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We are concerned with the existence of positive solutions of singular second-order boundary value
problem u' () + f(t,u(t)) =0,t€ (0,1), u(0) = u(1) = 0, which is not necessarily linearizable. Here,
nonlinearity f is allowed to have singularities at t = 0,1. The proof of our main result is based
upon topological degree theory and global bifurcation techniques.

1. Introduction

Existence and multiplicity of solutions of singular problem

u'+ f(t,u)=0, te(0,1),
(1.1)
u(0) =u(l) =0,

where f is allowed to have singularities at t = 0 and t = 1, have been studied by several
authors, see Asakawa [1], Agarwal and O’Regan [2], O’'Regan [3], Habets and Zanolin [4],
Xu and Ma [5], Yang [6], and the references therein. The main tools in [1-6] are the method of
lower and upper solutions, Leray-Schauder continuation theorem, and the fixed point index



2 Boundary Value Problems

theory in cones. Recently, Ma [7] studied the existence of nodal solutions of the singular
boundary value problem

u' +ra(t)f(u)=0, te(0,1),
u(0) =u(l) =0,

(1.2)

by applying Rabinowitz’s global bifurcation theorem, where a is allowed to have singularities
att =0,1and f is linearizable at 0 as well as at co. It is the purpose of this paper to study the
existence of positive solutions of (1.1), which is not necessarily linearizable.

Let X be Banach space defined by

1
X = {¢eL}OC(o,1)|f0 t(1—t)|¢(t)|dt<oo}, (1.3)

with the norm

1
11l = fo KL - 8)] ()|, 14)

Let

X, ={peX|p(t)>0,ae te(0,1)},

1 (1.5)
X, = {¢ e X, | fo t(1-t)p(t)dt > O}.

Definition 1.1. A function g : (0,1) x R — R is said to be an L| -Carathéodory function if it
satisfies the following:

(i) for each u € R, g(-, u) is measurable;
(ii) for a.e. t € (0,1), g(¢,-) is continuous;

(iii) for any R > 0, there exists hg € X}, such that

|g(t,u)| < hr(t), ae te(0,1), [ul <R (1.6)

In this paper, we will prove the existence of positive solutions of (1.1) by using the
global bifurcation techniques under the following assumptions.

(H1) Let f : (0,1) x [0,00) — [0,00) be an Llloc—Carathéodory function and there
exist functions ag(-), a’(-), ce(-), and c*(-) € Xp, such that

ap(tyu —&1(t,u) < f(t,u) < ao(t)u + & (t,u), (1.7)
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for some Llloc—Carathéodory functions ¢1, ¢, defined on (0,1) x [0, c0) with
Gt u) = o(ag(tw), &(tw) =o(a’(Hu), asu—0, (18)
uniformly for a.e. t € (0,1), and
co(u—2Ci(t,u) < f(t,u) <c®t)u+G(t,u), (1.9)
for some Llloc—Carathéodory functions {1, { defined on (0,1) x [0, o0) with
Gt u) = o(cw(hu), Ga(t,u) =o(c*(Hu), asu — oo, (1.10)

uniformly for a.e. t € (0,1).
(H2) f(t,u) >0fora.e.t € (0,1) and u € (0, ).
(H3) There exists function ¢;(-) € X, such that

ft,u)>ci(t)u, ae. te(0,1), uc|0, ). (1.11)

Remark 1.2. If ag(+), a°(*), ¢ (+), and c*(-) € C([0, 1], (0, 0)), then (1.8) implies that

&Ht,u)y=o(u), &Etu)=o(u), asu — 0, (1.12)

and (1.10) implies that

Gi(t,u) =o(u), &(t,u) =o(u), asu — oo. (1.13)

The main tool we will use is the following global bifurcation theorem for problem
which is not necessarily linearizable.

