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We study the existence of n distinct pairs of nontrivial solutions for impulsive differential equations
with Dirichlet boundary conditions by using variational methods and critical point theory.

1. Introduction

Impulsive effects exist widely in many evolution processes in which their states are changed
abruptly at certain moments of time. Such processes are naturally seen in control theory [1, 2],
population dynamics [3], and medicine [4, 5]. Due to its significance, a great deal of work has
been done in the theory of impulsive differential equations. In recent years, many researchers
have used some fixed point theorems [6, 7], topological degree theory [8], and the method
of lower and upper solutions with monotone iterative technique [9] to study the existence of
solutions for impulsive differential equations.

On the other hand, in the last few years, some researchers have used variational
methods to study the existence of solutions for boundary value problems [10-16], especially,
in [14-16], the authors have studied the existence of infinitely many solutions by using
variational methods.

However, as far as we know, few researchers have studied the existence of n distinct
pairs of nontrivial solutions for impulsive boundary value problems by using variational
methods.



2 Boundary Value Problems

Motivated by the above facts, in this paper, our aim is to study the existence of n
distinct pairs of nontrivial solutions to the Dirichlet boundary problem for the second-order
impulsive differential equations

u"(t) + Ah(t,u(t)) =0, t#tj, ae te[0,T],
—Au'(t) = 1i(u(t)), j=12...p, (1.1)
u(0) =u(T) =0,

where 0 =to <t; <---<t, <t,;u=T,A>0,he C([0,T] xR,R), I; € C(R,R),j=1,2,...,p,
Au'(t)) = u' (t}r) -u (t]T), u' (t]fr) and u’(t]T) denote the right and the left limits, respectively, of
u'(t)att=t;,j=12,...,p.

2. Preliminaries

Definition 2.1. Suppose that E is a Banach space and ¢ € C!(E, R). If any sequence {ux} C E
for which ¢(uy) is bounded and ¢'(ux) — Oas k — +oo possesses a convergent subsequence
in E, we say that ¢ satisfies the Palais-Smale condition.

Let E be a real Banach space. Define the set ¥ = {A | A C E \ {0} as symmetric closed
set}.

Theorem 2.2 (see [17, Theorem 3.5.3]). Let E be a real Banach space, and let ¢ € C'(E,R)
be an even functional which satisfies the Palais-Smale condition, ¢ is bounded from below and
¢(0) = 0; suppose that there exists a set K C X and an odd homeomorphism h : K — S"(n -
one-dimensional unit sphere) and sup, . ¢(x) < 0, then ¢ has at least n distinct pairs of nontrivial
critical points.

To begin with, we introduce some notation. Denote by X the Sobolev space H}(0,T),
and consider the inner product

T
(u,0) = 4[0 u' (H)o' (t)dt (2.1)

and the norm

T 1/2
llu| = <f0 |u’(t)|2dt> . (2.2)

Hence, X is reflexive. We define the norm in C([0, T]) as ||x||o = maxejo,rj|x(t)].

For u € H?(0,T), we have that u and #' are absolutely continuous and u” € L*(0,T).
Hence, Au/(t) = u/(t") — /(") = 0 for every t € [0,T]. If u € Hy(0,T), then u is absolutely
continuous and ' € L?(0,T). In this case, the one-sided derivatives u'(t7), #'(t*) may not
exist. As a consequence, we need to introduce a different concept of solution. Suppose that
u € C([0,T]) such that for every j = 1,2,...,p, u; = uly ., satisfies u; € Hz(tj,tj+1), and
it satisfies the equation in problem (1.1) for t#t;, a.e. t € [0, T], the limits u’(t;.f), u’(t]T), and
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j=1,2,...,pexist, and impulsive conditions and boundary conditions in problem (1.1) hold,

we say it is a classical solution of problem (1.1).
Consider the functional

p: X —R, (2.3)

defined by

1 ) T P ulty)
0w = 5l - e ueydr -3 [ s (2.4)
2 0 j=1 0

where H (t,u) = fg h(t,s)ds. Clearly, ¢ is a Fréchet differentiable functional, whose Fréchet
derivative at the point u € X is the functional ¢'(u) € X* given by

T T 14
¢ (u)(v) = fo u’(t)v’(t)dt—lfo h(t,u(t))ot)dt - > Ii(u(t;))o(t;), (2.5)
1

]':

for any v € X. Obviously, ¢’ is continuous.

