (t)|| > > < 400

(1.3)

d4u(t)
dt

(see [3-5]).

Definition 1.1. If the vector function u(t) € W;*(R+ ; H) satisfies (1.1) almost everywhere in R., then
it is called a regular solution of (1.1).

Definition 1.2. If for any f(t) € Ly(Ry; H), there exists a regular solution of (1.1) which satisfies
boundary condition (1.2) in the sense that

t
o PRZSATIO) RSP (1.4)
£—0 Cdtk
H
and the inequality
leellws (w,;pry < const ”f"LZ(R,,;H) (1.5)

holds, then it can be said that problem (1.1), (1.2) is reqularly solvable.
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Let us define the following subspaces of the space W3 (R.; H):

V‘(}f(R+;H) = {u(t) tu(t) € Wi (Ry; H), dj;lt(jO) =0,j=0, 112,3}/
(1.6)
I/\O/;(R+,-H,- (k}) = {u(t) u(t) € W (Ry; H), % =0, k= 0,1,2}.

It should be noted that the solvability theory for the Cauchy problem and the
boundary-value problems for first- and second-order operator-differential equations have
been studied in more detail elsewhere. In addition to books [6, 7], these problems have been
considered also by Agmon and Nirenberg [8], Gasymov and Mirzoev [9], Kostyuchenko
and Shkalikov [10], and in works in their bibliographies. Other papers in which issues
of the solvability of various problems for operator-differential equations of higher order
have been studied have appeared alongside these works, and sufficiently interesting results
have been obtained. Among these papers are those by Gasymov [11, 12], Dubinskii
[13], Mirzoev [14], Shakhmurov [15], Shkalikov [16], Aliev [17, 18], Agarwal et al. [19],
Favini and Yakubov [20], the book by Yakubov [7], and other works listed in their
bibliographies.

Sufficient coefficient conditions for regular solvability of the boundary-value problem
stated in (1.1) and (1.2) are presented in this paper. To obtain these conditions, the main
challenge is to find the exact values of the norms of operators of intermediate derivatives in

o o

subspaces Wf (Ry; H), WEL(R+ ; H; {k}), the norms of which are expressed by the main part of
(1.1). This problem has its own mathematical interest (see, e.g., [21, 22], and works given in
their bibliographies). Estimation of the norms of operators of intermediate derivatives, which
are involved in the perturbed part of (1.1), is performed with the help of a factorization
method for one class of polynomial operator groups of eighth order, depending on a real
parameter. A similar approach has been presented in [9, 14], which makes it possible to
formulate solvability theorems for the boundary-value problems, with conditions which can
be easily checked.

It should be noted that if the main part of the equation has the operator in the form
(—d?/dt? + A%)?, then a biharmonic equation results, which is of mathematical interest not
only theoretically, and also from a practical point of view. Many problems of elasticity
theory (e.g., the theory of bending of thin elastic slabs [23]) can be reduced to studying
the boundary-value problems for such equations. Much research has been performed to
investigate the solvability of such problems, for example, that reported in [24]. Operator-
differential equations, which are studied in the present paper, include the fourth-order
equations which arise when solving the stability problems of plates made of plastic material
(see [25, pages 185-196]). It is very difficult to solve such problems because the differential
equation must be solved in a more complete form, that is, when the main part of the equation
has terms containing du(t)/dt and d®u(t)/dt’. As a result, the equation has more complex
characteristics, and (1.1) is of this type.

Furthermore, let us denote by 0(A) the spectrum of the operator A.
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2. Auxiliary Results

First, let us study the main part of (1.1):

Qg )ut=(5-4) (%+A)3u<t) - f(), 2.1)

where f(t) € Ly(R+; H).
The following theorem is true.

o
Theorem 2.1. Operator Qék), acting from the space W;*(R+ ; H; {k}) to Ly(Ry; H) in the following
way:

Putt) = Qo A u0), u) € WHRH; (k) 2)

is an isomorphism between the spaces W3 (Ry; H; {k}) and L»(R,; H).