Theorem A (Rabinowitz, [8]). Let V' be a real reflexive Banach space. Let F : Rx V. — V be
completely continuous, such that F(1,0) =0, for all A € R. Let a,b € R (a <b), such that u = 0 is
an isolated solution of the following equation:

u-FAu)=0, uey, (1.14)

for A = aand A = b, where (a,0), (b,0) are not bifurcation points of (1.14). Furthermore, assuie
that

d(I - F(a,-),B:(0),0) #d(I - F(b,-), B;(0),0), (1.15)

where B, (0) is an isolating neighborhood of the trivial solution. Let

S ={(Au): (A u) is a solution of (1.14) with u#0} U ([a,b] x {0}), (1.16)
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then there exists a continuum (i.e., a closed connected set) C of S containing [a,b] x {0}, and either
(i) C is unbounded in V x R, or
(ii) CN [(R\ [a,b]) x {0}] #0.

To state our main results, we need the following.

Lemma 1.3 (see [1, Proposition 4.7]). Let a € X}, then the eigenvalue problem

u' +lat)u=0, te(0,1),
(1.17)
u(0) =u(l)=0

has a sequence of eigenvalues as follows:

0<A(a) <A(a) < - <A(a) < Agp(a)<---, klim Ak (a) = oo. (1.18)
Moreover, for each k € N, A (a) is simple and its eigenfunction ¢ € C1[0,1] has exactly k — 1 zeros
in (0,1).

Remark 1.4. Note that g € C1[0,1] and ¢ (0) = ¢ (1) = O for each k € N. Therefore, there
exist constants My > 0, such that

lg(t)| < Mit(1-t), tel0,1]. (1.19)
Our main result is the following.
Theorem 1.5. Let (H1)—(H3) hold. Assume that either
Miey) <1< )Ll(ao) (1.20)
or
A(ag) <1< M(c®), (1.21)

then (1.1) has at least one positive solution.

Remark 1.6. For other references related to this topic, see [9-14] and the references therein.

2. Preliminary Results

Lemma 2.1 (see [15, Proposition 4.1]). For any h € X, the linear problem

u'(t)+h(t)=0, te(0,1),
(2.1)
u(0)=u(1l)=0
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has a unique solution u € W1(0,1) and u' € ACioc(0, 1), such that

1
u(t) = f G(t,s)h(s)ds, (2.2)
0
where
s(1-t), 0<s<t<l1,
G(t,s) = (2.3)
t(l1-s), 0<t<s<l.
Furthermore, if h € X, then
u(t) >0, te]0,1]. (2.4)

Let Y = C[0, 1] be the Banach space with the norm ||u|| = maxe[o,7|u(t)|, and
E={ueC[0,1] | u(0) = u(1) = 0}. (2.5)
Let L: D(L) CY — X be an operator defined by

Lu=-u", ueD(L), (2.6)

where

D(L) = {u e W (0,1) |« € X, u(0) = u(1) = o}. (2.7)

Then, from Lemma 2.1, L™! : X — CJ[0,1] is well defined.

Lemma 2.2. Let a € X, and g be the first eigenfunction of (1.17). Then for all u € D(L), one has

1

1
fo " (B (1) dt = f u(t)y) (Hdt. (2.8)

0

Proof. For any 6 € (0,1/2), integrating by parts, we have

1-6 1-6
f u' (g ()t = o |y — ugl ]y + f u(t)g! (t)dt. (2.9)
& )

Since u € D(L) and ¢ € C'[0,1], then

girr})u(é)(pi((ﬁ) = %in})u(l -6)y;(1-6)=0. (2.10)
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Therefore, we only need to prove that

%in})u'(ﬁ)(pl(('i) =0, %irr})u'(l -8)yp1(1-6)=0. (2.11)

Let us deal with the first equality, the second one can be treated by the same way. Note that
u € D(L), then

(1 (1)) = +tu" € L'(0,6), (2.12)
which implies that tu/(t) € AC[0, 8]. Then tu/(t) is bounded on [0, 6]. Now, we claim that
}ijrét|u’(t)| =0. (2.13)
Suppose on the contrary that lim;_,ot[u'(£)| = a > 0, then for 6 small enough, we have
tu ()] > g te0,6]. (2.14)
Therefore,

