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1. Introduction

In this paper, we shall study the existence of multiple solutions of the semilinear elliptic
systems

1
Shus = el e in R
X
(1.1)
1
-Av+v= :I:(l—||)b|u|q_2u in RN,
+ |X

where a and b are positive numbers which are in the range we shall specify later. Let us
consider that the exponents p, g > 2 are below the critical hyperbola

for N >3, (1.2)
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so one of p and g could be larger than 2N/ (N — 2); for that matter, the quadratic part of the
energy functional

1 1 1 1
I*(u,v)=:|:f(VwVv+uv)dx——J‘—uv”dx——J‘—uqu 1.3
pJ) (1+]x|) id q (1+|x|)b| | (1.3)

has to be redefined, and we then need fractional Sobolev spaces.

Hence the energy functional I* is strongly indefinite, and we shall use the generalized
critical point theorem of Benci [1] in a version due to Heinz [2] to find critical points of I*.
And there is a lack of compactness due to the fact that we are working in RN.

In [3], Yang shows that under some assumptions on the functions f and g there exist
infinitely many solutions of the semilinear elliptic systems

-Au+u=+g(x,v) in RN,
(1.4)
-Av+v==f(x,u) in RY.

We shall propose herein a result similar to [3] for problem (1.1).

2. Abstract Framework and Fractional Sobolev Spaces

We recall some abstract results developed in [4] or [5].
We shall work with space E®, which are obtained as the domains of fractional powers
of the operator

—A+id:H2<RN>mH1<RN)CL2<RN>—>L2<RN>. 2.1)

Namely, ES = D((-A +id)*?) for 0 < s < 2, and the corresponding operator is denoted by
AS 1 E5 — L*(RN). The spaces E?, the usual fractional Sobolev space H*(RYN), are Hilbert
spaces with inner product

(U, v)ps = fAsuAsvdx (2.2)

and associates norm

w2 = J |A%ul*dx. (2.3)

It is known that A® is an isomorphism, and so we denote by A~ the inverse of A°.
Now let s, t > 0 with s + = 2. We define the Hilbert space E = E® x E' and the bilinear
form B : E x E — R by the formula

B((u,v), (¢, p)) = J‘ ASuAly + ASpAlv. (2.4)
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Using the Cauchy-Schwarz inequality, then it is easy to see that B is continuous and
symmetric. Hence B induces a self-adjoint bounded linear operator L : E — E such that

B(z,n) = <Lz,1]>E, for z, n € E. (2.5)

Here and in what follows (-, -) denotes the inner product in E induced by (-, -)gs and (-, -)
on the product space E in the usual way. It is easy to see that

Lz =L(u,v) = (A A'v, A" A%u), for z=(u,v) € E. (2.6)

We can then prove that L has two eigenvalues —1 and 1, whose corresponding eigenspaces
are

E ={(u,-A"A%u):ueE}, fori=-1,
2.7)
E*={(u, A"A%u) :ueE*}, fori=1,

which give a natural splitting E = E* @ E~. The spaces E* and E~ are orthogonal with respect
to the bilinear form B, that is,

B(z*,z7) =0, forz*€E", z €E". (2.8)
We can also define the quadratic form Q : E — R associated to B and L as
Q(z) = %B(z, z) = %(LZ,Z)E = IASuAtv (2.9)
for all z = (u,v) € E. It follows then that
2zl = Q=) - Q). (210)
wherez=z"+z,z" € E*,z7 € E. If z = (u,v) € E*, thatis, v = A~ ASu, we have

1 1 _ 2
Q(z) = §IIZII% = zll(u,A LA = AU = J[ul. (2.11)
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Similarly

Q(z) = ||A|* = Io)i% 2.12)

forz e E™.
If w(x) := 1/(1 + |x|) where ¢ is a number satisfying the condition

2N
N -2s

2c>2N -y(N=2s), 2<y< (2.13)

and m := 2N/(N - 2s))/(2N/(N - 2s) - y), it follows by (2.13) that w € L"™(RN) and by
Holder inequalities that

fw(xnu(xwdx < folliully) -2y < Cllullel}- (2.14)

In the sequel | - |, denotes the norm in L™(RY), and we denote by LY (w, RY) the weighted

function spaces with the norm defined on E° by |u|w,Y = (fw(x)|u(x)|Y)1/Y. According to the
properties of interpolation space, we have the following embedding theorem.

