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1. Introduction

The present paper is an offspring of [1]. We obtain some inequalities for generalized fractional
integral operators on generalized Morrey spaces. We also show the boundedness property of
the generalized fractional integral operators on the predual of the generalized Morrey spaces.
They generalize what was shown in [1]. We will go through the same argument as [1].

For 0 < a < 1 the classical fractional integral operator I, and the classical fractional

maximal operator M, are given by

Iof (x) i=f ﬂ—yn)(l_,,,)d%
R |x - y|
(1.1)
M, f(x) := sup ! f |f(v)|dy.
xeealQl'™J g

In the present paper, we generalize the parameter a. Let p : [0,00) — [0, 00)

be a suitable function. We define the generalized fractional integral operator T, and the
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generalized fractional maximal operator M, by

T,f(x) = jRnﬂy)%dy,
(1.2)
p(Q))

M) = sup PEER [ 17(y) 1y

Here, we use the notation Q to denote the family of all cubes in R" with sides parallel
to the coordinate axes, £(Q), to denote the sidelength of Q and |Q| to denote the volume of
Q.Ifp(t) =t",0 <a <1, then we have T, = I, and M, = M,.

A well-known fact in partial differential equations is that I, is an inverse of (—A)
The operator (1 — A)™" admits an expression of the form T, for some p. For more details of
this operator we refer to [2]. As we will see, these operators will fall under the scope of our
main results.

Among other function spaces, it seems that the Morrey spaces reflect the boundedness
properties of the fractional integral operators. To describe the Morrey spaces we recall some
definitions and notation. All cubes are assumed to have their sides parallel to the coordinate
axes. For Q € Q we use cQ to denote the cube with the same center as Q, but with sidelength
of cZ(Q). |E| denotes the Lebesgue measure of E C R".

LetO <p <ooand ¢ : [0,00) — [0,00) be a suitable function. For a function f locally
in LP(R™) we set

na/2

1 1/p
= — . . 13
17l =sup e (i rorax) e

We will call the Morrey space MP#(R") = MP? the subset of all functions f locally in LP (R™)
for which || f[|_xrs = || f|lp,¢ is finite. Applying Holder’s inequality to (1.3), we see that || f{|,, 4 >
| fll.,¢ provided that p; > p > 0. This tells us that #P¥ C MP>? when p; > p, > 0. We remark
that without the loss of generality we may assume

$(t) is nondecreasing but ¢(t)Pt™" is nonincreasing. (1.4)

(See [1].) Hereafter, we always postulate (1.4) on ¢.
If p(t) = /P2, py > p, MP? coincides with the usual Morrey space and we write this
for MPP and the norm for || - ||_g» . Then we have the inclusion

LPU — ./’lp(]/PO C ./npl,Po C ./an,Po (15)

when py > p1 > p2 > 0.

In the present paper, we take up some relations between the generalized fractional
integral operator T, and the generalized fractional maximal operator M,, in the framework of
the Morrey spaces P9 (Theorem 1.2). In the last section, we prove a dual version of Olsen’s
inequality on predual of Morrey spaces (Theorem 3.1). As a corollary (Corollary 3.2), we have
the boundedness properties of the operator T, on predual of Morrey spaces.
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Let0:[0,00) — [0, 00) be a function. By the Dini condition we mean that 6 fulfills

1
96) 45 < oo, (1.6)
O S

while the doubling condition on 0 (with a doubling constant C; > 0) is that 0 satisfies

1 6(s) .
— < =<
Ci~ 0() sC, if

<

| 0

<2. (1.7)

N —

We notice that (1.4) is stronger than the doubling condition. More quantitatively, if we assume
(1.4), then ¢ satisfies the doubling condition with the doubling constant 2"/7. A simple
consequence that can be deduced from the doubling condition of 6 is that

log 2 f
28200 < [ 8us<iog2-cro(6) i so. (1.8)
C1 t/2 S

The key observation made in [1] is that it is frequently convenient to replace 6 satisfying (1.6)
and (1.7) by 0:

o(t) = t®ds. (1.9)
0 S

Before we formulate our main results, we recall a typical result obtained in [1].