6 6 a
o > j |/ () |dt > f —dt = oo, (2.15)
0 0 2t

which is a contradiction. Combining (1.19) with (2.13), we have
|t/ (6)y1(6)| < Mi(1-6)6|u/(6)] — 0, 6 — 0. (2.16)

This completes the proof. O

Remark 2.3. Under the conditions of Lemma 2.2, for the later convenience, (2.8) is equivalent
to

(Lu, ¢1) = (u, Lgnn ). (2.17)
Lemma 2.4 (see [1, Lemma 2.3]). For every p € X, the subset K defined by

K=L"'({peX||pt)| <p(t), ae te(0,1)}) (2.18)

is precompact in C[0,1].

Let X C R* x E be the closure of the set of positive solutions of the problem

Lu = Af(t,u). (2.19)
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We extend the function f to an L] -Carathéodory function f defined on (0,1) x R by

o - { Ftu), (tu) € (0,1) x [0,00), 020

f(t/ 0)/ (t/ ‘L[) € (0/1) X (—OO, O)

Then f(t, u) > 0foru € Rand a.e. t € (0,1). For A > 0, let u be an arbitrary solution of the
problem

Lu = Af(tu). (2.21)

Since )Lf(t,u(t)) > 0forae. t € (0,1), Lemma 2.2 yields u(t) > 0 for t € [0,1]. Thus, uis a
nonnegative solution of (2.19), and the closure of the set of nontrivial solutions (A, 1) of (2.21)
in R* x E is exactly .

Let g : (0,1) xR — R be an L}OC—Carathéodory function. Let N : E — X be the
Nemytskii operator associated with the function g as follows:

N(u)(t) = g(t,u(t)), ueckE. (2.22)

Lemma 2.5. Let g(t,u) > 0on [0,1] x R. Let u € D(L) be such that Lu > )LZ/\I\(u) in (0,1), A > 0.
Then,

u(t) >0, te(0,1). (2.23)

Moreover, u(t) > 0,t € (0,1), whenever u#0.

Let N : E — X be the Nemytskii operator associated with the function f as follows:
N(u)(t) = f(t,u), uekE. (2.24)
Then (2.21), with A > 0, is equivalent to the operator equation
u=AL"'N®@u), ueckE, (2.25)

that is,

u(t) = Af: G(t,s)N(u(s))ds, ue€eE. (2.26)

Lemma 2.6. Let (H1) and (H2) hold. Then the operator L"'N : C[0,1] — CJ[0,1] is completely
continuous.
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Proof. From (1.10) in (H1), there exists R > 0, such that, for a.e. t € (0,1) and |u| > R,
1 1 .
|G (t, u)| < Ecm(t)u, [Ca(t, 1) < 5¢ (Hu. (2.27)

Since J_‘ is an Llloc—Carathéodory function, then there exists hg € X}, such that, fora.e.t € (0,1)
and |u| < R, |?(t, u)| < hg(t). Therefore, for a.e. t € (0,1) and u € R, we have

|7(t,u)| < gcw(t)u + hr(t). (2.28)

For convenience, let T = L™'N. We first show that T : C[0,1] — CJ[0,1] is continuous.
Suppose that u,, — uin C[0,1] as m — oo. Clearly, f(t,u,,) — f(t,u) asm — oo for a.e.
t € (0,1) and there exists M > 0 such that ||u,,|| < M for every m € N. It is easy to see that

1 — —
ITtm(t) — Tu(t)| < fo s(1- s)|f(s,um(s)) ~F(s,u(s))|ds, o)
2.29

|f(s, Un(8)) — f(s,u(s))| <3c¢®(s)M + 2hg(s), ae.se (0,1).

By the Lebesgue dominated convergence theorem, we have that Tu,, — Tu in C[0,1] as
m — oo. Thus, L™!N is continuous.

