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We study the existence of positive solutions to the three-point integral boundary value problem
u'+a(t)f(u)=0,te (0,1),u(0) =0, afg u(s)ds = u(1), where 0 < 7 < 1and 0 < a < 2/1%. We show
the existence of at least one positive solution if f is either superlinear or sublinear by applying the
fixed point theorem in cones.

1. Introduction

The study of the existence of solutions of multipoint boundary value problems for linear
second-order ordinary differential equations was initiated by II'in and Moiseev [1]. Then
Gupta [2] studied three-point boundary value problems for nonlinear second-order ordinary
differential equations. Since then, nonlinear second-order three-point boundary value
problems have also been studied by several authors. We refer the reader to [3-19] and the
references therein. However, all these papers are concerned with problems with three-point
boundary condition restrictions on the slope of the solutions and the solutions themselves,
for example,

u(0) =0,  au(n) =u(l),
u(0) = pu(n),  au(n) =u(l),
u'(0) =0, au(n) =u(1), (1.1)
u(0) - pu'(0) =0,  au(n) =u(1),
au(0) - pu'(0) =0, u'(n) +u'(1) =0,

and so forth.
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In this paper, we consider the existence of positive solutions to the equation
u'+a(t)f(u)=0, te(0,1), (1.2)

with the three-point integral boundary condition
1
u(0) =0, af u(s)ds = u(1), (1.3)
0

where 0 < 77 < 1. We note that the new three-point boundary conditions are related to the area
under the curve of solutions u(t) fromt=0tot =17.

The aim of this paper is to give some results for existence of positive solutions to (1.2)-
(1.3), assuming that 0 < a < 2/7? and f is either superlinear or sublinear. Set

fo = lim S foo = lim ) (14)

u—0" U u—ow U

Then fy = 0 and f,, = oo correspond to the superlinear case, and fy = oo and f,, = 0
correspond to the sublinear case. By the positive solution of (1.2)-(1.3) we mean that a
function u(t) is positive on 0 < t < 1 and satisfies the problem (1.2)-(1.3).

Throughout this paper, we suppose the following conditions hold:

(H1) f € C([0,%0), [0, 0));

(H2) a € C([0,1], [0, o0)) and there exists ty € [#, 1] such that a(t) > 0.

The proof of the main theorem is based upon an application of the following
Krasnoselskii’s fixed point theorem in a cone.

Theorem 1.1 (see [20]). Let E be a Banach space, and let K C E be a cone. Assume Q1, Q, are open
subsets of E with 0 € Q;, Qp C Qp, and let

A:Kn(ﬁl\gz)HK (1.5)

be a completely continuous operator such that

(1) [JAul| < |lull, v € KN oLy, and ||Aul| = ||lul|, u € KN oQy; or

(ii) [[Aul| = flull, u € KNy, and ||Aull > [lull, u € K N 0Q,.

Then A has a fixed point in K N (Q, \ Q).
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2. Preliminaries
We now state and prove several lemmas before stating our main results.

Lemma 2.1. Let an? #2. Then for y € C[0,1], the problem

u"+y(t)=0, te(0,1),

1
u(0) =0, aJ‘ u(s)ds = u(1),
0

has a unique solution

2t (! at (" 2 !
u(t) = m fo (1-s)y(s)ds - m J; (n-s)"y(s)ds - Jl)(t - s)y(s)ds.
Proof. From (2.1), we have
() =~y (t).

For t € [0,1), integration from 0 to t, gives

t

u'(t) = u'(0) —f y(s)ds.

0

For t € [0,1], integration from 0 to ¢ yields that

u(t) = u' (0)t - f; (Jj y(s)ds) dx,

that is,

t

u(t) = u' (0)t - J (t - s)y(s)ds.

0

So,

1
u(1) =1/ (0) - J;) (1-s)y(s)ds.

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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Integrating (2.7) from 0 to 7, where 17 € (0, 1), we have

Jql u(s)ds = u’(O)%2 - J‘n <Jj(x - s)y(s)ds)dx

0 0

2.9)
2 1
= u’(O)% - %L (n- s)zy(s)ds.
From (2.2), we obtain that
u'<0>—f<1— )y(s)d —u’<0>“—”2—5f"( ~5)"y(s)d (2.10)
. s)y(s)ds = 22Orlsyss. .
Thus,
, 2 1 n
u'(0) = 3 ar? L (1-s)y(s)ds - Z—a—mlz fo (n- s)zy(s)ds. (2.11)

Therefore, (2.1)-(2.2) has a unique solution

2t

u(t) = 2 —an?