Theorem 2.1. Let s > 0. one defines the operator © : HS(RN) — H™(RN) as follows: for u,
¢ € H*(RN),

(©),9) = [w(lul g (2.15)

Then the inclusion of H*(RN) into LY (w, RN) is compact if2 < y < 2N/ (N - 2s).

Proof. Observe that, by Holder’s inequality and (2.14), we have

[(©), $)| < f|w(x)1/y'|u|r—1w(x)1/y¢| < <fw(x)|u|y>1/r’ <Iw(x)|¢|y>1/r <o, (2.16)

where 1/y +1/y" = 1; hence © is well defined. O
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Then we will claim that © is compact. Since w(x) € L™(RN), for any ¢ > 0, there exists
K > 0, such that (f|x|>Kw(x)m)l/m < e. Now, suppose u, — u weakly in H*(RY). We estimate

1©(1tn) — ()]

= sup |[(O(un) - O(u), )]
[[¢]] <1

= sup
91l <1

[ 20t 2 - i 2) g

= sup
19[]<1

(y-1) Iw(x)|9|r-2(un —u)¢', where |0] < |u,| + |u|

<C sup |l (Jual ™ + [l )l — 1| ] (217)
gl <1

<C sup (I 0"t = ]| B] + 20 ) 2] 2ot = | )
¢ Essl

< C( sup <|w(X)||un|Y_2|un —ul|p| + |w(x)||”|y_2|“n - ”||¢|)

g1 <K

tosup | (o)l P - ull§] + o) lul 2 —u||¢|)>,

letting

__2N/(N-25) _~ _2N/(N-25)  _ 2N
T2N/(N-2s)—-y 7?7 y=2 ~ P N-2s

mq = My, (2.18)

we have

—t—+—+— =1, (2.19)

so that by Holder’s inequality, we observe that, for any ¢ > 0, we can choose a K > 0 so
that the integral over (|x| > K) is smaller than /2 for all n, while for this fixed K, by strong
convergence of u, to u in L2N/(N-29(RN) on any bounded region, the integral over (|x| < K)
is smaller than £/2 for n large enough. We thus have proved that ©(u,) — ©(u) strongly in
H~*(RN); that is, the inclusion of H*(RY) into LY (w, RN) is compact if 2 < y < 2N/ (N - 2s).
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3. Main Theorem

We consider below the problem of finding multiple solutions of the semilinear elliptic systems

1
~Au+u=+———I[of v inRN,

(1+ |x])
. (3.1)
-Av+v= :I:—b|u|‘7_2u in RN,
(1 +xf)
Now if we choose s, t > 0, s +t = 2, such that
<1 - %) max{p,q} < % + %,
(3.2)
(1—1>max{ }<1+i
p p’q 2 N’

and we assume that
(H2<p<2N/(N-2t),2<q<2N/(N -2s) and a and b are positive numbers such

that
2a>2N -p(N-2t), 2b>2N —g(N -2s). (3.3)
We set
r(x) = m s(x) = m (3.4)
and we let
Lo 2N/(N-20) §. 2N/(N-29) (35)

" 2N/(N-2t)-p’ " 2N/(N-2s)-gq

so that, under assumption (H), Theorem 2.1 holds, respectively, with w(x) := r(x) and y = p,
and w(x) = s(x) and y := g; that is, the inclusion of H*(RY) into L7(s, RN) and the inclusion
of H'(RN) into LP(r, RN) are compact.

If z = (u,v) € E = ES x Ef, we let

I*(u,v) = :I:fAsuAtv - % fr(x)|v|’”dx - % fs(x)|u|qu (3.6)
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denote the energy of z. It is well known that under assumption (H) the energy functional
I*(u,v) is well defined and continuously differentiable on E, and for all 7 = (¢, ¢) € E° x E!
we have

+[AsuAly — [r(x) |0l oy =0, (3.7)

+[ASPpAtv — [s(x)|ul"*up = 0, (3.8)

and it is also well known that the critical points of I* are weak solutions of problem (3.1). The
main theorem is the following.

