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By using variational methods, we study the multiplicity of solutions for Kirchhoff type problems

—(a+b fg [Vul*) Au = f(x,u),in &; u = 0, on 0Q. Existence results of two nontrivial solutions and
infinite many solutions are obtained.

1. Introduction

Consider the following Kirchhoff type problems

‘(“bLIV“V)A“:f Cot), & (1.1)

u=0, ono0Q,

where Q is a smooth bounded domain in RN (N =1,2, or 3), a,b > 0, and f:Qx R!' — R!
is a Carathéodory function that satisfies the subcritical growth condition

2N N3
|f(x,t)|SC<1+|t|P’1> for some 2 <p<2*={ N-2' =

+0, N=1,2,

(1.2)

where C is a positive constant.
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It is pointed out in [1] that the problem (1.1) model several physical and biological
systems, where u describes a process which depends on the average of itself (e.g., population
density). Moreover, this problem is related to the stationary analogue of the Kirchhoff
equation

Uy — <a + bfg |Vu|2> Au = g(x,1t), (1.3)

proposed by Kirchhoff [2] as an extension of the classical D’ Alembert’s wave equation
for free vibrations of elastic strings. Kirchhoff’s model takes into account the changes in
length of the string produced by transverse vibrations. Some early studies of Kirchhoff
equations were Bernstein [3] and Pohozaev [4]. However, (1.3) received much attention
only after Lions [5] proposed an abstract framework to the problem. Some interesting
results can be found, for example, in [6-13]. Specially, more recently, Alves et al. [14],
Ma and Rivera [10], and He and Zou [9] studied the existence of positive solutions and
infinitely many positive solutions of the problems by variational methods, respectively;
Perera and Zhang [12] obtained one nontrivial solutions of (1.1) by Yang index theory;
Zhang and Perera [13] and Mao and Zhang [11] got three nontrivial solutions (a positive
solution, a negative solution, and a sign-changing solution) by invariant sets of descent
flow.

In the present paper, we are interested in finding multiple nontrivial solutions of the
problem (1.1). We will use a three-critical-point theorem due to Brezis and Nirenberg [15] and
a Z, version of the Mountain Pass Theorem due to Rabinowitz [16] to study the existence of
multiple nontrivial solutions of problem (1.1). Our results are different from the above theses.

2. Preliminaries

Let X := H; () be the Sobolev space equipped with the inner product and the norm
(u,v) = f Vu-Voudx, |l = (u, 1)/ (2.1)
Q

Throughout the paper, we denote by | - |, the usual L"-norm. Since Q is a bounded domain, it
is well known that X — L"(Q) continuously for r € [1,2*], compactly for r € [1,2*). Hence,
for r € [1,2*], there exists y, such that

jul, < yllull, VueX. (2.2)
Recall that a function u € X is called a weak solution of (1.1) if

<a + b||u||2> J.Q Vu-Vodx = fgf(x,u)v dx, VYveX. (2.3)
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Seeking a weak solution of problem (1.1) is equivalent to finding a critical point of C!
functional

a b
D) = Jlul®+  fJull* - ¥(w), (2.4)
2 4
where
Y(u) := f F(x,u)dx, YueX,
Q
, (2.5)
F(x,t) := f f(x,8)ds, V(x,t) € QxR
0
Moreover,
(@' (u),v) = <a + b||u||2> f VuVo - f f(x,u)v, Yu,veX. (2.6)
Q Q
Our assumptions lead us to consider the eigenvalue problems
-Au=Au, inQ,
(2.7)
u=0, ono0Q,
—|Jul?Au = pi®, inQ,
(2.8)

u=0, on oQ.

Denote by 0 < Ay < Ay < -++ < Ag--- the distinct eigenvalues of the problem (2.7) and by
Vi, Vo, ..., Vi,. .. the eigenspaces corresponding to these eigenvalues. It is well known that A4
can be characterized as

Ay = inf{||u||2 cueX, |ul, = 1}, (2.9)

and .\ is achieved by ¢; > 0.
y is an eigenvalue of problem (2.8) means that there is a nonzero u € X such that

lul> | VuVodx = wodx, YveX (2.10)
U
Q Q

This u is called an eigenvector corresponding to eigenvalue . Set

Iw) = |lull*, ueS:= {uEX:IQu4=1}. (2.11)
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Denote by 0 < p1 < pp < - - - all distinct eigenvalues of the problem (2.8). Then,
p = infI(u), (2.12)

u1 > 0 is simple and isolated, and y; can be achieved at some ¢y € S and ¢ > 0 in Q (see
[12,13]).
We need the following concept, which can be found in [17].