Proof. It holds that Q(()k)u(t) = f(t) has a solution u(t) € Wf(R+; H; {k}) for any f(t) €
L>(Ry; H). In fact, the vector function

o(t) = %fm(—iglf + A) P (-igE - A)™! (ﬂw f(s)e-iésczs) esdé, teR, (2.3)

satisfies the equation

<% - A> (% + A>30(t) = f(t) (24)

in R, almost everywhere. Let us prove that v(t) € Wf(R;H) (R = (—o0;490)). As is made
clear here, this means that

Ly(R; H) = {f(t) A o = <I_m||f(t)||Hdt> < +oo},

) 1/2
+oo 2

Wi (R H) = u<t>:||u||W;<R;H>=<f < +||A4u<t>||H>dt> <+
. .

d*u(t)
At

(2.5)
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From the Plancherel theorem, it follows that it is sufficient to show that A*%(Z),&*(¢) €
L,(R; H), where ©(¢) is the Fourier transform of the vector function v(t). From the spectral
theory of self-adjoint operators,

|45

= ||a*igE + AP iz - A F@) |

Ly(R;H) L>(R;H)

IN

|4t iz + A2 igE- a7 [F@

L>(RH)
o L - (2.6)
: UEE&JG (e +0) "=~ 0) |||f (g)HmR;H)
= const [ @, ., = conStIF Loy

Lo (RH)

Here f (¢) is the Fourier transform of the vector function f(t). Analogously, it is possible to
prove that ¢*o(¢) € Ly(R; H). Consequently, v(t) € W;‘(R; H). Furthermore, let us denote by
u1 (t) the narrowing of the vector function v(t) on [0; +o0). It is clear that u;(t) € W;l(RJr ; H).
Now,

u(t) = uy(t) + ey + tAe Ay + A%y, tER,, (2.7)

where the vectors 17; € D(A”?), 1 = 0,2, and are defined by the condition u(t) €

o
W, (R:; H; {k}). This is why the following system of equations can be obtained relatively
torn, 1=0,2:

u1(0) +10 =0,

du;(0)
dt

- AY[O + Aﬂ1 = 0, (2.8)

21 (0)
dar

+ A%g = 2A%m +2A%, = 0.

From this, it is possible to obtain the operator equation,

M(E)n =¢, (2.9)
where
-u1 (0
E 0 0 o u1(0)
A_ldul(o)
M(E)=| -E E 0 |, n=|m |, =1\ ~— “—a | (2.10)
E -2E 2E 1 ~ A_2d2u1(0)
dar?

Because u;(t) € W; (R+; H), then from the theorem on trace [3-5, Chapter 1], it follows
that all elements of the vector ¢ belong to D(A”/2). Continuing this process, it is apparent
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that the operator matrix M(E) is boundedly invertible in H®> = @;le . Therefore, all
m € D(A72), 1 = 0,2. Consequently, u(t) € W(R.; H;{k}). In the same way, it can be
established that the equation Q((,k)u(t) = 0 has only a trivial solution.

Operator Q((Jk) is bounded, because

) 2

d*u
dtt

a3de ’

dt

L>(R.;H)

k
2"

2 2
d*u
+ 4HA_dt3
Ly(Ry;H) La(Ry;H)

4 3 4
+4Re (%,A(Z—?> —4Re <%,A3%>
t t Ly(Ry;H) ¢ Ly(Ry;H)
4 3
—2Re <Z—Z,A4u> - 8Re <AZ—;L,A3[ZZ—?>
t Ly(R;H) Ly(Ry;H)

43 d
—4Re (A—Z,A4u> +4Re <A3_”,A4u>
dt Ly(Ry;H) dt L>(R;H)

+4‘

+ ”A4u

Ly(Ry;H) Lo (Ry;H)

2 2

2
d*u du d?u
<3|l =m +6HA—3 +6‘A2—2
Lo(R;H) Ly (Ry;H) Ly(R.;H)
du ||? 2
+4]|A3 + ||A4u
dt Lz(R+;H) LZ(R+;H)

< const [[ull?,
2

(R;H)”
(2.11)
o
because for u(t) € Wf(R+; H;{k})
2
g4 4 2
2Re <d—Z,A3%> =0, 2Re <%,A4u> =2 AZ% ,
t Ly(R,;H) t Ly(R,;H) t Lo(R,;H)

d*u
2
AaE

2
Pu .d PE
2Re <A—d ’;,ASd—”t‘> - —2‘ . 2Re <A—d ?,A4u> -0,
t Ly(R,;H) Ly(R,;H) t Lo (R;H)

2Re <A3@,A4u> =0.
dt Ly(R,;H)