Lemma 2.3. If u € X is a critical point of the functional ¢, then u is a classical solution of problem
(1.1).

Proof. The proof is similar to the proof of [16, Lemma 2.4], and we omit it here. O
Lemma 2.4. Let u € X, then ||[ullo, < VT||ul.

Proof. For u € X, then u(0) = u(T) = 0. Hence, for t € [0, T], by Holder’s inequality, we have

t T T 172
lu(t)| = 'J‘o u'(s)ds| < J‘o |/ (s)|ds < ﬁ(fo |u'(s)|2ds> = VT||u, (2.6)

which completes the proof. O

3. Main Results
Theorem 3.1. Suppose that the following conditions hold.

(i) There exist a,b > 0 and y € [0,1) such that

|h(t,u)| < a+blu|" forany (t,u) € [0,T] x R. (3.1)

(ii) h(t, u) is odd about u and H(t,u) > O for every (t,u) € [0,T] x R\ {0}.
(iii) I;(u) (j =1,2,...,p) are odd and fg Ii(s)ds<0foranyueR (j=1,2,...,p).
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Then for any n € N, there exists A, such that A > \,,, and problem (1.1) has at least n distinct
pairs of nontrivial classical solutions.

Proof. By (2.4), (ii), and (iii), ¢ € C!(X, R) is an even functional and ¢(0) = 0.
Next, we will verify that ¢ is bounded from below. In view of (i), (iii), and Lemma 2.4,
we have

1 ) T P rult))
() = 2 lul —AJ H(t,u(t»dt—zf Ii(s)ds
2 0 j=1 0

T
[l —AL (alu(t)] + blu(t)"*")dt (32)

for any u € X. That is, ¢ is bounded from below.

In the following we will show that ¢ satisfies the Palais-Smale condition. Let {ux} C X,
such that {¢(uk)} is a bounded sequence and limy_, o, ¢'(ux) = 0. Then, there exists M > 0
such that

lp(ui)| < M. (3.3)
In view of (3.2), we have

1
M 2> Ellukll2 = aT*? |Juge|| = BT O272 | (3.4)

So {ux} is bounded in X. From the reflexivity of X, we may extract a weakly convergent
subsequence that, for simplicity, we call {ur}, ux — u in X. Next, we will verify that {uy}
strongly converges to u in X. By (2.5), we have

T
(' (ure) = ' () (e = 10) = [|age = ]| - AIO [h(t, ur(£)) = h(t, u(t))] (ux (t) — u(t))dt

(3.5)

P
+ .Zl[If (ui () = T (u(t;))] (ue (t)) = u(t))-
i
By ux — uin X, we see that {uy} uniformly converges to u in C([0,T]). So,
T
A L [A(t, uk(t)) = h(t, u(t))] (i (t) —u(t))dt — 0,
(3.6)

14

D () = I (u(ty))] (uac () —u(t;)) — 0 as k — oo.

j=1
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By limg_, o, ¢'(ux) = 0 and uy — u, we have
(¢'(uk) —¢'(u)) (ux —u) — 0 as k — oo. (3.7)

In view of (3.5), (3.6), and (3.7), we obtain |lux —u|| — 0 as k — oo. Then, ¢ satisfies the
Palais-Smale condition.
Let v, (t) = (V2T /mor) sin(mx /T)t, m=1,2,...,n, then