Proposition 1.1 (see [1, Theorem 1.3]). Let

< ifp=1,
1<p<oo, psaq v (1.10)
p<q ifp>1,

0<b<1andb < a. Suppose that p(t)™> PPVt is nonincreasing. Then

, (1.11)

' pp"

I8~ Tof Nl 5 < Cllgllg | Mpf

where the constant C is independent of f and g.

The aim of the present paper is to generalize the function spaces to which f and g
belong. With theorem 1.2, which we will present just below, we can replace 5* with ¢ and p*
with 7. We now formulate our main theorems. In the sequel we always assume that p satisfies
(1.6) and (1.7), and C is used to denote various positive constants.
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Theorem 1.2. Let

<q ifp=1,
1<p<oo, pq ¥p (1.12)
p<q ifp>1

Suppose that ¢(t) and n(t) are nondecreasing but that ¢(t)Pt™ and n(t)7t™ are nonincreasing.
Assume also that

< pe)n(s) 7(t)
e M0 (1.13)

then

I8 - Tof g < Cllgllg, IMrafll, 4 (1.14)

where the constant C is independent of f and g.

Remark 1.3. Let 0 < b < 1 and b < a. Then ¢ = p® and 77 = p’ satisfy the assumption (1.13).
Indeed,

* p(s)p(s)”

_ . b—a—lfﬁ
Cpe= | e s

(1.15)
1

_ “d 1 - b-a ~/\b-a
[ g (e s < 1patt

Hence, Theorem 1.2 generalizes Proposition 1.1.

Letting Tl(t) =1and g (.X') =1 in Theorem 1.2, we obtain the result of how Mﬁ controls
T,.
P

Corollary 1.4. Let 1 < p < oo. Suppose that

*  p(s) C
f TS g Y (116)

then

ITof N, 5 < CUIMGLIL 4 (1.17)

Corollary 1.4 generalizes [3, Theorem 4.2]. Letting 77 = p in Theorem 1.2, we also
obtain the condition on g and p under which the mapping

feMpr—g-T,f € My (1.18)

is bounded.
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Corollary 1.5. Let

<q ifp=1,
1<p<oo, P<q ¥r (1.19)
p<q ifp>1
Suppose that
*p(s) p(t)
ds<C—= V>0, 1.20
J 555w 120
then

lg-Tofll, g < Cllglly s MAN,,- (1.21)
In particular, if 1 <p < g < oo, then
g -Tofll, g < Cllglly sl £ 11,6 (1.22)

Here, M denotes the Hardy-Littlewood maximal operator defined by

1
Mf(x) := sup @IQIJ‘ (v)|dy. (1.23)

x€QEQ

We will establish that M is bounded on #, 4 when p > 1 (Lemma 2.2). Therefore, the
second assertion is immediate from the first one.

Theorem 1.6. Let 1 < p < r < q < oo. Suppose that ¢(t) and n(t) are nondecreasing but that
PPt and n(t)7t™" are nonincreasing. Suppose also that

) (7 P06 n(t)
¢(t) " J.t sP(s) ds < C¢(t)p/r >0, (1.24)
then
18 o f Nl gore < Cllglly L1, (125

where the constant C is independent of f and g.

Theorem 1.6 extends [4, Theorem 2], [1, Theorem 1.1], and [5, Theorem 1]. As the
special case 77(t) = 1 and g(x) = 1 in Theorem 1.6 shows, this theorem covers [1, Remark 2.8].

Corollary 1.7 (see [1, Remark 2.8], see also [6-8]). Let 1 < p < r < oo. Suppose that

pt) J‘°° pGs) , . _C

o0 ") s e Y e



6 Boundary Value Problems

then
ITof1l, g < I, (1.27)

Nakai generalized Corollary 1.7 to the Orlicz-Morrey spaces ([9, Theorem 2.2] and [10,
Theorem 7.1]).