Definition 2.1. Let X be a Banach space and @ € C!(X, R'). We say that @ satisfies the (PS)
condition at the level ¢ € R!((PS), condition for short) if any sequence {u,} C X along with
®(u,) — cand @' (u,) — 0asn — oo possesses a convergent subsequence. If @ satisfies
(PS), condition for each ¢ € R, then we say that @ satisfies the (PS) condition.

In this paper, the following theorems are our main tools, which are Theorem 4 in [15]
and Theorem 9.12 in [16], respectively.

Theorem 2.2. Let X be a real Banach space with a direct sum decomposition X = Xy ® X, where
k =dim X, < oo. Let F € C'(X, R) and satisfy (PS) condition. Assume that there is r > 0 such that

F(u)>0, forueX, |ul|<r,
(2.13)
F(u) <0, forueX, |ul| <r.

Assume also that F is bounded below and

inf F(u) <0. (2.14)

Then F has at least two nonzero critical points.

Theorem 2.3. Let X be an infinite dimensional real Banach space, and let F € Cct (X, Rl) be even
and satisfy the PS condition and F(0) = 0. Let X = X; ® Xy, where X> is finite dimensional, and F
satisfies that

(i) there exist constants p, a > 0 such that Flyp, x, > &, where
0B, = {ueX:|ull=p}, (2.15)

(ii) for each finite dimensional subspace E; C X, the set {u € Eq : F(u) > 0} is bounded.

Then, F possesses an unbounded sequence of critical values.

3. Main Results
We need the following assumptions.

(f1) f(x,t)isodd int for all x € Q.
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(f2) There exist 6 >0, € > 0 and A € (Ax, Ais1), k € N, such that

a(Me +€)|t> <2F(x,t) < aMt]?, VxeQ, |t <6, (3.1)

where Ay and A, are two consecutive eigenvalues of the problem (2.7).
(f3) There exist & > 0 and A € [A, Axs1), k € N such that
2F(x,t) < altf’, VYxeQ, || <6, (3.2)

where Ay and A, are two consecutive eigenvalues of the problem (2.7).

(f)

_ 4
Fx,t) - 0/Ymltl” _

lim sup T ,

|t| — o0

uniformly in x € Q, (3.3)

where 7 € [0,2] and 0 < 2a < aly.
(fs) 3v > 4 such that vF(x,t) <tf(x,t), |t| large.

Now, we are ready to state our main results.

Theorem 3.1. If conditions (f,) and (f4) hold, then the problem (1.1) has at least two nontrivial
solutions in X.

Proof. Set

) k
Xi=PVv. X =§|? Vi. (34)

i=k+1
Then, X has a direct sum decomposition X = X; & X, with dim X, < co. Let M, be such that

|u|r 2 Mr”u”/ Vue XZ‘ (35)

Step 1. @ is weakly lower semicontinuous.
Indeed, we only to show ¥ : X — R is weakly upper semicontinuous. Let {u,} C X,
u € X, u, — uin X. Then, we may assume that

u, —u in L"(Q), r € [1,2%). (3.6)
We need to prove

Y(u) > limsup ¥(u,) = inlg sup ¥ (u,). (3.7)
i .

n— oo n>k
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If this is false, then

Y(u) <limsup ¥(u,) = 112151 sup ¥(u,), (3.8)
n>k

and hence there exist 9 > 0 and a subsequence of {u,}, still denoted by {u,}, such that
g0 < W¥(uyn) —¥(u)
- [ PG ) - Pl
Q
1
= J. J. fx,u+s(u, —u))(u, —u)dsdx
aJo
1
sf f c(|u+s(un—u)|P—1 +1>|un—u|ds dx (3.9)
aJo
< f c[zp-1(|u|*’*1 ey —uP ) + 1]|un — uldx
Q
< f C2P Ml uy — u|dx + f C2P Y u, — ufPdx + f Cluy, — uldx
Q Q Q

— 0, asn— oo.

This is a contradiction. Hence, ¥ is weakly upper semicontinuous, and hence @ is weakly
lower semicontinuous.

