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We present some sufficient conditions of blowup of the solutions to Laplace equations with
semilinear dynamical boundary conditions of hyperbolic type.

1. Introduction

Let Q be a bounded domain of RN, N > 1, with a smooth boundary 8Q = S = 5;US,, where S;
and S, are closed and disjoint and S; possesses positive measure. We consider the following
problem:

-Au=0, inQx(0,T), (1.1)
u  ou
e + k& =g(u), on S;x(0,T), (1.2)
aa—u+bu—0 on S; x (0,T) (1.3)
an - Y 2 7 7 .
u(x,0) =uy, wu(x,0)=u3, onSy, (1.4)

wherea >0,b >0, a+b=1, and k > 0 are constants, A is the Laplace operator with respect
to the space variables, and 0/0n is the outer unit normal derivative to boundary S. ug, u; are
given initial functions. For convenience, we take k = 1 in this paper.
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The problem (1.1)—(1.4) can be used as models to describe the motion of a fluid in a
container or to describe the displacement of a fluid in a medium without gravity; see [1-5]
for more information. In recent years, the problem has attracted a great deal of people. Lions
[6] used the theory of maximal monotone operators to solve the existence of solution of the
following problem:

Au=0, inQx(0,T), (1.5)
o’u . ou
- - - Py, —
3 + kan + f(u) + [ufPfu=0, onSx(0,T), (1.6)
u(x,0) =uy, u(x,0)=u;, onS. (1.7)

Hintermann [2] used the theory of semigroups in Banach spaces to give the existence
and uniqueness of the solution for problem (1.5)—(1.7). Cavalcanti et al. [7-11] studied
the existence and asymptotic behavior of solutions evolution problem on manifolds. In
this direction, the existence and asymptotic behavior of the related of evolution problem
on manifolds has been also considered by Andrade et al. [12, 13], Antunes et al. [14],
Araruna et al. [15], and Hu et al. [16]. In addition, Doronin et al. [17] studied a class
hyperbolic problem with second-order boundary conditions.

We will consider the blowup of the solution for problem (1.1)—(1.4) with nonlinear
boundary source term g(u). Blowup of the solution for problem (1.1)—(1.4) was considered
by Kirane [3], when 0Q = S;, by use of Jensen’s inequality and Glassey’s method [18]. Kirane
et al. [19] concerned blowup of the solution for the Laplace equations with a hyperbolic
type dynamical boundary inequality by the test function methods. In this paper, we present
some sufficient conditions of blowup of the solutions for the problem (1.1)—(1.4) when Qis a
bounded domain and S, can be a nonempty set. We use a different approach from those ones
used in the prior literature [3, 19].

Another related problem to (1.1)—(1.4) is the following problem:

Au=f, inQx(0,T), (1.8)

ou Ou
M + i g(u), onSx(0,T), (1.9)
u(x,0) =uy, onS. (1.10)

Amann and Fila [20], Kirane [3], and Koleva and Vulkov [21] Vulkov [22] considered blowup
of the solution of problem (1.8)—(1.10). For more results concerning the related problem (1.8)—
(1.10), we refer the reader to [3, 6, 19-31] and their references. In these papers, existence,
boundedness, asymptotic behavior, and nonexistence of global solutions for problem (1.8)-
(1.10) were studied.

In this paper, the definition of the usually space H'(Q), H*(S), LP(Q), and LF(S) can
be found in [32] and the norm of L?(S) is denoted by || e |s.
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2. Blowup of the Solutions
In this paper, we always assume that the initial data ug € H**'/2(S;), u; € H%(S1),s > 1, and
g € C and that the problem (1.1)—(1.4) possesses a unique local weak solution [2, 3, 6] that is,
u is in the class

uel(0,;H(Q), welOTHS)), wel(0T;LXS)), 21
and the boundary conditions are satisfied in the trace sense [2].

Lemma 2.1 (see [33]). Suppose that u; = F(t,u), v > F(t,v), F € C, t) <t < +o0, —00 < U <
+o0, and u(to) = v(ty). Then, v(t) > u(t), t > to.