We dare restate Theorem 1.6 in the special case when T, is the fractional integral
operator I,. The result holds by letting p(t) = £, $(t) = t"/7°, and 7(t) = t"/%.

Proposition 1.8 (see [1, Proposition 1.7]). Let 0 <a < 1,1 <p <py< oo, 1 < q<go < oo, and
1 <r<ry<oo. Suppose that q>r,1/po>a,1/go<a,1/ro=1/q0+1/po— a, and r/ry = p/po
then

18 Laf ll prro < CUSI g LF oo (1.28)

where the constant C is independent of f and g.
Proposition 1.8 extends [4, Theorem 2] (see [1, Remark 1.9]).

Remark 1.9. The special case g0 = oo and g(x) = 1 in Proposition 1.8 corresponds to the
classical theorem due to Adams (see [11]).
The fractional integral operator I, 0 < & < 1, is bounded from #P# to M"" if and only
if the parameters 1 < p <pp <ocwand 1 <r <1y < oo satisty 1/ry =1/po—aand r/ry = p/po.
Using naively the Adams theorem and Holder’s inequality, one can prove a minor
part of g in Proposition 1.8. That is, the proof of Proposition 1.8 is fundamental provided
(p/pPo)qo < q £ qgo. Indeed, by virtue of the Adams theorem we have, for any cube Q € Q,

1/s
1 s 1 pl 1 1
1/s0 = = - 1.29
Q| <|Q|IQ|Iaf(x)|dx> <ClALpwrr 5 s s (1.29)

The condition /1y = p/po, 1/10 = 1/q0 + 1/po — a reads

1:@<l+l_a>:@l+l, (1.30)
r  p\qo Po Pq s
These yield
1 1/r
o (o Jewnsoras) <Clelplilan 03

ifr/ro =p/po = q/q0. In view of inclusion (1.5), the same can be said when (p/po)q0 < g < qo.
Also observe that 1/ry = 1/qg0 + 1/po — @ > 1/q0. Hence we have gy > ry. Thus, since the
condition g > r, Proposition 1.8 is significant only when (p/po)ro < g < (p/po)qo- The case
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p/po = r/ry = 1 (the case of the Lebesgue spaces) corresponds (so-called) to the Fefferan-
Phong inequality (see [12]). An inequality of the form

f [u(x)[*v(x)dx < cz,f |Vu(x)Pdx, 0<ueCFR"), v>0 (1.32)
Rn RYI

is called the trace inequality and is useful in the analysis of the Schrodinger operators. For
example, Kerman and Sawyer utilized an inequality of type (1.32) to obtain an eigenvalue
estimates of the operators (see [13]). By letting &« = 1/n, we obtain a sharp estimate on the
constant C,, in (1.32).

In [14], we characterized the range of I,, which motivates us to consider
Proposition 1.8.

Proposition 1.10 (see [14]). Let 1 <p < pg < o0, 1 <5< 50 < 00, and 0 < a < 1. Assume that

—=—, — = — —qQ. (133)

(1) Iy : MPP0 — M50 is continuous but not surjective.

(2) Let ¢ € S be an auxiliary function chosen so that ¢(x) =1, 2 < |x| < 4 and that ¢(x) =0,
|x| <1, |x| > 8. Then the norm equivalence
1/2
2
(1.34)

_MPro

Fo(2-) x I f

[ee]
I f||/W0 ~ < Z 2j(n-a)
j=—

holds for f € MPP°, where F denotes the Fourier transform.

In view of this proposition #*% is not a good space to describe the boundedness of I,,
although we have (1.29). As we have seen by using Holder’s inequality in Remark 1.9, if we
use the space >0, then we will obtain a result weaker than Proposition 1.8.

Finally it would be interesting to compare Theorem 1.2 with the following
Theorem 1.11.