Let D be a bounded set in C[0, 1]. Lemma 2.4 together with (2.28) shows that T(D) is
precompact in C[0, 1]. Therefore, T is completely continuous. O

In the following, we will apply the Leray-Schauder degree theory mainly to the
mapping @, : E — E,

@) (1) =u—- AL'N(u). (2.30)

For R > 0,let Bg = {u € E : ||u|| < R}, let deg(®d,, Bg, 0) denote the degree of @, on Br with
respect to 0.

Lemma 2.7. Let A C R* be a compact interval with [A1(a’), \1(ag)] N A = @, then there exists a
number 61 > 0 with the property

@, (u)#0, YueY:0<|ul <6, YAEA. (2.31)

Proof. Suppose to the contrary that there exist sequences {y,} C Aand {u,}inY : pu, — p* €

A, u, — 0inY, such that ®,, (u,) = 0 for all n € N, then, u, > 0in [0, 1].



Boundary Value Problems 9

Set v, = u,/||un||. Then Lo, = I"n”unll_lN(un) = ,un”un”qf(t/ uy) and [|v,|| = 1. Now,
from condition (H1), we have the following:

ao(b)in — &1 (t, un) < f(E 1) < a®(B)un + o (t, un), (2.32)
and accordingly
_ ‘;1 (t, un) f(t' un) 0 §2 (t/ un)
(O = S ) < < 0+ S ) (2:39)

Let ¢° and ¢y denote the nonnegative eigenfunctions corresponding to \;(a’) and
A1(ap), respectively, then we have from the first inequality in (2.33) that

(pn (anttyo, - £ )0 < <ynf ( ”"),<p0> — (Low go)- (2.34)

[l ([

From Lemma 2.2, we have that
(Lvw, 90) = (vn, Lpo) = M1 (ag){vn, ao(t)¢o). (2.35)
Since u,, — 01in E, from (1.12), we have that

Gtw)
o]

0, as |lu,|| — 0. (2.36)

By the fact that ||v,|| = 1, we conclude that v, — v in E. Thus,
(vn, ao(t)po) — (v, ao(t)po). (2.37)
Combining this and (2.35) and letting n — oo in (2.34), it follows that
(urao(t)v, o) < Ai(ao)(ao(t)po,v), (2.38)
and consequently
i < i (ap). (2.39)
Similarly, we deduce from second inequality in (2.33) that
A <a0> < U (2.40)

Thus, A1 (a’) < u* < Ai(ap). This contradicts p* € A. O
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Corollary 2.8. For A € (0,11(a%)) and 6 € (0,61), deg(®,, Bs,0) = 1.

Proof. Lemma 2.7, applied to the interval A = [0, 1], guarantees the existence of 6; > 0, such
that for 6 € (0, 61),

u—-TAL'N(u)#0, ucE:0<|ul| <6 7€[0,1]. (2.41)
This together with Lemma 2.6 implies that for any 6 € (0, 61),
deg(®,, Bs,0) = deg(I,Bs,0) =1, (2.42)

which ends the proof. O

Lemma 2.9. Suppose A > Ai(ay), then there exists 6, > 0 such that for all u € E with 0 < ||u|| < 6,
forall T >0,

@, (u) # 7o, (2.43)

where (g is the nonnegative eigenfunction corresponding to A1 (ap).

Proof. Suppose on the contrary that there exist 7, > 0 and a sequence {u, } with ||u,|| > 0 and
u, — 0in E such that @) (u,) = T, for all n € N. As

Lu, = AN (uy) + 1,01 (ao)ao(t)po (2.44)

and 7,1 (ap)ao(t)po > 0in (0,1), it concludes from Lemma 2.2 that

u,(t) >0, tel[o,1]. (2.45)

Notice that u, € D(L) has a unique decomposition

Uy = Wy + Splpo, (2.46)

where s, € R and (w,, ap(t)¢po) = 0. Since u, > 0 on [0,1] and ||u,|| > 0, we have from (2.46)
that s, > 0.
Choose ¢ > 0, such that

A= hi@)

1 (2.47)

(o)

By (H1), there exists r; > 0, such that

|&1(t, u)| <oap(t)u, a.e.te€(0,1), uel0,r]. (2.48)
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Therefore, fora.e. t € (0,1), u € [0,11],

ft,u) > ao(t)yu—&i(t,u) > (1-o0)ao(t)u.