Theorem 2.2. Suppose that u(x,t) is a weak solution of problem (1.1)—(1.4) and g(s) satisfies:
(1) sg(s) > KG(s), where K >2, G(s) = fg g(p)dp, G(s) > Pls|P*!, where p>0,p > 1;

(2) Eo = lluoll3, +llw I3, + b/ a)|luolls, =2 [, G(o)do < -2/ [(K-2)BCi (p+3)']¥ PV (1-
e(l—p)/4)4/(lﬂ—1) <0

where C1 = (mSl)(’”l)/(”’_l). Then, the solution of problem (1.1)—(1.4) blows up in a finite time.

Proof. Denote
2 2 b
E(®) = lulls, + [IVullg + —llulls, - 2L G(u) do, (2.2)
then from (1.1)—(1.4), we have
iE(t) =0, t>0. (2.3)
dt ’

Hence

E(t) = E(0) = Ej. (2.4)
Let H(t) = ||u(t) || + Io fo lu(s) ||  ds dr. Using condition (1) of Theorem 2.2, we have
. d ! )
H{t)=—H()=2 uutdo + | llu(s)|ls,ds,
d?
H(t) = S H ) = f

Si
_zf

“on
>2f [ut —ua + KG(u) +1u2]d0'.
s, on 2

utdo + ZI

uuydo + J‘ w’do
Si

% (2.5)
’ 6u

1
ur — +ug(u) + §u2 do
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Observing that

J ua—u = f |Vuldx + Bf u*do, (2.6)

s, on Q as,

KI Gu)do=-Ey+(K-2)| G(u)do + J‘ u?do + b J u*do + J. |Vul*dx, (2.7)
S1 S1 S als, Q

we know from (2.5)—(2.7) that

H(t) > 4f ufdo -2Ep + f u*do +2(K -2) G(u)do > -2Ey + 2(K - Z)ﬂf |u|p+1d0'.
S1 S1 Si S1
(2.8)
It follows from (2.8) that
. t ..
H(t) > -2Ept + 2(K - 2)ﬂf f lulP*'do ds + F(0), (2.9)
0/s
t AT
H(t) > —Eot* + 2(K — Z)ﬂf f f lu(s)[P*'do ds dr + tF(0) + H(0), (2.10)
0/Jo /s,
where H(0) = ||u0||21,H(0) =2 g uourdo. From (2.8) and (2.10), we have
. t AT
H(t)+H(t)>2(K-2)p U [ulP*'do +I f f lu(s)[P*'do ds dr]
S 0Jo /s (2.11)
+ tF (0) — Egt*> + H(0) — 2E,.
Using the inversion of the Holder inequality, we obtain
(p+1)/2
f lulP*'do > (f |u|2da> (mSy) P2, (2.12)
51 Sl

t o t T Ph/2 4 (p-1)/2
j I f lu(s)[P*'do ds dr > '[’[ J‘ lu(s)[*do ds dr <—t2m51> . (213)
0Jo Js, 0JoJs, -
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Substituting (2.12) and (2.13) into (2.11), we have

H(t) + H(t)

> 2(K = 2)p(mS;) P/ ¢D

(p+1)/2 1 (p+1)/(p-1) t oAt 2/ (p+1)
x <I |u|2do> <§t2> <I J‘ f [u(s)P*'do ds dT>
S 0/0/5;

+tH (0) — Egt*> + H(0) - 2E,

(p+1)/2 - (p+1)/2
> 2(K —2)p(mS;) P/ =D [<’[ |u|2do> + <’[ j f [u(s)|F*'do ds dT) ]
Sq 07075

+tH(0) — Eot> + H(0) —2E;, t>1.
(2.14)

Noticing that
(a+b)"<2"Ya"+b"), a>0,b>0,n>1, (2.15)
we have

H(t) + H(t) > 26 P/2(K = 2)f(mS,) P/ PV HED/2(1) 4 tF1(0) - Eot* + H(0) - 2E,.
(2.16)