Theorem 1.11. Let 0 < p < oo. Suppose that p, 1, and ¢ are nondecreasing and that n(t)P+" and
()Pt are nonincreasing. Then

8- Mpfll, 5 < Cligh,, I Mprafll, 50 (1.35)

where the constant C is independent of f and g.

Theorem 1.11 generalizes [1, Theorem 1.7] and the proof remains unchanged except
some minor modifications caused by our generalization of the function spaces to which f
and g belong. So, we omit the proof in the present paper.
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2. Proof of Theorems

For any 1 < p < o we will write p/ for the conjugate number defined by 1/p + 1/p' = 1.
Hereafter, for the sake of simplicity, for any Q € Q and 0 < p < oo we will write

ma(f) = [ Feodx m () = malr)” 1

2.1. Proof of Theorem 1.2

First, we will prove Theorem 1.2. Except for some sufficient modifications, the proof of the
theorem follows the argument in [15]. We denote by D the family of all dyadic cubes in R".
We assume that f and g are nonnegative, which may be done without any loss of generality
thanks to the positivity of the integral kernel. We will denote by B(x, ) the ball centered at
x and of radius r. We begin by discretizing the operator T, f following the idea of Pérez (see

[16]):

_ p(x-vl)
Tfx) =3 j oy O

VEZ | x

< CZ@ f(y)dy
B(x,27)

VEZ

p(€(Q))
<cy, » A8 LQf(y)dy 2)

veZ QeD:Q3x,6(Q)=2"

¢
=CY, a |((2(T)))f f(y)dy - xo(x)
Qe 3Q

=C > p(8(Q)mg(f) - xo(x),

Qed

where we have used the doubling condition of p for the first inequality. To prove Theorem 1.2,
thanks to the doubling condition of ¢, which holds by use of the facts that ¢(t) is
nondecreasing and that ¢(t)Pt™ is nonincreasing, it suffices to show

1/p
<f o BT (x))pdx> <Cligll, IMonfll, Qo Poe@)™,  23)

for all dyadic cubes Q. Hereafter, we let

D1(Qo) ={Q€eD:QCQo},
D2(Qo) ={Q€eD:Q 2 Qo}.

(2.4)
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Let us define fori=1,2

Fi(x):= D, p(€(Q))msq(f)xa(x) (2.5)
QeDi(Qo)

and we will estimate

1/p
<_[ (g(x)l-“i(x))”dx> . (2.6)
Qo

The case i = 1 and p = 1 We need the following crucial lemma, the proof of which is
straightforward and is omitted (see [15, 16]).

Lemma 2.1. For a nonnegative function h in L*(Qo) one lets yy = mgq,(h) and ¢ := 2"*1. For
k=1,2,...let

Dk = U Q (27)
QeD1(Qo):mg (h)>yock

Considering the maximal cubes with respect to inclusion, one can write

Dk = L]JQk,jl (2.8)

where the cubes {Qyj} C D1(Qo) are nonoverlapping. By virtue of the maximality of Q,; one has that
yock < mg,, (h) < 2"yock. (2.9)
Let
Eo:=Qo\Di,  Egj:=Qkj\ Dis1. (2.10)
Then {Eo} U {Ey,;} is a disjoint family of sets which decomposes Qo and satisfies
|Qol <2IEol, Qx| <2|Ek;]- (2.11)
Also, one sets
Do = {Q € D1(Qo) : mg(h) < yoc},
;= {Q € D1(Q0) 1 Q € Qujy Yock <mg(h) < ok},

(2.12)

Then

1(Qo) := Do U | k- (2.13)
k,j
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With Lemma 2.1 in mind, let us return to the proof of Theorem 1.2. We need only to
verify that