Since ||u,|| — 0, there exists N* > 0, such that
0<up,<r, Vnz=N~,
and consequently
ft,u,) > (1 -0)ag(t)u,, Yn>N".
Applying (2.51), it follows that

SnA1(ao) (o, ao()po) = (un, Lepo) = (L, o)

= M{(N (un), @o) + Tnk1(ao){ao(t)po, o)
> MN (un), 90) > M(1 = o) ao(t)un, ¢o)

=A(1-0){ao(t)po, tn)
= A(1 - 0)s{ao(t)po, 9o)-

Thus,
)Ll(llo) > .)L(]. - O').

This contradicts (2.47).

Corollary 2.10. For A > Ai(ap) and 6 € (0,6,), deg(d,, Bs,0) = 0.

11

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

Proof. Let0 < 6 < 6, where 6, is the number asserted in Lemma 2.9. As @, is bounded in Bs,

there exists ¢ > 0 such that @, (u) # cyy, for all u € Bs. By Lemma 2.9, one has

@, (u) #Tcypy, u€0Bs, Te[0,1].

This together with Lemma 2.6 implies that

deg(®,, Bs,0) = deg (D, — cyo, Bs,0) = 0.

Now, using Theorem A, we may prove the following.

(2.54)

(2.55)
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Proposition 2.11. [A;(a®), A1 (ao)] is a bifurcation interval from the trivial solution for (2.30). There
exists an unbounded component C of positive solutions of (2.30) which meets [A1(a®), M1 (ao)] x {0}.
Moreover,

cn [(R \ [/\1 <a0>,)ul(ao)]> x {0}] = 0. (2.56)

Proof. For fixed n € N with A1(a’) - (1/n) > 0, let us take that a, = A1(a’) — (1/n), b, =
Ai(ap) +(1/n) and 5= min{6;, 6,}.lItis easy to check that, for 0 < 6 < 8, all of the conditions
of Theorem A are satisfied. So there exists a connected component C, of solutions of (2.30)
containing [a,, b,] x {0}, and either

(i) C, is unbounded, or
(i) Cu N [(R\ [@n, bn]) x {0}] #0.

By Lemma 2.7, the case (ii) can not occur. Thus, C,, is unbounded bifurcated from [a,, b,] x {0}
in R x E. Furthermore, we have from Lemma 2.7 that for any closed interval I C [ay,, b,] \
[A1(a%), M1 (ag)], if u € {y € E | (\,y) € Z,1 € I}, then |ju|| — 0 in E is impossible. So C,
must be bifurcated from [A;(a’), A1 (ao)] x {0} in R x E. O

3. Proof of the Main Results

Proof of Theorem 1.5. 1t is clear that any solution of (2.30) of the form (1, u) yields solutions u
of (1.1). We will show that C crosses the hyperplane {1} x E in R x E. To do this, it is enough
to show that C joins [A1(a%), A1 (a)] x {0} to [A1(c®), M1 (co)] x {o0}. Let (114, yn) € C satisfy

N + ||y || — 0. (3.1)

We note that 7, > 0 for all n € N since (0,0) is the only solution of (2.30) for A = 0 and
Cn ({0} xE)=0.

Case 1. consider the following:
Milew) <1<l <a0>. (3.2)

In this case, we show that the interval
()Ll(coo),xl(ao» C{LeR|(\u)ecC). (3.3)

We divide the proof into two steps.