2.2 T
|wﬂﬁz1zﬁ§if|mAm%n m=1,2,...,n. (3.8)
0
Define
n n
K, (r) = {Zcmvm | Zc,zn = rZ}, r>0. (3.9)
m=1 m=1

Then, for any r > 0, there exists an odd homeomorphism f : K,,(r) — S" . Let0<r <1/+VT,
then ||ul|, < VT||u|| = VTr < 1 for any u € K, (r). By (ii), we have

u(t)
H(t,u(t)) = L h(t,s)ds >0 as u(t)#0, (3.10)

then fOT H(t,u(t))dt > 0 for any u € K, (r).
Let a,, = infek,(r) fOT H(t,u(t))dt, pn = infuck, () Z?:l g(tj) Ii(s)ds, then a,, > 0, B, < 0.
Let A, = ((1/2)r? - B,)a,' > 0, then when A > 1\, for any u € K, (r), we have

(P(u) < %72 - Aay, — ﬂn

<%ﬂ—hw—m (3.11)

=0.

By Theorem 2.2, ¢ possesses at least n distinct pairs of nontrivial critical points. That is,
problem (1.1) has at least n distinct pairs of nontrivial classical solutions. O

Corollary 3.2. Let the following conditions hold:
(i) h(t,u) is bounded,
(ii) h(t, u) is odd about u and H(t,u) > 0 for every (t,u) € [0,T] x R\ {0},
(iii) I;(u) (j =1,2,...,p) are odd and fg Ii(s)ds<0foranyueR (j=1,2,...,p).

Then, for any n € N, there exists A, such that A > \,,, and problem (1.1) has at least n distinct
pairs of nontrivial classical solutions.
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Proof. Let y = 0 in Theorem 3.1, then Corollary 3.2 holds. O

Theorem 3.3. Suppose that the following conditions hold.

(i) There exists a,b > 0and y € [0,1) such that

|h(t,u)| < a+blul" forany (t,u) € [0,T] x R. (3.12)

(ii) There exists aj,b; > 0and y; € [0,1) (j =1,2,...,p) such that

|Ii(w)| < aj +bjlul  foranyueR (j=1,2,...,p). (3.13)

(iii) h(t,u) and I;(u) (j = 1,2,...,p) are odd about u and H(t,u) > 0 for every (t,u) €
[0,T] x R\ {0}.

Then, for any n € N, there exists A, such that A > \,,, and problem (1.1) has at least n distinct
pairs of nontrivial classical solutions.

Proof. By (2.4) and (iii), ¢ € C}(X, R) is an even functional and ¢(0) = 0.
Next, we will verify that ¢ is bounded from below. Let My = max{ay, az,...,ap}, Mz =
max{bi, b, ..., by}. In view of (i), (ii), and Lemma 2.4, we have

1 ) T P pult)
o) = 3P -1 [ Heuodrs 3 [ 1ds
2 0 j=1 0

1 T
> =l - AL (alu(t)] + blu)"™")dt
3 ey by e )
- aj|u(ti)|+bjlu(t)]”
& UL jIuLj (3.14)
1
> =l = AaT* u) = T2 1 — pMyv/T
p
- MZZT(Y;'+1)/2||””Y1+1
j=1
> —00,

for any u € X. That is, ¢ is bounded from below.
In the following, we will show that ¢ satisfies the Palais-Smale condition. As in the
proof of Theorem 3.1, by (3.3) and (3.14), we have

1 L ‘
M > Ellukll2 = AaT?||ug|| = AbTY 2|y |7 = pMyVT || = Mo D> TO+D/2 a7+
j=1
(3.15)
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It follows that {uy} is bounded in X. In the following, the proof of the Palais-Smale condition
is the same as that in Theorem 3.1, and we omit it here.