(2.12)
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The theorem on intermediate derivatives [3-5, Chapter 1] can be used to obtain the last

inequality, with the inequality

; d*iu
dar+i

< Cj||”||w§(R+;H)f j= 0,4, (2.13)
Ly(R:;H)

assumed. Moreover, the Bunyakovsky-Schwartz and Young inequalities,

da* ad a* a?
Re <—”,A—”> < |2 au
dt4 dt3 4 3
Ly(R.;H) Ly(R.;H) Ly(R.;H)
(2.14)
2
d4 H Su
=T 113 ’
dt Lo(R.;H) dt Lo (Ry;H)

are used in the expression Re (d*u/dt*, A(d®u/dr)),, . .-
As a result, Qék) is bounded and acts mutually and uniquely from the space

[
Wf (R+; H; {k}) to the space Ly(R,; H). Then, taking into account the Banach theorem on
the inverse operator, it can be established that the operator Qék) carries out the isomorphism

o
from the space W;*(RJr ; H; {k}) to Ly(R4; H). Thus, the theorem is proved. O

Denoting by Qik) the operator which acts from Wg(RJr; H; {k}) to Ly(R;; H) in the
following way:

dsu(t)

Taps “(t)EV\L;f(RnH;{k}), (2.15)

QM u(t) = ZA
the following statement results.
Lemma 2.2. Let A;A™°, s=1,2,3, be bounded operators in H. Then the operator Qik) is a bounded

o
operator from W3(Ry; H; {k}) to Ly(R.; H

o
Proof. Because for any vector function u(t) € W;l(R+ ;H; {k}),

S
_d’u

T (2.16)

k
”Q( )

3
< ”A B A—4+S
Ly(RH) ~ ; 4-s H—H

7
Ly(R;H)
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then, from the theorem on intermediate derivatives [3-5, Chapter 1], and from (2.16), we get

k
[«

La(RuHD < const ||u||W§(R+;H). (2.17)

Thus, the lemma is proved. O

Now certain properties of polynomial operator groups will be investigated, which will
have in the future a special role.
Let the following hold:

1 s 4
= _— 54— s =1.2 3. 2.18
as 25 S ( S) , S ’ ,3 ( )

Consider the following polynomial operator groups which depend on the parameter a €
[0;a;1), s=1,2,3:

4
Q.(A;a; A) = ()EE - A2> —a(iV)F A, 5=1,2,3 (2.19)
The following can then be established.

Lemma 2.3. Let a € [0; a;l), s = 1,2,3. Then the polynomial operator groups Qs(A; a; A), s =
1,2,3, are invertible on the imaginary axis and can be represented as follows:

Qs(L;a; A) = Fs(L; o A)Fs (-, A), s=1,2,3; (2.20)
moreover,
4
Fs(L;a; A) = | |(AE - wsn(a)A)
g (2.21)

= ME+di(a)A3A + dyg (@) V> A% + ds s () LA® + A%,
where Re ws (o) <0, n=1,2,3,4, and the numbers dy s(a), dos(a), dss(a) satisfy the following
systems of equations:

(1) fork =1

—d} (@) +2da 1 () +4 =0,
d3 () = 2d 1 (a)ds; (a) -4 = 0, (2.22)

2 (@) +2d1 (a) +4 = @
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(2) for k=2
2do5(a) —di(a) +4 =0,
d%/z (0() - 2d1,2(cx)d3,2(0c) -4 = —-Q, (2.23)
—dég(oc) +2dr0(a) +4=0;
(3) fork =3

—di3(zx) +2dr3(a) +4=a,
d35(a) - 2dy 3(a)da3(a) 4 =0, (2.24)

—dj () + 2ds3(a) +4 = 0.
Proof. Characteristic polynomials of the operator groups Qs(\; a; A), s =1,2,3, are
2 2\ \\25 _8-2s
Q.(L;a;0) = <A —o ) —a(iV)®o%%, s=1,2,3, (2.25)

where ¢ € 0(A). Let A = i, ¢ € R = (—o0;+00). Then it is clear that for these characteristic
polynomials, the following correlations are true:

Qs(\;a;0) = Qs(ig; a; 0)

= o-8<§ + 1>4[1 —aM]
o2 &2/0? +1)* (2.26)
4 s
> 08<§—22 + 1> [1 —a sup @LZ){I, s=1,2,3.
Y £/0220(&2/0% + 1)

Because

2/ 2\8
sup &)4 =a,, s=1,2,3, (2.27)
/0220 (&2/ 0% + 1)

then
Qs(iga;0) >0 (2.28)

for a € [0;a;'), s =1,2,3. From (2.28), it becomes clear that the polynomials Qs(; &; o) do
not have roots on the imaginary axis for a € [0; a;'), s = 1,2,3. Each of the characteristic
polynomials Qs (A; a; 0) for o € 0(A) has exactly four roots from the left semiplane. Because
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these polynomials are homogeneous with respect to the arguments A and o, they can be stated
in the following form:

Qs(\;a;0) = Fs(M, a;0)Fs(—\, 2;0), s=1,2,3, (2.29)

where

4

Fs A a; = A— s,n
(A a;0) E( Wsn(a)o) 230)

= M+ dys(a)\30 + dy(a)\207 + ds s (a)Ao® + o,

and moreover Re w;,(a) < 0, n = 1,2,3,4, and the numbers d;s(a), drs(a), ds () satisfy
the systems of equations shown in Lemma 2.3, which are obtained from (2.29) in the process
of comparing the coefficients for the same degrees. Then, from the spectral decomposition
of operator A, the proof of the lemma can be obtained from (2.29). Thus, the lemma is
proved. O

The next step is to prove the theorem, which will play an important role in future
investigations and will show the special importance of the spectral properties of the
polynomial operator groups Qs(\; a; A) and Fs(\; a; A), s =1,2,3.

Theorem 2.4. Let a € [0; a;'). Then for any u(t) € W, (Ry; H), the following equality is true:

2

3 2 s
(i—A><i+A) u B
dt dt LR ats ||, .1
2(Ry; (2.31)
d 2
= FS<—,'D£;A>M + (Rs(‘x)(P/(P)H4’
dt Ly(R.;H)
where
4
H*=P H,
p=1
dse(ar) -2 do 5 () dis(a) +2 2
R. () drs(a)  dys(a)dzs(a) —dys(a) -2 dl,s(a)d&s([x) +2 das(a) +2
s(ax) =

dys(a) +2 dis(a)dss(a) +2 dis(a)dys(a) —dzs(a) =2 dys(a)
2 d3,s (L‘() +2 d2,s (‘X) dl,s(‘x) -2

3
d'u(0)
— — A4—l—1/2 .

1=0
(2.32)
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Proof. First define the space D*(R,; H) as the set of infinitely differentiable functions with
values in D(A*%), having compact support in R.. Because the space D*(R,; H) is dense in
Wy (R,; H) (see [3-5, Chapter 1]), it is sufficient to prove the theorem for the vector functions
u(t) € D*(R,; H). Then

d
Fs<a,a,A>u

2

2

Ly (Ry;H)

2 2

A2 @
dr?

d*u

d®u
dar ar

3

+ d%/s(a)
Ly(R.;H)

+di (o) “A

Ly(R;H) La(Ry;H)

2
sdu

Adt

+ d%/s(a)

+ ||A4u

2 d*u  d®u
+ Zdl,s (d) Re s A—3
Ly(Ru:H) Ly (Ry;H) dt dt La(RuH)

4 2 4
+2d, ,(a) Re <‘2—14‘,A2%> +2ds . (a) Re <%,A3%>
t t Ly(Ry;H) t Ly (Ry;H)

, . i (2.33)
roRe [ E2 Aty +2dy () das(a) Re [ ALY 4291
dar* ’ ’ dts dt?
LZ(R+;H) LZ(R+;H)
d*u  ,du dPu
+2dys(a)dss(a) Re (| A——, A”— +2d, (@) Re ([ A=—, A*u
’ dar dt ’ dt
Lo(Ry;H) Ly(Ry;H)
2
+2dy ¢ (a)ds s (a) Re <A2‘i—;‘, A3%>
Ly(R.;H)