J. g(x)F1(x)dx < C||g||q,qf M/, f(x)dx. (2.14)
Qo Qo

Inserting the definition of F;, we have

f gx)F(x)dx= > p(ﬂ(Q))mag(f)I g(x)dx. (2.15)
Qo QeD1(Qo) Q

Letting h = g, we will apply Lemma 2.1 to estimate this quantity. Retaining the same
notation as Lemma 2.1 and noticing (2.13), we have

IQ g Fi(x)dx = Y p(€(Q)msg (f)ng(X)dx +0 D pe(Q))mag (f)ng(x)dX-

QE%Q k,] Qe%k,/'
(2.16)
We first evaluate
S pe@)mso(f) | glodx. 1)
Qe%k,j Q
It follows from the definition of 2 ; that (2.17) is bounded by
Cyoc®! > p(ﬁ(Q))f f(y)dy. (2.18)
Qe%k,j 3Q
By virtue of the support condition and (1.8) we have
log, (Qx,)
> @ fav= 3 p@)( S |
QeDy; 3Q v=—o0 Qey;:¢(Q)=2" 3Q
log, €(Qx,j)
< Cf fwdy( > p@")
ki veree (2.19)

f(Qk,j)&
< CLQk,jf(y)dy<I0 . ds

=il Fay
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If we invoke relations |Qx ;| < 2|Ek ;| and Yock < mq, (), then (2.17) is bounded by

Cﬁ(e(Qk/j))m3Qk,j (f)ka,j (g) |Ek,j|- (2.20)

Now that we have from the definition of the Morrey norm

ma, (8) <mg, (2) < 1gll,,1((Qe)) ™, (2.21)
we conclude that

(O
(217) < C||g||q,n%mww (F)|Exj| < CIIgII.mfE M f (x)dx. (2.22)

Here, we have used the fact that p is nondecreasing, that 7 satisfies the doubling
condition and that

p(€(3Qx,)) ‘ )
mmSQk,j (f) < ygé{,jMp/nf(y)' (2.23)
Similarly, we have
D P(€(Q))msg (f)f g(x)dx < C||g||£mf My f (x)dx. (2.24)
Qe Q E

Summing up all factors, we obtain (2.14), by noticing that {Eo} U {Ey ;} is a disjoint
family of sets which decomposes Qy.
The case i =1 and p > 1 In this case we establish

1/p

1/p
<fQ (g(x)Fl(x))’“dx> SC||g||q,q<J‘Q Mﬁ/,lf(x)de> , (2.25)

by the duality argument. Take a nonnegative function w € L¥ (Qo), 1/p + 1/p' = 1, satisfying
that [|zo||;» q,) = 1 and that

1/p
(J (g(x)Fl(x))”dx> =f () F1(x)w(x)dx. (2.26)
Qo Qo
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Letting h = gw, we will apply Lemma 2.1 to estimation of this quantity. First, we will insert

the definition of Fy,

f g(x)F1(x)w(x)dx = Z p(f(Q))mag(f)J g(x)w(x)dx
Q Qe21(Qo) Q

= 3 p@@Q)mao(f) f st

Qe

LY p<e<Q>>m3Q(f)fggmw(x)dx.

QED) k

First, we evaluate

ST p(e(Q))mao(f) j FOEOLS

Qe
Going through the same argument as the above, we see that (2.28) is bounded by
Cp(2(Qxk)))maqy; (f)may, (8w)|Exjl-
Using Holder’s inequality, we have
ma, (w) <mg) (2)m) (@) < |gll,,m(e(Qk)) " m, (w).

These yield

M @) _
P 0((Q,)) msq,, (f)mg, (w) |Ex;|

< C||g||MJ'E M, f (x) M (x)V9 dx.
kj

229) < C|ls]

Similarly, we have

> p(Q)mag(f)| g@w(x)dx <Cligl., | Mpaf(x)Mw? (x)"/9 dx.
Qe Q an Ey

Summing up all factors we obtain

(2.28) < C|| g||MJQ M, f(x) Mo (x)"7 dx.