Take the same K,(r) as in Theorem 3.1, then for any r > 0, there exists an odd
homeomorphism f : K,(r) — S"™'. Let0 < r < 1/v/T, then |lull, < VT|lul| = VTr < 1
for any u € K, (r). By (iii), we have

u(t)
H(t,u(t)) = .[o h(t,s)ds >0 as u(t)#0. (3.16)

Then, j()T H(t,u(t))dt > 0 for any u € K,(r).
Let a, = infuek, ) fo H(t,u(®)dt, fr = infuc,) I, Jo “ I,(s)ds, then a, > 0. Let
Xy =max{0, ((1/2)r? - B,)a;,'}, then when A > \,,, for any u € K, (r), we have

p(u) < %rz —Aay, —Pn < %rz — Ay = P <0. (3.17)

By Theorem 2.2, ¢ possesses at least n distinct pairs of nontrivial critical points. That is,
problem (1.1) has at least n distinct pairs of nontrivial classical solutions. O

Corollary 3.4. Let the following conditions hold:

(i) h(t, u) is bounded,
(i) Ij(u) (j =1,2,...,p) are bounded,

(iii) h(t,u) and 1;(u) (j = 1,2,...,p) are odd about u and H(t,u) > 0 for every (t,u) €
[0,T] x R\ {0}.

Then, for any n € N, there exists A, such that A > \,,, and problem (1.1) has at least n distinct
pairs of nontrivial classical solutions.

Proof. Lety=0and y; =0 (j =1,2,...,p) in Theorem 3.3, then Corollary 3.4 holds. O

Theorem 3.5. Suppose that the following conditions hold.

(i) There exist constants o > 0 such that h(t,c) = 0, h(t,u) > 0 for every u € (0,0).
(i) h(t, u) is odd about u.
(iii) Ij(u) (j =1,2,...,p) are odd and fg Ii(s)ds<O0foranyu€R (j=1,2,...,p).

Then, for any n € N, there exists A, such that X > A, and problem (1.1) has at least n distinct
pairs of nontrivial classical solutions.

Proof. Let

h(t,0), u>o,
m(tw) =3 hitw),  |ul<o, (3.18)

h(t,-0), u<-o,
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then h; (t, u) is continuous, bounded, and odd. Consider boundary value problem

u"(t) + Ahy(tu(t)) =0, t#t;, ae. t€[0,T],
—AU () = L(u(t)), j=12...,p, (3.19)
u(0) =u(T)=0

Next, we will verify that the solutions of problem (3.19) are solutions of problem (1.1). In fact,
let uy(t) be the solution of problem (3.19). If maxo<<ruo(t) > o, then there exists an interval
[a,b] C [0,T] such that

up(a) =uo(b) =0, ug(t)>o foranyte(a,b). (3.20)
When t € [a,b], by (i), we have
ug(t) = —Ahy(t,u) = —Ah(t,0) = 0. (3.21)

Thus, there exist constants ¢ such that u(t) = ¢ for any t € [a, b]. We consider the following
two possible cases.

Case 1. ¢ > 0, then u is nondecreasing in [a, b]. By u;,(a) > 0 and u,(b) <0, we have
0 <uy(a) <uy(t) <uy(b) <0 for every t € [a,b]. (3.22)

That is, uy(t) = 0 for any ¢ € [a,b]. So, there exists a constant d such that uy(t) = d, which
contradicts (3.20). Then, maxo<<ruo(t) < o. Similarly, we can prove that ming<ruo(t) > —o.

Case 2. ¢ <0, the arguments are analogous, then u(t) is solution of problem (1.1).

For every u € X, we consider the functional

p1: X —R, (3.23)

defined by

1 ) T P rult))
910) = 3l - Afo Hy(t u(t)dt - Y fo I(s)ds, (3.24)
j=1

where Hy (t,u) = [ hi(t, s)ds.
It is clear that ¢; is Fréchet differentiable at any u € X and

@) (1) (v) =I u' (H)o' (t)dt—AI hy (t, u(t))v(t) dt—ZI (u(t;))o(t), (3.25)
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for any v € X. Obviously, ¢ is continuous. By Lemma 2.3, we have the critical points of ¢; as
solutions of problem (3.19). By (3.24), (ii), and (iii), ¢ € C'(X, R) is an even functional and

(Pl (0) =0.
In the following, we will show that ¢ is bounded from below. since h;(t,u) = 0 for
|u| > o, thus

T T pu(t) T po
I Hi(t, u(t))dt = I hi(t, s)ds dt < I f hi(t,s)dsdt = e > 0. (3.26)
0 070 070

By (iii), we have

1 5 T P ru(t))
o1 = 5l =3 G uoyde= 3 [ (s)ds
’ =170 (3.27)

lul* - Ae > —Ae,

N —

2

for any u € X. That is, ¢ is bounded from below.