Step 2. There exists r > 0, such that

D) >0, forueXy, |uf|<r,

(3.10)
O(u) <0, forueXy, ||ul|<r.
Particularly,
O(u) <0, forue Xy 0<|ul<r. (3.11)
Indeed, by (1.2) and (f»), there exist two positive constants C;, C, such that
F(x,b) < ;A|t|2 L Cultp, (3.12)

F(x,t) > ;(Ak + )|t - CaltP. (3.13)
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Thus, for u € X;, the combination of (2.2) and (3.12) implies that

D) > Ll + b||u||4 - “Af uzdx—le |l dx
2 4 2%, o

a A

2_ P 3.14
2)Lkﬂllull Crypllull (3.14)

> 2l + |l -
= o (1= 1 )l + = Cagu
Then, there exists r; > 0 such that
D) >0, foruelXy, ||u| <mn, (3.15)

due to p > 2 and A < Ag.1. Moreover, for u € X5, the combination of (2.2) and (3.13) implies
that

D) < X ul? + b||u||4 e | wdxrc | jupdx
2 4 2 o o

a 2 b 4 a .)Lk + € 2
< - P 3.16
< Sl gl = 5 (25 Yl + Caful (3.16)
_afl+e » b4 P
S G [ G AN

where C; = C2y,. Hence, there exists r» > 0 such that

O(u) <0, forueXy, |ul] <m,
(3.17)
O(u) <0, forue Xy 0<|ul| <.

Lastly, the conclusion follows from choosing r = min{ry, 2}.
Step 3. @ is coercive on X, that is, ®(u) — +ooasn — oo, and @ is bounded from below.
In fact, set
b 4
p(x,t) == F(x,t) - 4/41|t| . (3.18)

Then,

a b b
D(u) = ) flul® + 4 ||u||4 — M Lz utdx - fgp(x, u)ydx, VYuelX. (3.19)
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Condition (fs) implies that

t
lim sup plx.

Hoo I

<a, uniformly in x € Q, (3.20)

where 7 € [0,2] and 0 < 2a < a\;. By contradiction, if @ is not coercive on X, then there exist
a sequence {u,} C X and some constant C4 € R! such that

lun|| — o0, as n— oo, but ®(u,) < Ca. (3.21)

By virtue of (3.20), there exist some constant M > 1 such that
-p(x, t) > =alt]", VxeQ, |t|> M. (3.22)

Set Q! = {x € Q: |uy(x)] > M} and Q2 = {x € Q: |u,(x)| < M}. Then, the combination of
(3.19)-(3.22) and (1.2) implies that there exists A = A(M) > 0 such that

a b b
Co 2 ®(up) = P + ol = o [ it = [ plo )

b
= ;||un||2 + 4 <||un||4 - f uidx) + J. —p(x, u,)dx + J. —p(x,u,)dx
Q ! Q2

n

a
> Sl - |l - A
Q
(3.23)
a
> SlalP - | alun (P - A
Q

a
> lalP - | alin ()P - 4
Q

a a
> - lunl* - A — +00, as n — oo.
2 A

This is a contradiction. Therefore, @ is coercive on X and so @ is bounded from blew due to
@ is weakly lower semicontinuous.

Step 4. @ satisfies (PS) condition; that is, any (PS) sequence has a convergent subsequence.
Indeed, let {u,} C X be a (PS) sequence of @. By the coerciveness of ® we know that
{u,} is bounded in X. By the reflexivity of X, we can assume that there exists # € X such that

U, —u inX, u, — u in LP(Q), Uy (x) — u(x) forae. xe€Q. (3.24)
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Hence, by (1.2), we know that there is Cs5 > 0 such that

F ) (= um)dx < |f (1) |7 dlx e lu - u,|Pdx w
. (L) (| o-vsr

p=1)/p (3.25)
] “Ju =,

<2C U.Q(|un|’” +1)dx

< C5|u—un|p — 0, asn— oo.

Moreover, since

<a + b||un||2> fQ Vi, V(1 — 1) — fQ £, 1) (1 — 1) dox

(3.26)
= (D' (uy), (u—uy)) — 0, asn— oo,
then
lunll — |lull, as n — oo. (3.27)
Hence, u, — uin X due to the uniform convexity of X.
Now, the conclusion follows from Theorem 2.2. |
Corollary 3.2. If conditions ( f;) and
(f2)
. b 4 ) .
|tl‘1rn F(x,t) - 4#1|t| =—oo, uniformly in x € Q (3.28)

hold, then the problem (1.1) has at least two nontrivial solutions in X.