1 at 1 5 t
_ - - - - . 2.12
[ a-oweas T ar [ @=9vas—[ t-9yeas. @1
[

Lemma 2.2. Let 0 < a < 2/n%. Ify € C(0,1) and y(t) > 0 on (0,1), then the unique solution u of
(2.1)-(2.2) satisfies u > 0 for t € [0,1].

Proof. If u(1) > 0, then, by the concavity of u and the fact that 1(0) = 0, we have u(t) > 0 for
te[0,1].
Moreover, we know that the graph of u(t) is concave down on (0, 1), we get

Jql u(s)ds > 1rlu(n), (2.13)
0 2

where (1/2)nu(r) is the area of triangle under the curve u(t) fromt =0tot =7 forn € (0,1).
Assume that u(1) < 0. From (2.2), we have

J‘q u(s)ds < 0. (2.14)
0

By concavity of u and [ u(s)ds < 0, it implies that u(1) < 0.
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Hence,
u(1) :aflu(s)ds u( ) > (”) 2.15)
0

which contradicts the concavity of u. O

Lemma 2.3. Let an® > 2. Ify € C(0,1) and y(t) > 0 for t € (0,1), then (2.1)-(2.2) has no positive
solution.

Proof. Assume (2.1)-(2.2) has a positive solution u.
If u(1) >0, then fg u(s)ds > 0, it implies that u(7) > 0 and

1 1 g
# = afo u(s)ds > 0‘2_’1”(11> = %“(Tﬂ) > @, (2.16)

which contradicts the concavity of u.

If u(1) = 0, then fg u(s)ds = 0, this is u(t) = 0 for all t € [0, n]. If there exists T € (77,1)
such that u(7) > 0, then u(0) = u(7) < u(r), which contradicts the concavity of u. Therefore,
no positive solutions exist. O

In the rest of the paper, we assume that 0 < an® < 2. Moreover, we will work in the
Banach space C[0, 1], and only the sup norm is used.

Lemma 2.4. Let 0 < a < 2/n% Ify € C[0,1] and y > 0, then the unique solution u of the problem
(2.1)-(2.2) satisfies

1r1f u(t) yllull, (2.17)
where
y = min{q, il ’“721(1—0”1’1)}' (2.18)
Proof. Set u(t) = ||u||. We divide the proof into three cases.
Case 1. It n < 7 < 1 and infiep, 1ju(t) = u(7), then the concavity of u implies that
@ > @ > u(t). (2.19)

Thus,

1nf u(t) 1||ul|. (2.20)
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Case 2. If n < 7 < 1and infief,1u(t) = u(1), then (2.2), (2.13), and the concavity of u implies

1 a |u(n) | _ an u(zr) _ an’
- > TN T WT) S T 7. :
u(t) = a | u(s)as > [ L > LD > L @.21)
Therefore,
inf u(t) > “—’72||u||. (2.22)
el T 2

Case 3. If T < 11 < 1, then infie[; 1)u(t) = u(1). Using the concavity of u and (2.2), (2.13), we
have

1) —
(o) < u(t) + WO =1 gy
1-7
1-2/an
<u(l) [1 -— 2.23
T (2.23)
2 2
— w4
an (1 —1)
This implies that
n(1-m)
> . 2.24
ot u(t) = =g llul (2.24)
This completes the proof. O

3. Main Results

Now we are in the position to establish the main result.

Theorem 3.1. Assume (H1) and (H2) hold. Then the problem (1.2)-(1.3) has at least one positive
solution in the case

(i) fo=0and f, = oo (superlinear), or

(i) fo = oo and fo = 0 (sublinear).
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Proof. It is known that 0 < a < 2/7?. From Lemma 2.1, u is a solution to the boundary value
problem (1.2)-(1.3) if and only if u is a fixed point of operator A, where A is defined by

2t (! ’1
Ault) = 32 [ 1=t fods = 7 [ (1=l futs) s
(3.1)

t
- L(t ~ $)a(s) f (u(s))ds.

Denote that

K = {u |ueC[0,1], u >0, inf u(t) > y||u||}, (3.2)
n<t<1

where y is defined in (2.18).
It is obvious that K is a cone in C[0, 1]. Moreover, by Lemmas 2.2 and 2.4, AK c K. It
is also easy to check that A : K — K is completely continuous.