2

+2dy 4 (a) Re <A2d—§‘, A4u> +2ds4(a) Re <A3d—”, A4u> .
dt Lo(Ry;H) a T2(RH)
After integration by parts,
2 4|12 3. |12
Fs(%;a; A)u - || 2 + (2 () ~ 2d35(a) HAZ—;
L2(R.;H) Lo (R;H) Lo(R.;H)
+ (B, (@) ~ 2. (a)) wodlt | 4t ’
3,5 2s dt Lz(R+;H) LZ(R+;H)

2
d*u

2
A=

+ (2= 24 (@) da s (@) + 3, (@) ) ‘

L>(R;H)
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= dio(@) |l s||” - 2d2.(2) Re(gs, 92)
+(dyo(@) = di s(@)das(@) | 2|
—2d; 5(a) Re(¢p3, 1) —2Re (3, ¢0)
+(2—-2dy5(a)ds s(a)) Re(¢2, 1) — 2d1,s(a) Re(¢p2, o)
+ (o (@) = oo (@)t (@) o1 |

—2d, s(a) Re(¢p1, 0) — ds s () ||¢Po||2-

(2.34)
Calculating |[(d/dt — A)(d/dt + A)3u||iz(R+;H) analogously to ||Fs(d/dt; a; A)ulliz(R+;H),
32 L 112 o 112
(i_A>(i+A>u _|[4m +afladt 6l 24t
dt dt 4 3 2
Ly(R:;H) Ly(R.;H) Ly(R;H) Ly(R:;H)
e Y PR T
dt Lz(R+,'H) LZ(R+;H)
= 2|2 |* + 4Re (g3, 1) +2Re (g3, o)
2 2
+6Re(p2, 1) +4Re(p2, 90) = 2|1 ]|” = 2| o[-
(2.35)

Substituting (2.35) into (2.34), from Lemma 2.3, (2.31) can be obtained. Thus, the theorem is
proved. O

From Theorem 2.4, it follows that:

Corollary 2.5. If u(t) € W3(R.; H) and a € [0; a;'), then

312 510112 2
H(i—A> (i +A> u -a A4‘Sd—l: = Fs<i;cx;A>u (2.36)
dt dt LZ(R+;H) dt LZ(R+}H) dt LZ(R+;H)
o
Note that from Theorem 2.1, ||Qék)u||Lz(R+,H) is the norm in the space Wf(RJ,,‘ H;{k}),

which is equivalent to the initial norm ||u||W24(R+,. H)- Because the operators of the intermediate
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derivatives

S o

a0 WARG H; (K) — LR H), s=1,23, (2.37)

are continuous [3-5, Chapter 1], then the norms of these operators can be estimated
using ||Q(()k)u||L2(R+,H). It is also easy to demonstrate that the norms ||ully: g, /) and

o
[[(d/dt - A)(d/dt + A)sulle(R+;H) are equivalent in the space W;(K,; H).

3. Norms of the Operators of Intermediate Derivatives

The rest of this paper will be related to the calculation of the following numbers:

-1

as d d 3
My s = sup sl U (——A> <—+A> u i
0#ueWs(R,;H) Lo(Ry;H)
(3.1)
1
as d d 3
mgs=  sup g (——A) <—+A) "
ar || | \ 22 dt o

0 uEWS (R,;H; k1)

First, let us calculate m ;.
Lemma 3.1. It holds that mg ¢ = ai/z, s=1,2,3.

Proof. As (2.36) goes to the limit as a — ag!, it is apparent that for any vector function

u(t) € W, (R,; H), the following inequality:

2
d d ? dsu|?
H <d_ - A) <d— + A> u > a;! A4‘S—z‘ (3.2)
! ! La(Ry;H) A Wk sm
is true. Thus, mys < aé/ 2 s = 1,2,3. Furthermore, it is necessary to show that here the

equalities mg s = al/ 2, s = 1,2,3 also hold. This can be done by taking an arbitrary number
o

6 > 0 and showing that there exists a vector function us(t) € W;(RJr;H ) such that the
following holds functional:

A(ugs) = H <% - A) (% +A>3u5

2 2

- (a1 w5) ar i

<0. (33
LZ(R+;H)

L, (R+;H>
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Let the vector ¢ € D(A®) and ||g|| = 1, h(t) be the numeral function; moreover, h(t)¢ €
W5 (R; H). Then using the Parseval equality, it is possible to obtain

dsh(t) ||

4-s
AT S

- (a1 +5)|

e = (4 2) (& + ) nod]

Ly(R:H) La(R:H)

[~ (e s acmanfiof - (o o) (e arofiof]a
= J‘jm <Qo(—i§} A)Qo(-ié; A)g - (a;l + 6>§25A8‘2~"g,g> 'fl(g) |2d§

-[Cowolrofa
- (3.4)

where ¢(¢;6) = (Qs(ig; a;' +6; A)g, 6).