Proof. Note that the condition (f,) implies (fy). Hence, the conclusion follows from
Theorem 3.1. Il

Remark 3.3. Perera and Zhang [12] only obtained one nontrivial solution of Kirchhoff type
problem (1.1) by Yang index under the conditions

: f(x/t) _ : f(x/t) _ . .
}%T =1, ‘t‘linjw e u, uniformly in x, (3.29)

where A € (Mg, As1) and p € (m, pm+1) is not an eigenvalue of (2.8), k # m. We point out the
condition

limf(x' H
t—0 at

=\, uniformly in x (3.30)
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implies the condition (f»), and as m = 0, thatis, y < p, the condition

o fnt)

im =y, uniformly in x (3.31)
It bi3 # y

implies the condition (f). Moreover, we allow y = p is an eigenvalue of (2.8). Whenm > 1,
The following example shows that there are functions which satisfy (f,) and (f4) and do not
satisfy the condition

(fo) 1 € (Hm, hm+1) is not an eigenvalue of (2.8).

Example 3.4. Set

—sTt|" —br|tP +sT+br—aé, t<-1,
fQx,t) = 4 aét, [t <1, (3.32)

sttt +br|tP —st-br+a¢, t>1,

where s < a, A <& < A1, T € (1,2] and r < py. It is easy to verify f(x, t) satisfies conditions

(f2) and (f4), but

fxb)

m
|t — +o0 bt3

=r <p1, uniformly in x. (3.33)

Certainly, our Theorem 3.1 cannot contain Theorem 1.1 in [12] completely.

Remark 3.5. Zhang and Perera [13] obtained a existence theorem (Theorem 1.1(ii)) of three
solutions (a positive solution, a negative solution, and a sign-changing solution) for (1.1)
under the conditions

f(x,t)
R N ()
al ,
> Ao F(x,t) 2 =, |t small. (C)

But, our condition (f4) is weaker than the condition (C;) and the left hand of our condition
(f2) is weaker than the condition (C;). Moreover, we allow y = p; is an eigenvalue of
(2.8). The above Example 3.4 with k = 1 (i.e, Ay < ¢ < A2) shows that there are functions
which satisfy all conditions of Theorem 3.1 and do not satisfy Theorem 1.1(ii) in [13]. Hence,
Theorem 1.1(ii) in [13] cannot contain our Theorem 3.1.

Theorem 3.6. Let conditions (f1), (f3), and (fs) hold, then the problem (1.1) has infinite many
solutions in X.
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Proof. Set

o) k
Xi=@PVvi X=PV (3.34)
i=k+1 i=1

Then, X has a direct sum decomposition X = X; ® X, with dim X, < co.

Step 1. There exist constants p > 0 and & > 0 such that ®|,5,x, > a, where B, = {u € X :

llull = p}.
Indeed, for u € Xy, by (1.2) and (f3), we know (3.12) holds. Hence, by (2.2), we have

(1) > “||u||2+b||u||4—%f ude—clf |ulP dx
2 4 2%, o

a, » b, 4+ a A 2
> - — -C P 3.35
> Sl gl = 5 5l = oyl (335)

_a

A 2 b 4 p
(1= 1 I+ = Cag

Hence, we can choose small p > 0 such that

L>pz =a>0, (3.36)

a
@ > 1-
(u) B 4( )Lk+1

whenever u € X; with ||ul| = p.

Step 2. For each finite dimensional subspace E; C X, the set {x € E; : ®(x) > 0} is bounded.
Indeed, by (1.2) and (f5), we know that there exist constants Cs, C¢ > 0 such that

F(x,t) > Cs|t|” — Cs. (3.37)
Hence, for every u € E; \ {0}, one has
D (u) < ;Ilull2 + ZIIMII4 -Cs fg |u]”"dx + Cs|Q|. (3.38)
Since E; is finite dimensional, we can choosing R = R(E;) > 0 such that
@®(u) <0, VYue€kE \Bg. (3.39)

Moreover, by Lemma 2.2(iii) in [13], we know that @ satisfies PS condition, and @ is
even due to (f1). Hence, the conclusion follows from Theorem 9.12 in [16]. [
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Remark 3.7. Zhang and Perera [13] obtained an existence theorem of three solutions for (1.1)
under the condition (fs) and the condition

a)q

F(x,t) < 5 £, |t| small, (3.40)

which implies our condition (f3). Our Theorem 3.6 obtains the existence of infinite many
solutions of (1.1) in the case adding the condition (f1).
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