Superlinear Case (fo = 0 and fo, = o).
Since fy = 0, we may choose H; > 0 so that f(u) < eu, for 0 < u < H;, where € > 0 satisfies

1
2_2—;12 Io (1-1s)a(s)ds < 1. (3.3)

Thus, if we let

Qi = {u e C[0,1] | [Jull < Hi}, (3.4)

then, for u € K N 0Q, we get
Au(t) < —21 fu — s)a(s) f(u(s))ds
S 2-an? )

2te (!
< 2_—0”12 fo (1 -s)a(s)u(s)ds -
2e

<
2—an?

1
L(l ~ s)a(s)ds|lu

< lull-

Thus ||Au|| < ||u]|, u € KN 0Q;.
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Further, since f,, = oo, there exists Hz > 0 such that f(u) > pu, for u ﬁz, where
p > 0is chosen so that

21 f1(1— ya(s)ds > 1 (3.6)
pYZ—mlz ) s)a(s)ds > 1. .

Let H, = max{ZHl,ﬁz/y} and ©, = {u € C[0,1] | ||u]| < H2}. Then u € K N 0, implies that

,15}2” > yllull = yHz > Ha, (3.7)

and so

Au(n) = 5 - s)za(s)f(u(s))ds

n
—f (1 )a(s) f(u(s))ds

f (1-s)a(s) f (u(s))ds -

g :(112 ~ 215 +5%)a(s) f (u(s))ds

1
Zan

j <2 arn >(11—s)a(s)f(u(s))ds

2

1 ds+ (" d
-5 [ aostutes + 5 [ sato o

1
- L Pa(s)f (u(s))ds - 2_—:}”12 jo a(s) f (u(s))ds (3.8)

+ Z—Laqz J‘q sa(s) f(u(s))ds

f (1 —s)a(s)f(u(s))ds+ TZ) f sa(s)f(u(s))ds

2a2

an
2 an?

5(71 —s)a(s) f (u(s))ds

f (1- s)a(s) f(u(s))ds

2a2

2np
2 an?

f (1 - s)a(s)u(s)ds > 2’1,0}’2 j1(1 —s)a(s)ds|ul| > ||ul.
2-an? ),

Hence, ||Aul| > ||ul|, u € K N 0. By the first past of Theorem 1.1, A has a fixed point in
KN (Q\ ©) such that Hy < ||lu|| < H,.
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Sublinear Case (fo = oo and fo, = 0).

Since fo = oo, choose H3 > 0 such that f(u) > Mu for 0 < u < H3, where M > 0 satisfies

2nyM
2 - an?

J (1-1s)a(s)ds >

Let
Q3 ={ueC[0,1] | [|ul| < Ha},

then for u € K N 0Q3, we get

Au(n) = 5

—s)a(s)f(u(s))ds - 5 —5)"a(s) f (u(s))ds

- f"(n ~ 5)a(s) f(u(s))ds

20c2

f (1- s)a(s) f (u(s))ds

211yM
2 an?

f (1 =s)a(s)ds||ul| > [u]|-

Thus, [|Au|| > ||u||, u € K N 0Qs. Now, since f,, = 0, there exists Hy > 0 so that f(u) <
u > Hy, where A > 0 satisfies

Py J(l—s)a(s)ds

Choose Hy = max{2Hs3, f—I\4/y}. Let
Qy = {ueC[0,1] | [lull < Hy},
then u € K N 0L, implies that

i > = > H.,.
ng}ilu(t) = yllull = yHs = Ha

(3.9)

(3.10)

(3.11)

Au for

(3.12)

(3.13)

(3.14)
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Therefore,

2 ! U
Au) = 52 [ (=90 fueds - s [ (19 ato) fucs)ds

t
- J (t=s)a(s) f(u(s))ds
’ (3.15)

1
< 2_2—;12 L (1= s)a(s) £ (u(s))ds

_ 2y

1
< ol | - oatepds < .

Thus ||Au|| < |lul|, u € K N 0Q4. By the second part of Theorem 1.1, A has a fixed point u in
K N (Q4\ ©3), such that Hs < ||u|]| < Hy. This completes the sublinear part of the theorem.
Therefore, the problem (1.2)-(1.3) has at least one positive solution. O
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