In the following we will show that ¢ satisfies the Palais-Smale condition. Let {ux} ¢ X
such that {¢;(ux)} is a bounded sequence and limy _, ¢} (ux) = 0. Then, there exists M3z > 0
such that

|1 (k)| < Ms. (3.28)
By (3.27), we have
L
Slukll™ < M + de. (3.29)

It follows that {u} is bounded in X. In the following, the proof of the Palais-Smale condition
is the same as that in Theorem 3.1, and we omit it here.

Take the same K, (r) as in Theorem 3.1, then, for any r > 0, there exists an odd
homeomorphism f : K,(r) — S"™'. Let0 < r < ¢/+/T, then |[u|l, < VT|ul| = VTr < o
for any u € K, (r). By (i) and (ii), we have

u(t) u(t)
hy(t,s)ds = f h(t,s)dt >0 as u(t) #0. (3.30)

0

Hy(t u(t)) =f

0

Then, foT Hi(t,u(t))dt > 0 for any u € K, (r).
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Let a, = infuek,(r fy Hi(t,u(t)dt, f = infuerc,n S, fo” 1i(s)ds, then a, > 0, B, < 0.
Let A, = ((1/2)r* - B,)a,' > 0, then when A > 1\, for any u € K, (r), we have

¢1(u) < %rz —\a, - B
S W (3.31)
=0.

By Theorem 2.2, ¢; possesses at least n distinct pairs of nontrivial critical points. Then,
problem (3.19) has at least n distinct pairs of nontrivial classical solutions, that is, problem
(1.1) has at least n distinct pairs of nontrivial classical solutions O

Theorem 3.6. Let the following conditions hold.
(i) There exist constants ¢ > 0 such that h(t,c) = 0, h(t,u) > 0 for every u € (0,0).
(ii) There exist aj,b; > 0,and y; € [0,1) (j=1,2,...,p) such that

|Ii(w)| < aj+bjlul  foranyueR (j=1,2,...,p). (3.32)

(iii) h(t,u) and I;(u) (j =1,2,...,p) are odd about u.

Then, for any n € N, there exists A, such that A > \,,, and problem (1.1) has at least n distinct
pairs of nontrivial classical solutions.

Proof. The proof is similar to the proof of Theorem 3.5, and we omit it here. O

Theorem 3.7. Let the following conditions hold.

(i) There exist constants o1 > 0 such that h(t,o1) < 0.
(ii) There exist aj,b; >0, and y; € [0,1) (j =1,2,...,p) such that

|Ii(w)| < aj+bjlul’ foranyueR (j=1,2,...,p). (3.33)

(iii) h(t,u) and I;(u) (j =1,2,...,p) are odd about u and lim,, _oh(t, u)/u = 1 uniformly for
te[0,T].

Then, for any n € N, there exists A, such that X > \,,, and problem (1.1) has at least n distinct
pairs of nontrivial classical solutions.

Proof. Let

h(t,o1), u>oy,
hZ(tl u) = h(tl u)/ |u| <o, (334)

h(t,-01), u<-oy,
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then h,(t, u) is continuous, bounded, and odd. Consider boundary value problem

u"(t) + Aha(tu(t)) =0, t#t;, ae te[0,T],
—Au'(t,-) :Ij(u(tj)), j=1,2,...,p, (335)
u(0) =u(T)=0

Next, we will verify that the solutions of problem (3.35) are solutions of problem (1.1). In fact,
let uy(t) be the solution of problem (3.35). If maxo<<ro(t) > 01, then there exists an interval
[a,b] C [0,T] such that

up(a) = uog(b) =01, up(t) >o1 foranyt e (a,b). (3.36)
When t € [a,b], by (i), we have
ug(t) = —Ahy(t,u) = —Ah(t, 01) > 0. (3.37)
Thus, u;(t) is nondecreasing in [a, b]. By u,(a) > 0 and u;(b) < 0, we have
0 <uy(a) <uy(t) <uy(b) <0 for every t € [a,b]. (3.38)

That is, uy(t) = 0 for any t € [a,b]. So, there exists a constant d such that uy(t) = d, which
contradicts (3.36). Then maxo<<ruo(t) < o1. Similarly, we can prove that ming<<rug(t) > —0o7.
Then, uy(t) is solution of problem (1.1).