Theorem 3.1. Under assumption (H), problem (3.1) possesses infinitely many solutions +(u, v).

Since the functional I* are strongly indefinite, a modified multiplicity critical points
theorem Heinz [2] which is the generalized critical point theorem of Benci [1] will be used.
For completeness, we state the result from here.

Theorem 3.2. (see [2]) Let E be a real Hilbert space, and let I € C'(E,R) be a functional with the
following properties:
(i)I has the form

I(z) = %(Lz, z)+¢(z) Yz€E, (3.9)

where L is an invertible bounded self-adjoint linear operator in E and where ¢ € C'(E,R) is such that
¢(0) = 0 and the gradient Vo : E — E is a compact operator;

(ii) I is even, that is I(—z) = I(z) forall z € E;

(iii) I satisfies the Palais-Smale condition. Furthermore, let

E=E'eE" (3.10)

be an orthogonal splitting into L-invariant subspaces E*, E~ such that £(Lz,z) > Oforallz € E*.
Then,

(a) suppose that there is an m-dimensional linear subspace E,, of E*(m € N) such that for the
spaces V := E*, W = E~ ® E,, one has

(iv) 3po > 0 such that inf{I(z) : z € V, ||z|| = p} > Oforall p € (0, po];

(V) 3 € R such that 1(z) < co, forall z € W.Then there exist at least m pairs (zj,-z;) of
critical points of I such that 0 < 1(z;) <ce, (j=1,...,m);

(b) a similar result holds when E,, C E~, and one takes V := E-, W = E* & E,,,.

It is known from Section 2 that the operator L induced by the bilinear form B is an
invertible bounded self-adjoint linear operator satisfying +(Lz, z) > 0 forall z € E*. We shall
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need some finite dimensional subspace of E. Let (¢;), j = 1, 2,..., be a complete orthogonal
system in H*(RN). Let H, denote the finite dimensional subspaces of H*(RN) generated
by (ej), j = 1, 2,...,n. Since A* : H*(RN) — L?(RN) and A’ : H/(RN) — L*RN) are
isomorphisms, we know that e; = A‘tASe]-, j =1,2,..,is a complete orthogonal system in
H'(RN). Let H,, denote the finite dimensional subspaces of H'(RY) generated by (¢;), j = 1,
2,...,n. For each n € N, we introduce the following subspaces of E* and E™ :

E; = subspace of E* generated by (ej, é;), j=1,2,...,n,
3.11)
E, = subspace of E~ generated by (ej,-¢;), j=12,...,n.

Lemma 3.3. The functional I* defined in (3.6) satisfies conditions (ii), (iv), and (v) of Theorem 3.2.

Proof. Condition (ii) is an immediate consequence of the definition of I*. For condition (iv),
by (2.11) and Theorem 2.1, for z € V := E*,

I*(z) = :tj AsuAtvdx - 1 fr(x)|v|”dx 21 fs(x)|u|qu
P 1 (3.12)

2 p q
> SlzllE = Clizllg = Clizllg,

NI =

and since p, g > 2, we conclude that I*(z) > 0 for z € E* with ||z|| small.
Next, let us prove condition (v). Let n € N be fixed, let z € W = E; @ E¥, and write
z=(u,v)and z = z* + z=. We have

I*(z) = £[Q(z") +Q(z7)] - % Jr(x)|v|”’dx - % fs(x)|u|qu
(3.13)

N TPETE RN TR P _lj q
= 2||z ||E+2||z Iz er(x)|v| dx . s(x)|ulldx.