We see from (2.9) and (2.10) that H(t) — +oo, H(t) — +oo ast — +oo. Therefore, there is a
to > 1 such that

H(t)>0, H(t)>0, t>t. (2.17)

Multiplying both sides of (2.16) by 2H (t) and using (2.9), we get

drp 2 L 6 1)/ (p-1) 4 prpr3)/2
(2.18)

where

I(t) = (—4Eot + 2F1(0)) (—E0t2 + FL(0)t + H(0) - 2150). (2.19)
From (2.18) we have

% [H2(t) + H2(t) - CZH(”+3)/2(t)] >I(t), t>t, (2.20)
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where C, = (1/(p+3))207/2(K —2) (mS;) P/ P~ 1Integrating (2.20) over (¢, ty), we arrive
at

t
H2(t) + H(t) - CoHP)/2(¢) > I I(t)dt + H?(ty) + H*(tg) - CoHP™ 2 (1), t>t.

to

Observe that when t — +oo, the right-hand side of (2.21) approaches to positive infinity
since I(t) > O for sufficiently large t; hence, there is a t; > fy such that the right side of (2.21)
is larger than or equal to zero when t > t;. We thus have

H2(t) + H2(t) > CHP2(1),  t> 1. (2.22)
Extracting the square root of both sides of (2.22) and noticing that H (t) H(t) > 0, we obtain

H(t) + H(t) > GGHP/4(t) > GtIP2HPD A1), > 1, (2.23)

sincel1-p <0,t >t >ty >1, where C3 = /C,.
Consider the following initial value problem of the Bernoulli equation:

Z+2Z=CatIP2ze34 p > Z(h) = H(h). (2.24)
Solving the problem (2.24), we obtain the solution
1 t 4/(1-p)
Z(t) = e~ | Hm /) - P J’ Car (1P /2((1p) 9)(T-1) g
4 )y (2.25)
=e CWH(t)JVOPE), t21,

where J(t) = (1 - (p-1)/4)HPV/4(#)Cs f:l 1P/ 2e((-P)/D(=h) gz Obviously, J(t) =1 >0,
and fort >t +1

6t = P L0041 f 209 /2, ((-p) /D) g
t
p- 1 t+1
> PO A(0)C f 2 2,((-p) A1) g
h (2.26)
> pTlH(P DA (1) Ca(k + 1)1 P)/Zf e (=p)/4)(t=h) 4
h

= HO DA (1) Ca(t +1) P2 (1 - e0/4),
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From (2.10), we see that

LT (p-1)74
H(P—l)/4(t)(t+ 1)(1—}7)/2 > [ Eot ;T;?EIH(O)] . (_EO)(p—l)/4 (2.27)

ast — +oo. Take t sufficiently large such that H®*D/4(t,) (1 + 1)P)/2 > 1/2(-Eo) P™V/* Tt
follows from (2.26) and the condition of Theorem 2.2 that

ﬂﬂZ%GHw“W%h@—angzl,tzn+L (2.28)

Therefore,

Jt)=1-6() <0, t>t+1. (2.29)

By virtue of the continuity of J(t) and the theorem of the intermediate values, there is a
constant t; < T < #; + 1 such that J(T) = 0. Hence, Z(t) — +oast — T-. It follows from
Lemma 2.1 that H(t) > Z(t), t > t;. Thus, H(t) — +o0ast — T~. The theorem is proved. O

Theorem 2.3. Suppose that g(s) is a convex function, g(0) =0, g(s) > Is”, where a is a real number
p > 1, and u(x,t) is a weak solution of problem (1.1)—(1.4)

)‘1 1/(p-1)
f up(o)yp1(o)do =a > <T > >0, f ui(o)yp1(o)do=p>0, (2.30)
51 S]

where g is the normalized eigenfunction (i.e., ¢y > 0, -[Sl g1 (0)do = 1) corresponding the smallest
eigenvalue Ay > 0 of the following Steklov spectral problem [23]:

Ap =0, inQ, (2.31)
0
a_"; = Ay, on Sy, (2.32)
% by=0, onsS (2.33)
a on ¢ =V, o0n oy, .

where Q, S1, 52, k, a, b are defined as in Section 1. Then, the solution of problem (1.1)—(1.4) blows up
in a finite time.