It will next be shown that ¢(¢;g) for a given vector ¢ has negative values in some
interval (eo; €1). If po is an eigenvalue of the operator A(uy > 0), and if ¢ is its eigenvector,
then it is obvious that

$@6) = (Q(ia +6:4)66) = (Q (g e +5p0)c.6), (3.5)

and, as can be seen from the properties of the polynomial Q(i; a; j10), is negative for a =
a;' + 6 for sufficiently small 6 > 0. If 4y € 0(A) is not the eigenvalue, then yy is close to an
eigenvalue, that is, there exists gs such that ||gs|| = 1 and

P& ) = Qu(i& a5 +6;p0 )5+ 0(6) as 65— 0, (36)

because in this case, for sufficiently small 6, the smallest value is negative for some gs. Then
there exists an interval (go; £1) such that ¢(¢;¢) < 6 for & € (eo; €1).

Now consider the four times differentiable function f(¢), support of which comes from
the interval (¢g; £1). Then from (3.4) and from the negativity of ¢(¢; gs) in the interval (g; €1),
it can be determined that

A(h(t)gs) = f Peo|h@| a2 <o. (3.7)

Consequently, mg s = a;/ 2 s=1,2,3,and the lemma is proved. O
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o (o]
Because W3 (R.; H) C W3(R.; H;{k}), then mys > mgs = al’?, s = 1,2,3. It is

o
necessary to note that, for any vector function u(t) € Wf(RJ,; H;{k}) and a € [0;a;!), the

equality
2
i) (i)
——A)(+A)u
H <dt dt Ly(Ry;H)
Fs<it;(x;A>u

is true, where R (a; k) = dj s(a) -2 is obtained from R;(a) by removing the first three rows and
columns, § = AY2(d*u(0)/dt3). The correctness of (3.8) follows directly from Theorem 2.4.
The following statement indicates when the numbers my s, s = 1,2,3, can be equal to
1/2
a;/’,s=1,2,3.

dsu ||?
A4—S -
dts

-

Lr(R:;H)
(3.8)
2

= + (Ro(a; )3, §) 1y
L2(R;H)

Lemma 3.2. To establish the condition my s = ai/ 2 it is necessary and sufficient that Rs(a; k) be
positive for any a € [0; a;').

Proof. Necessity will be shown first. Let my. s = al/?. Then, from (3.8), for any vector function

u(t) € Wy (Ry; H; {k}) and a € [0; a;'),

d
FS<E,Q,A>M

) 2

1—cxmi,s> >0.

Ly(R;H)

+(Re(a; K)p, ) >
L, (R+;H)

(G-4) Gea)

(3.9)

Because the polynomial operator group Fs(\; a; A) for a € [0; a;!) has the form

4
Fs(hia; A) = [ JAE - won(a)A) (3.10)

n=1

(see Lemma 2.3), where Re w; ,(a) <0, n=1,2,3,4, then the Cauchy problem,

d
Fs<a,a, A)u(t) =0, (3.11)
M—o k=0,1,2 (3.12)
dtk - Y R A Al .
d*u(0) 2~ o~
=AM, Gen, (313)

has a unique solution u,(t) € W;*(R+ ; H), which can be presented in the form

ua(t) — ews'l(u)tA‘P'O + ews’Z(u)tA([Il + ewsg(v{)tA(P_Z + ews,4(u)tA(p_3, (314)
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where o, ¢51, ¢, 53 € D(A”7/?) are uniquely determined from the conditions at zero in
(3.12) and (3.13). As a result, writing inequality (3.9) for the vector function u,(t), for
a € [0;a;') (Rs(a; k)@, @)y > 0. Necessity is thereby proved.