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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Another application of Holder’s inequality gives us that

1/p 1/p
(228) < C”g”q,il <J‘Q Mﬁ/qf(x)pdx> <J‘Q qu'(x)P'/‘?'dx> . (234)

Now that p’ > ¢, the maximal operator M is L¥/7-bounded. As a result we have

1/p , 1/p
(2.28) < C|| g||1m< J' My f(x)de> < J' e dx>

1/p
-l (f Monsaras)

This is our desired inequality.
The case i =2 and p > 1 By a property of the dyadic cubes, for all x € Qp we have

(2.35)

R(x)= > pQ)ms(f)
Q87 (Q)

i neQ) peQ)
" o2 PEDSEG) ey ™) (2.36)

n(é(Q) )
- Cee%zmof ©) 5y e Marmf)-

As a consequence we obtain
mo(Mp/nf) <md) (Marnf) < | Mp/nfll, 4#(€(Q) ™. (2.37)

In view of the definition of 9,, for each v € Z with v > 1 + log,¢(Qo) there exists a unique
cube in B, whose length is 2¥. Hence, inserting these estimates, we obtain

5 PEQnEQ)
gt PEQNPEQ)

< P@)n(2")
v=1+1ozg2g(Q0) ﬁ(Z")(f) (27)

Fa(x) < C||[Mz/y f||
~ Ml 239)

“ ps)n(s)
< C||Mﬁ/nf||p’¢'[f<Qo)m s.
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Here, in the last inequality we have used the doubling condition (1.8) and the facts that p, ¢,
and 71 are nondecreasing and that p and ¢ satisfy the doubling condition. Thus, we obtain

1(£(Qo))

Fo) < CIMaf N, g 500y

for all x € Q. Inserting this pointwise estimate, we obtain

1/p
UQ (g(x)Fz(x))pdx> < Cm) () IMp/nfl, 41(€(Q0)P((Q0)) Qo7

< ClIglly 1Mz £, # (€(Q0)) ™ 1Qol -
This is our desired inequality.

2.2. Proof of Theorem 1.6
We need some lemmas.

Lemma 2.2 (see [1, Lemma 2.2]). Let p > 1. Suppose that ¢ satisfies (1.4), then
IMFfll,g < CIANL

Lemma 2.3. Let 1 < p <r < oo. Suppose that ¢ satisfies (1.4), then

[ M55, < €Al

'
Proof. Let x € R" be a fixed point. For every cube Q > x we see that

Q) mo(|f]) < min(pe(@)' " Mf(x), p@Q) " fl,.5)

<sup min(tl”’/er(x)/fp/r”f”p,@;)

t>0

-p/r r
= 1L, 2" Mf )P

This implies

Mgepre f(x)" < || f]l,,p MF ().

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)
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It follows from Lemma 2.2 that for every cube Qg

mS) (Mo f) < |1 f g "md) (Mf)"" < ClI £, 8 (€(Q) P (2.45)
The desired inequality then follows. O

Proof of Theorem 1.6. We use definition (2.5) again and will estimate

1/r
(J (g(x)Fi(x))rdx> (2.46)
Qo
fori=1,2.

The case i = 1 In the course of the proof of Theorem 1.2, we have established (2.25)

1/p 1/p
<f o, 8OF 1<x>)pdx> <Clisll, <f , Mﬁ/qﬂx)de) . (247)
We will use it withp = r
1/r 1/r
<_[Q (g(x)Fy (X))rdx> < C||g||lm <IQ Mﬁ/,lf(x)rdx> ) (2.48)

The case i = 2 It follows that

p(£(Q))

pe@Imo(f) < Cllfllg 50y

(2.49)

from the Holder inequality and the definition of the norm || f|,,4. As a consequence we have

p(£(Q) s P2
Fa(x) < C <
2(x) < C|If ”wQe;Q)qB(e(Q)) W, 2, 52
(2.50)
p(s) n(t)
<l e <l s

Here, we have used the doubling condition (1.8) and the fact that ¢ is nondecreasing in the
third inequality. Hence it follows that