For every u € X, we consider the functional

¢ :X —R, (3.39)

defined by

1 ) T P rulty)
a0 = 31 =2 [ uo)de= 3 [ peds (3.40)
=1

where Hy (t,u) = [ ha(t, s)ds.
It is clear that ¢, is Fréchet differentiable at any u € X and

@5 (u)(v) = f u' (D)o (t)dt - )Lf ho(t, u(t))v(t)dt — ZI (u(t;))o(t)), (3.41)

for any v € X. Obviously, ¢, is continuous. By Lemma 2.3, we have the critical points of ¢,
as solutions of problem (3.35). By (3.40) and (iii), ¢ € C'(X,R) is an even functional and

¢2(0) =
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Next, we will show that ¢, is bounded from below. Let M; = max{ay, as,...,a,},
M; = max{by, b, ...,by}. since uhy(t,u) <0 for [u| > o, thus

T T ru(t) T oy
f Ha (t, u(t))dt = f f ha(t, s)ds dt < I j ha(t, s)ds dt = e. (3.42)
0 070 0J0

By (ii) and Lemma 2.4, we have

1 ) T P rult))
a0 = 3P =2 [ Hauo)de= 3 [ pe)ds
=1

P 3.43
lull? — e — pMy VT ] — My S T072 i1 (5:49)

=1

2

NI =

> —c0,

for any u € X. That s, ¢, is bounded from below.

In the following we will show that ¢, satisfies the Palais-Smale condition. Let {ui} ¢ X
such that {¢;(ux)} is a bounded sequence and limy _, ¢, (ux) = 0. Then, there exists My > 0
such that

|2 (i) | < M. (3.44)

By (3.43), we have

1 14
E||uk||2 < My + de + pMiVT ||| + My Y TO+D72| gy |+, (3.45)
j=1

It follows that {u} is bounded in X. In the following, the proof of the Palais-Smale condition
is the same as that in Theorem 3.1, and we omit it here.

Take the same K, (r) as in Theorem 3.1, then for any r > 0, there exists an odd
homeomorphism f : K,(r) — S". By (iii), for any 0 < & < 1, there exists 6 > 0, when
|u| < 6, we have

ho(t,u) > u — €lul. (3.46)

Let 0 < r < min{o1/VT,8/VT}, then ||ull, < VT|lul| = VTr < min{oy, 6} for any u € K, (r).
Then, [] Ha(t,u(t)dt = f§ [ ho(t, s)dt > [] (1/2)(1 - &)|u(t)Pdt > 0 for any u € K, (r).
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Let a, = infuek, () fo Hy(t,u(t))dt, pn = infuek, (r)z 1f0 )I (s)ds, then a,, > 0. Let
Ay = max{((1/2)r* - n)a;},0}, then when A > A, for any u € K, (r), we have

2

1
p1(u) < Er —Aay, — P

2 (3.47)

1
< Er — \uaty — P

<0.

By Theorem 2.2, ¢, possesses at least n distinct pairs of nontrivial critical points. Then,
problem (3.35) has at least n distinct pairs of nontrivial classical solutions, that is, problem
(1.1) has at least n distinct pairs of nontrivial classical solutions. O
Theorem 3.8. Let the following conditions hold.
(i) There exist constants o1 > 0 such that h(t,o1) < 0.
(ii) limy, —oh(t, u)/u = 1 uniformly for t € [0, T].
(iii) h(t,u) and I;(u) (j = 1,2,...,p) are odd about u and jg Ii(s)ds <0 foranyu € R (j =
1,2,...,p).