Step 1. We show that {7, } is bounded.
Since (1n, Yn) € C, Lyn = finf (t, yn). From (H3), we have

Lyn 2 fuc1(H)Yn- (34)
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Let ¢ denote the nonnegative eigenfunction corresponding to A;(c1).
From (3.4), we have

(LYn ) 2 Ma{cr(B)Yn, P)- (3.5)
By Lemma 2.2, we have
M(e)(Yn 1 (P) = (Yn, Lp) 2 1n{c1 (D), Yn)- (3.6)
Thus,
fn < M (c1). (3.7)

Step 2. We show that C joins [A;(a), A1 (ag)] x {0} to [A1(c*®), A1(ce)] % {o0}.
From (3.1) and (3.7), we have that ||y,|| — oo. Notice that (2.30) is equivalent to the
integral equation

1
Yn(t) =1 J‘o G(t,8)f(s,yn(s))ds, (3.8)

which implies that

1
" jo G(t,9) [ (5)yn(5) + &a(5, ¥ (5))]d5 > yu(t)
(3.9)

1
> 11 fo G(t,5) [coo(8)Yn(5) — &1.(5, yu(s)) ] ds.

We divide the both sides of (3.9) by |ly.|| and set v, = y,./||y.|l. Since v, is bounded in E,
there exist a subsequence of {v,} and v* € E with v* > 0 and v*#0 on (0, 1), such that

N — 1", vn—0v" inE, (3.10)

relabeling if necessary. Thus, (3.9) yields that

1
n* r G(t,s)c®(s)v*(s)ds > v*(t) > n* J‘ G(t,8)ce(s)v™(5)ds. (3.11)
0 0
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Let ¢* and ¢, denote the nonnegative eigenfunctions corresponding to A;(c*) and
A (cs), respectively, then it follows from the second inequality in (3.11) that

1 (€0){Cootpon, V) = (Lipoo, v*) = (=g, 0 J‘ oo (H)o*(t)dt

f Yo () j (t,5)Ceo (5)v™ (5)dsdt

3.12
= —q*f cw(s)v*(s)f G(t, s)pL, (t)dtds (312)
0 0
1
1 [ a0 )91
0
= 1" (Coopons V"),
and consequently
7" < Ai(Cos)- (3.13)
Similarly, we deduce from the first inequality in (3.11) that
A1 (c®) <71 (3.14)
Thus,
M(c®) <" < h(ea). (3.15)
So Cjoins [A1(a”), A1(a0)] x {0} to [A1(c*), A1(ceo)] x {o0}.
Case 2. M(ap) <1< Ai(c™).
In this case, if (17, y») € C is such that
Jim (11 + [|ynl]) = oo,
(3.16)
Jimm =
then
(L1(a0), 11 (c*)) € {4 € (0,00) | (A, u) € C}, (3.17)

and moreover,

({1} x E) n C #0. (3.18)



Boundary Value Problems 15

Assume that {7,} is bounded, applying a similar argument to that used in Step 2 of
Case 1, after taking a subsequence and relabeling if necessary;, it follows that

M — 1" € [M(c®), li(co)],  ||yn]| — 0, as n— oo (3.19)
Again Cjoins [A1(a%), A1 (ag)] x {0} to [A1(c®), L1 (ce)] x {00} and the result follows.

O

Remark 3.1. Lomtatidze [13, Theorem 1.1] proved the existence of solutions of singular two-
point boundary value problems as follows:

u'(t) = g(t,u),

(3.20)
u(a) =0, u(b) =0,
under the following assumptions:
(A1)
g(t,x) <hi(f)x, 0<x<6,
1 (3.21)
g(t/x) 2 hZ(t)x/ x> 3/
where h; : (a,b) — R(i = 1,2) satisfies the following condition:
b
J‘ (t—a)(b-1t)|hi)|dt <+0 (i=1,2), (3.22)
(A2) Fori=1,2, let v; be the solution of singular IVPs
o"(t) = hi(t)o, v(a) =0, v'(a) =1, (3.23)

satisfying ©; has at least one zero in (a, b] and v, has no zeros in (a, b].

It is worth remarking that (A1)-(A2) imply Condition (1.21) in Theorem 1.5. However,
Condition (1.21) is easier to be verified than (A1)-(A2) since A;(c*) and A;(ag) are easily
estimated by Rayleigh’s Quotient.

The language of eigenvalue of singular linear eigenvalue problem did not occur until
Asakawa [1] in 2001. The first part of Theorem 1.5 is new.
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