1/r
E rd <C (r) 11(€(Q0)) 1/r
<IQO(8(x) 2(x)) x> mg (8)||f||p¢—¢(€(QO))p/r|Qo| 250

<Cligll, 11,52 €(Qu) ™" 1Q0l""
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Combining (2.48) and (2.51), we obtain
g - Tof Wl e < C8llyy (1M gore + 1£1,5): (252)

We note that the assumption (1.24) implies p(t)/n(t) < Cd)(t)l_” /" Hence we arrive at the
desired inequality by using Lemma 2.3. O

3. A Dual Version of Olsen’s Inequality

In this section, as an application of Theorem 1.6, we consider a dual version of Olsen’s
inequality on predual of Morrey spaces (Theorem 3.1). As a corollary (Corollary 3.2), we
have the boundedness properties of the operator T, on predual of Morrey spaces. We will
define the block spaces following [17].

Letl <p<ooand 1/p+1/p' = 1. Suppose that ¢ satisfies (1.4). We say that a function
bonR"isa (p', ¢)-block provided that b is supported on a cube Q C R" and satisfies

$(e(Q)

0l (3.1)

my (b) <

The space BP#(R") = B¥? is defined by the set of all functions f locally in L” (R") with the
norm

Il £ l00 = inf{H{J\k}Hll f= Z)tkbk} < oo, (3.2)
k

where each by is a (p/, ¢)-block and [[{Ai}|lr = Xk [Ak| < oo, and the infimum is taken over
all possible decompositions of f. If ¢(t) = t"/70, py > p, BP'# is the usual block spaces, which
we write for BY# and the norm for || - l| 3, because the right-hand side of (3.1) is equal to

|Q[/Po=1 = |Q|/Po. Tt is easy to prove

LPo = BPoPo 5 BPPo 5 BP2Po (3.3)

when 1 < p; < p} <p, < o.In [17, Theorem 1] and [18, Proposition 5], it was established that
the predual space of #P# is B#. More precisely, if g € MP?, then f € BP® — [, f(x)g(x)dx
is an element of (B¥#)*. Conversely, any continuous linear functional in B”*¢ can be realized
with some g € MP9.

Theorem 3.1. Let 1 < p < r < q < oo. Suppose that ¢(t) and n(t) are nondecreasing but that
PPt and n(t)7t™" are nonincreasing. Suppose also that

At) f"" p(s) 1 s, (3.4)

o0 ), s ™S C(,b(t)”/r
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then
o (@) e < UGN o [1f I 00775 (3.5)

if g is a continuous function.

Theorem 3.1 generalizes [1, Theorem 3.1], and its proof is similar to that theorem,
hence omitted. As a special case when g(x) =1 and #7(f) = 1, we obtain the following.

Corollary 3.2. Let 1 < p < co. Suppose that ¢ is nondecreasing but that ¢p(t)Pt™" is nonincreasing.
Suppose also that

) (7 pGs)

— + ds < c >0, (3.6)
o) )i sp(s) T gty ‘
then
||Tpf||73p',¢ < C”f' BT (3.7)

We dare restate Corollary 3.2 in terms of the fractional integral operator I,. The results
hold by letting p(t) = t"*, ¢(t) = t"/P, y(t) =1, and g(x) = 1.

Proposition 3.3 (see [1, Proposition 3.8]). Let 0 <a <1, 1<p <pyp<oo,and1l <r <ry < co.
Suppose that 1/po > a, 1/r0 =1/po —a, and v /vy = p/po, then

1L f 1y < ClLfll - (3.8)

Remark 3.4 (see [1, Remark 3.9]). In Proposition 3.3, if r /7y = p/po is replaced by 1/r =1/p -
a, then, using the Hardy-Littlewood-Sobolev inequality locally and taking care of the larger
scales by the same manner as the proof of Theorem 3.1, one has a naive bound for I,.
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