Then, for any n € N, there exists A, such that A > \,,, and problem (1.1) has at least n distinct
pairs of nontrivial classical solutions.

Proof. The proof is similar to the proof of Theorem 3.7, and we omit it here. O

4. Some Examples

Example 4.1. Consider boundary value problem

u'(t) + M1+ t)y/u(t) =0, t#t;, ae te[0,x],
AW () =-u(t), j=12, (4.1)
u(0) = u(r) =

It is easy to see that conditions (i), (ii), and (iii) of Theorem 3.1 hold. Let

e 3 (7 4/3 2 r?
an—uelgf(r)zf (1 +t)|u(t)] dt> 1r1f —f |u(t)|dt>4 =

o) (4.2)

: 2 Ju(t)[* >
a uelKn,,f(r) Z J‘ sds = uelKnnf(r) - ]Z:;T 2~

then A, = ((1/2)r* - Bn)a;! < ((2 + 4r)/3)n?. Applying Theorem 3.1, then for any n € N,
when A > ((2 + 4ur)/3)n?, problem (4.1) has at least n distinct pairs of nontrivial classical
solutions.
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Example 4.2. Consider boundary value problem

u'(t) + M1+ 0y u(t) =0, t#t;, ae te[0,x],

A (1) = fu(t), =12, (4.3)

u(0) =u(r)=0

It is easy to see that conditions (i), (ii), and (iii) of Theorem 3.3 hold. Let r = 1/2+/,

T 2
a, = inf éf (1+t)|u(t)|4/3dt> 1nf -f lu(t)? dt>4

uek, (r 4 27
2 utt) 2 4 R (4.4)
= 1 f — d = i f - —_ t - =
pn uEII<n,,(r) Zfo s ° uellpn(r) Z4|u( ])| > 27

j=1 j=1

then A, = ((1/2)r% - ﬂn)oc’1 ((2 + 24r) /3)n*. Applying Theorem 3.3, then for any
n € N, when A > ((2 + 24or)/3)n?, problem (4.3) has at least n distinct pairs of nontrivial
classical solutions.

Example 4.3. Consider boundary value problem

W' (t) +A(1 + t2> [u(t) - (u(t))3] =0, t#tj, ae te[0,x],
AU (t) = -u(t), j=12, (4.5)

u(0) =u(xr)=0

Let 0 =1, it is easy to see that conditions (i), (ii), and (iii) of Theorem 3.5 hold. Let

T 1 2
_ 2 — —
a= inf O <1+t ><2|u(t)| Ll )dt> inf f lu(t)Pdt > ~— et
46
pu= ot [ (sl v
n = 1In —_ sds = in 7
uek, (r) b= 0 uek, (r) i1

then A, = ((1/2)r? - Bn)a;! < (2 + 4)n*. Applying Theorem 3.5, then for any n € N,
when A > (2+4ar)n?, problem (4.5) has at least n distinct pairs of nontrivial classical solutions.

Example 4.4. Consider boundary value problem

W' (t) +J\[u(t) el +t)(u(t))3] =0, t#tj, ae te[0,x],

—Au'(t) = —\%th), i=12, (4.7)

u(0) =u(r) =0
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Let 0y = 1, it is easy to see that conditions (i), (ii), and (iii) of Theorem 3.7 hold. Let
r=1/4/,
711 1 1 (" r?
= inf Slu®f - 1 +H)u®)*|dt> inf - HPdt > —,
a= inf [ [Gu0F - Ja0ol|ar> o [ wofars

(4.8)

) f 2 u(tj) 1/3d . f 2 3 ; 43 3
ﬁn B uelllgn(r)_j;fo s 5= uelKnn(r)_jglzlu( ])| > _E,

then A, = ((1/2)r* - Bu)a;! < (2 + 247r)n®. Applying Theorem 3.7, then for any n €
N, when A > (2 + 24)n?, problem (4.7) has at least n distinct pairs of nontrivial classical
solutions.
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