Let z¥ = (u™,v*) € E* and z~ = (u",v”) € E™. Then we have v* = A7A%u" and v~ =
— A" A%u~. Furthermore, we may write u™ = Au* + 71, where # is orthogonal to u* in L*(s,RN).
We also have v* = 7o* + 7, where o is orthogonal to v* in L?(r, RY). It is easy to see that either
A or 7 is positive. Suppose A > 0. Then we have

(1+2) f s(x)|u*|2dx = js(x) [(1+MN)u* + u]u*dx
(3.14)

S |u|S,DC |ui |s,pc"
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Using the fact that the norms in E;; are equivalent we obtain

||, 0 < Cluly, (3.15)

s,a

with constant C > 0 independent of u. So from (3.13) and (2.11) we obtain

1 2 1 2
I(z) < =5 1270 + 1250 - ClwtlS,

(3.16)
1 2 2
= =5 127l + eIl = CluS
The same arguments can be applied if 7 > 0.So the result follows from (3.16). O

A sequence {z,} is said to be the Palais-Smale sequence for I* ((PS)-sequence for
short) if |[I*(z,)| < C uniformly in n and VI*(z,) - 0 in E*. We say that I* satisfies the
Palais-Smale condition ((PS)-condition for short) if every (PS)-sequence of I* is relatively
compact in E.

Lemma 3.4. Under assumption (H), the functional I* satisfies the (PS)-condition.

Proof. We first prove the boundedness of (PS)-sequences of I*. Let z, = (u,,v,) € E be a
(PS)-sequence of I* such that

|T*(zn)| = ‘:I: f ASu, Alv,dx - % fr(x)|vn|pdx - % ’[s(x)|un|qu

<c, (3.17)

|(VI*(zn),n)| < €xl||n|| pwhere €, = 0(1) as n — oo an 77 € E. (3.18)

Taking 1 = z, in (3.18), it follows from (3.17), (3.18), that

e eulzule > = [ reofouax — 2 [ s+ [ reofouax + 5 [ sGolulax

(3.19)
1 1 1 1
_(-_2 P - _Z q
<2 P) fr(x)|vn| dx + <2 q) fs(x)lunl dx.
Next, we estimate ||u,||gs and ||vy||g:. From (3.18) with 7 = (¢, 0), we have
(VI*(z4),1) = JAS¢Atvndx - f 8(20)|tn| T unpdx < €| . (3.20)
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for all ¢ € E°. Using Holder’s inequality and by (3.20), we obtain

U A*pA'v,dx| <

J‘S(x)|un|q_2un¢dx

+enl| ]l

< f [5G a5 ) 9| x + €| .

L » (3.21)
< ([seormarr) " ([slgl’) "+ el
< (Clunltq +C) 191l
for all ¢ € E°, which implies that
[oalle < Clually +C. (3.22)
Similarly, we prove that
ltall. < Cloalt,' +C. (3.23)
Adding (3.22) and (3.23) we conclude that
il + lonllz: < C(Iunlly' +loalty +1). (3.24)
Using this estimate in (3.19), we get
[unly + [oallp < C(ualZy + loul,') + C. (3.25)

Since g > g -1 and p > p - 1, we conclude that both [u,|,, and |v,|,, are bounded, and
consequently ||u,| g and ||, || are also bounded in terms of (3.24).

Finally, we show that {z,} contains a strongly convergent subsequence. It follows from
llnllgs and ||v,||p which are bounded and Theorem 2.1 that {z,} contains a subsequence,
denoted again by {z,} = {(u,,v,)}, such that

U, — uin E¥, v, —vin E!,

_ 2N
U, — u in L1 (s,]RN>, 2<g< N 25’ (3.26)

v, — v In L”(r,RN), 2<p< N_of
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It follows from (3.18) that

ifAquAfvn - f @l und| <ealldll,, P E?,
(3.27)
'ifAsunAt¢ - fr(x)|vn|p_zvn¢ <en|l¢lly, ¢ €E.
Therefore,
- |[ASpAl (v, —v)|
lon = |l = sup
1l
(3.28)
|1 50 (Il 2t = u7220) |
<sup ’
9l -
A% - ) A
llun — u|lgs = sup
gl
(3.29)
|70 (loal 200 - [0 20 ]
= sup ,
el e

and by Theorem 2.1, we conclude that v, — v strongly in E and u, — u strongly in ES. [

Proof of Theorem 3.1. Applying Lemmas 3.3 and 3.4 and Theorem 3.2, we can obtain the conc-
lusion of Theorem 3.1. O
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