Proof. Let

y(t) = L (o, By (0)do. (2.34)
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Then, y(0) = yo = a >0, y:(0) = y1 = > 0. It follows from (1.1)—(1.4) that y(t) satisfies
ou
Y = — a—qr1d0 +| gwyrdo. (2.35)
Sl n 51

Using Green’s formula, we have

n

a(p’1
= L &qﬂdO‘ - L uﬁdo + ’[Q ulAgidx

B ou oy ou oy
) <J‘& &qﬁdo L] uad0> : <sz ﬁqudo JSZ uﬁdo> : fQ nbindz

= B1 +B2,

0= f Augdx = J’ g—uqfldo —I Vu - Vgidx
Q s Q

(2.36)

where we have used (2.31) and the fact that ¢ is the eigenfunction of the problem (1.1)-(1.4),
By and B, are denoted as the expressions in the first and the second parenthesis, respectively.
From (2.32), we have

0
By = J- —u(pldo -\ f ugido. (2.37)
s, on S
If a = 0, it is clear that B, = 0 otherwise, by (1.3) and (2.33),

b b
B, = J‘ <——u> g do —f u<——qf1)do =0. (2.38)
S\ 4 S a

Therefore, (2.36) implies that B; = 0, that is,

0
J' 2 do = Ay J' ugdo = \y(t). (2.39)
s, On S
Now, (2.35) takes the form
yu=-My+ | gu)gido. (2.40)

Si

From Jensen’s inequality and the condition g(s) > Is?, we have

I g(u)ygdo > g<I uq;1d0'> > lyP. (2.41)
51 Sl
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Substituting the above inequality into (2.40), we get

yu+ My >1yP, t>0. (2.42)

Since y(0) = a > 0, y:(0) = g > 0, from the continuity of y(f), it follows that there is a right
neighborhood (0, 6) of the point ¢ = 0, in which y(t) > 0, and hence y(t) > yo > 0. If there
exists a point ty such that y(t) > 0(t € [0,t)), but y(ty) = 0, then y(t) is monotonically
increasing on [0, t]. It follows from (2.42) that on (0, fo]

yu 2 y(ly" ' - 1) 2 yo(1yy " - ) 20, (2.43)

and thus y;(f) is monotonically increasing on [0, fo]. This contradicts y(tp) = 0. Therefore,
y(t) > 0 and hence y(t) > ypast > 0.
Multiplying both sides of (2.42) by 2y; and integrating the product over [0,t], we get

vi 2 p+1(yp+l_yg+l>_)‘1<y2‘y5>+y523(y)- (2.44)

Since B(yo) = y7 > 0 and
’ p-1
B'(y) =21y’ -2y > 2po(lyy ' - A1) 20, (2.45)

then B(y) > B(yo) > 0, ct > 0. Extracting the square root of both sides of (2.44), we have

-1/2
, t>0. (2.46)

Y 2

(=) - (v -1) + vt

p+1

Equation (2.46) means that the interval [0, T] of the existence of y(t) is finite this, that is,

_ +o0
Tsf
Yo

and y(t) — +oo ast — T~. The theorem is proved. O

(v - ) =i (v - a2) + ﬂz] " ds < o0, (2.47)

p+1

Remark 2.4. The results of the above theorem hold when one considers (1.1)—(1.4) with more
general elliptic operator, like

Lu=—-div(k(x)Vu) + c(x)u, 0<ko<k(x)<ki, c(x)>0, inQx(0,T), (2.48)
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and the corresponding boundary conditions

2
K)ot =g, on Six(O,T),
(2.49)

k(x)g—z +bu=0, b(x)>0, onS;x(0,T).
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