Now sufficiency must be proved. If for any a € [0; a;!), Ry(a; k) is positive, then from

(3.8), it follows that for all u(t) € W (R,; H; {k}) and a € [0; a;'),

d 3
[CROICERE

As this expression goes to the limit as a — a?, it can be observed that my s < al/?, and from
this, my s = at’>. Sufficiency is thereby proved, and thus the lemma is completely proved.
It is interesting that for some s, it may occur that my s > ai/?. O

dS

A4 S
dts

(3.15)

LR L2(Ry;H)

Lemma 3.3. It holds that my, > ab/? if and only if Ry(a;k) = 0 has a solution in the interval

(0 a;l); moreover, this root is equal to mkzs

Proof. Let my s > ai/z, then m;?s € (0; az'). From (3.8), for a € (0; m;/zs),
d d d ?
F5<E,Q,A>u ‘(ﬁ_A> <§+A>

Substituting the solution of (3.11)—(3.13) into the last inequality, the result is that
Rs(a; k) is positive for a € [0; mkz) From the definition of my s, for a € (m;,zs;a;l), there

2
2
(1 —amkls> >0.
L>(Ry;H)

+ (Rs (a; k), (ﬁ)H 2
Ly(R,;H)

(3.16)

exists a vector function v,(t) € W4(R+, ; {k}) such that

2

3 s
H £ A i A> a AH% . (3.17)
Ly(R;H) Ly(R:;H)
From the last inequality in (3.8), it is possible to obtain
d 2
F, <—;a; A) Vg + (Rs(a; k)P, Pa) 1 <0, (3.18)
dt La(Ry;H)
where
= @0 (3.19)

des

Thus, there exists a vector ¢, € H such that for a € (mk o 1), (Rs(a; k) Pa, Pu) jy < 0. Because
Ry (a; k) is a continuous function of the argument a € [0; a;'), then R; (m;zs ;k) =0, and this
means that R,(a; k) = 0 has a root in the interval (0; a;!).
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Inversely, if Rs(a; k) = 0 has a root in the interval (0; a;'), then this means that for any
a € [0; a;'), the number R (a; k) cannot be positive. This is why, from Lemma 3.2, my s > al’?.
Denoting the root of Rs(a; k) = 0 by pi s, it can be seen that m;zs < Mk, because from the proof
of the lemma, it was obtained that for a € [0; m;/ZS ), Rs(a; k) is positive. Moreover, because

Rs(mi,zs ; k) =0, it can be determined that m;,Zs = pks. The lemma is thereby proved. O
By generalizing the last two lemmas, the following theorem can be derived.

Theorem 3.4. The following equality is true:

s (3.20)

al’>  for Ry (y; k) #0, y € (0;a3l),
My s =
Hrs otherwise.

Remark 3.5. In the same way, it is possible to determine the results for boundary-value problems of the
form (1.1), (1.2) for k having any three values from the collection {0;1;2;3}.

By considering concretely the cases s, the following statement results.
Theorem 3.6. my1 = 1//3; myy =1/2/3; my3 = a;/z.

Proof. Taking into account the abovementioned procedure for finding the numbers my ,, it
is necessary to solve the systems from the proof of Lemma 2.3 together with the equation
Rs(a; k) = 0.

In the case s = 1, it can be determined that dy (@) =2 = dy1(a) =0=d31(a) = -1 =
a=3¢€ (0 a;l). This is why my1 = 1/ v/3. To find the number my, it is necessary to solve
the system from Lemma 2.3 for s = 2 together with the equation di(a) — 2 = 0. In this case,
dip(a) =2, dyp(a) =0, dsp(a) = £2, and consequently a = 12 € (0; a;l) and a = -4 ¢ (0; a;l).
As a result, myo = 1/2+/3. In the case s = 3, it is found that dj3(a) = 2. Then, from the
corresponding system, it can be obtained that 2d; 3(a) = a and d;‘/B(a) - 8d§,3(zx) —-32dy53(a) -
48 =0 or (dz,g(a)+2)(d§,3(a)—2d§,3(a)—4d2,3 (a)-24) = 0.Itis clear that dy3(a) = -2 = d33(a) =
0=a=-4¢(0; a;l). From the other side, if in the equation d;ﬁ (a) —Zdi3 (a)-4dy3(a)-24 =0,
it is assumed that 2d,3(a) = a, then the result is that a® — 4a® — 16a — 192 = 0, which has

only one real root, & = (1/3) (\3/—2944 +21/2113423-V/2944 + 2+/2113423) ¢ (0; a;l). Therefore,

M3 = a;/ 2 and the theorem is proved. O

4. Solvability Conditions for the Boundary-Value Problem (1.1), (1.2)

The results obtained make it possible to determine sufficient coefficient conditions of regular
solvability for the boundary-value problem (1.1), (1.2). In particular, the following main
theorem is true.
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Theorem 4.1. Let the operators A;A™°, s =1,2,3, be bounded in H so that the inequality

M ||A1A’1 “ + mk,2||A2A*2|| + mk,3||A3A’3 || <1 (4.1)

H—H H—H H—H

is satisfied, where the numbers my s, s = 1,2,3, are as defined in Theorem 3.6. Then the boundary-
value problem (1.1), (1.2) is reqularly solvable.

Proof. The boundary-value problem (1.1), (1.2) can be presented in the form of the operator

equation Qék)u(t) + Qik)u(t) = f(t), where f(t) € Lo(Rs; H), u(t) € I/\O/g(RJ,; H; {k}). From

(k)
0

Theorem 2.1, it follows that the operator Q,’ has a bounded inverse operator Qék)_l which

o
acts from the space L,(R,; H) into the space W24(R+; H; {k}). Then, after substitution of
u(t) = ék)_jv(t), where v(t) € Ly(R,; H), the equation (E + ng)Qék)_])v(t) = f(t) results.
Now it must be shown that whenever the conditions of the theorem are met, the norm of the
-1
operator Q;k)Qék) is less than one. Assuming Theorem 3.6, the following can be obtained:

(k) ~ )™ ”
||Q1 Q" v Ly(Ry;H)
_ (k)
_”Ql " Ly(R.;H)
3 2
La(Ro;H) La(Ry;H) La(RH)
3 2
ST P Y T w2
H=H Pl L H=r F L
e|aaas], 4%
HoH|[ - dt R, m)
< (mafara]|, el asa] s asa] e
—<mk'1|| ! o | THR2(|42 Hop T34 H—H Qy Lo (R.;H)
_ -1 -2 -3
_<mk’1||A1A ||H—>H+mk’2“A2A ”HquLmk’3||A3A ”H_)H)”U”LZ(R*;H)'
As a result:
], ol
< A1A + ArA
”Q1 Q0 gt = ooy S ™ |AAT| L 2| AT
(4.3)
+ AA‘3|| <1.
mk'3|| 3 H—H

-1
Then, in this case, the operator E + Qik)Qék) has an inverse in the space L(R,; H), and it is
possible to determine u(t) from the following formula:

u(t) = Q) (E+ Qi“Qg"“)_l £0). (4.4)
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Moreover,
(k)" ®K) 50!
Wl < | | e ) .
el <1907 ey~ Q7 Qo Lz(R+;H)—>Lz(R+;H)”f”LZ(RHH)
< const ||f||L2(R+;H)‘
(4.5)
Thus, the theorem is proved. O

Remark 4.2. The conditions of regular solvability obtained here for the boundary-value
problem (1.1), (1.2) are not improvable in terms of the operator coefficients of (1.1).

Following is an example in which the conditions of Theorem 4.1 are verified. Consider
the following problem on the semi-axis R, x [0; or]:

3
o @\[o @& u(t, x) u(t, x) ut,x)
<&+@> <&_ﬁ> b)) Foape TP Grer TP eser — /)

oku (0, x) 3
otk

0%u(t,0) 0% u(t,x) ) a
L =0 01,237

0, k=0,1,2,
b

(4.6)

where p,(x), s = 1,2,3, are bounded on segment [0;or] functions, f(t,x) € Ly(R,; L»[0;]),
which is a partial case of problem (1.1), (1.2). On the condition that

my1 sup |pr(x)| + myp sup |pa(x)| + miz sup |ps(x)| <1, (4.7)

0<x<r 0<x<r 0<x<or

the given problem has a unique solution in the space Wﬁ ﬁ »(Ry; Ly [0; or]).
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