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We initiate the investigation of a stochastic system of evolution partial differential equations
modelling the turbulent flows of a second grade fluid filling a bounded domain of R?. We establish
the global existence of a probabilistic weak solution.

1. Introduction

The study of turbulence either in Newtonian flows or Non-Newtonian flows is one of the
greatest unsolved and still not well-understood problem in contemporary applied sciences.
For indepth coverage of the deep and fascinating investigations undertaken in this field,
the abundant wealth of results obtained, and remarkable advances achieved we refer to
the monographs in [1-4] and references therein. The hypothesis relating the turbulence
to the “randomness of the background field” is one of the motivations of the study of
stochastic version of equations governing the motion of fluids flows. The introduction of
random external forces of noise type reflects (small) irregularities that give birth to a new
random phenomenon, making the problem more realistic. Such approach in the mathematical
investigation for the understanding of the turbulence phenomenonwas pioneered by
Bensoussan and Temam in [5] where they studied the Stochastic Navier-Stokes Equation
(SNSE) excited by random forces. Since then, stochastic partial differential equations and
stochastic models of fluid dynamics have been the object of intense investigations which have
generated several important results. We refer, for instance, to [6-22]. Similar investigations for
Non-Newtonian fluids have almost not been undertaken except in very few work; we refer,
for instance, to [23-25] for some computational studies of stochastic models of polymeric
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fluids. It is worth to note that in the Non-Newtonian case the study of stochastic models is
relevant not only for the analytical approach to turbulent flows but also for practical needs
related to the physics of the corresponding fluids [2].

In the present work, we initiate the mathematical analysis for the stochastic model of
incompressible second grade fluids. An incompressible fluid of second grade with a velocity
field u is a special example of a differential Rivlin-Ericksen fluid. It was shown in [26] that its
stress tensor T is given by

T = —p1+ vA; + M1 Ag + A3, (1.1)

where p is the scalar pressure field, v is the kinematic viscosity, and A; and A, are the first
two Rivlin-Ericksen tensors defined by

ou; ou;
w= (), (54),
ij ij
A= PAL A (24 L (24 A
z- Dt ! ax]- iy ox; i b

where D /Dt denotes the material derivative. The constants a; and a, represent the normal
stress moduli. The incompressibility requires that

divu =0. (1.3)

Taking into account some thermodynamical aspects, Dunn and Fosdick proved in [27] that
the kinematic viscosity v must be nonnegative. In addition, they found that the free energy
must be a quadratic function of A;. This implies in particular that the Clausius-Duhem
inequality is satisfied and the Helmholtz free energy is minimum at equilibrium if and only
if

ar+ay = 0, ar > 0. (14)

In what follows we assume that a; = a > 0 and v > 0. We also refer to [28, 29] for more recent
works concerning those conditions.

Those thermodynamical conditions imply that the stress tensor T can be written in the
following form:

T:—ﬁ1+vA1+¢x<%A1+%A1<L—LT> —%(L—LT>A1>, (1.5)

where

au,-
- (2) o
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We can check that

divT = -Vp + vAu + aag—t” + tx(curl(Au) X U+ V(u CAu+ 31|A1|2>>. (1.7)

For a given external force f the dynamical equation for a second grade fluid is

ou

o Hourl(w) xu+ V<%|u|2> =divT + f. (1.8)

Making use of the latter equation and (1.7), we obtain the system of partial differential
equations

g(u —alAu) —vAu + curl(u — aAu) xu+ VP = f,
ot (1.9)

divu =0,
where

%zﬁ—u(u-Au+}I|A1|> +%|u|2 (1.10)

is the modified pressure. For a given connected and bounded domain D of R? and finite time
horizon [0, T] we complete the above system with the initial value

u(0) =uy in D, (1.11)
and the Dirichlet boundary value condition

u=0 on oD x(0,T]. (1.12)

The interest in the investigation of problem (1.9) arises from the fact that it is an admissible
model of slow flow fluids. Furthermore, once the above thermodynamical compatibility
conditions are satisfied “the second grade fluid has general and pleasant properties such
as boundedness, stability, and exponential decay” (see again [27]). It also can be taken as a
generalization of the Navier-Stokes Equation (NSE). Indeed they reduce to NSE when a = 0;
moreover recent work [30] shows that it is a good approximation of the NSE. See also [31-36]
for interesting discussions to their relationship with other fluid models.

Due to the above nice properties, the mathematical analysis of the second grade
fluid has attracted many prominent researchers in the deterministic case. The first relevant
analysis was done by Ouazar in his 1981 thesis; together with Cioranescu, they published
the related result in [37, 38]. Their method was based on the Galerkin approximation
scheme involving a priori estimates for the approximating solutions using a special basis
consisting of eigenfunctions corresponding to the scalar product associated with the operator
curl(u — aAu). They proved global existence and uniqueness without restriction on the initial
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data for the two-dimensional case. Cioranescu and Girault [39], as well as Bernard [40]
extended this method to the three dimensional case; global existence was obtained with some
reasonable restrictions on the initial data. For another approach to global existence using
Schauder’s fixed point technics, we refer to [41] and some relevant references therein.

As already mentioned, in this work we propose a stochastic version of the problem
(1.9), (1.11)-(1.12). More precisely, we assume that a connected and bounded open set D of
R2 with boundary 0D of class C?, a finite time horizon [0,T], and a nonrandom initial value
ug are given. We consider the problem

d(u—alu) + (—vAu + curl(u — aAu) x u+ VP)dt = F(u, t)dt + G(u, t)dW
in D x (0,T),
divu=0 in Dx (0,T), (1.13)
u=0 inoDx(0,T),
u(0) =uy in D,

where u = (u1,u;) and P represent the random velocity and pressure, respectively. The
system is to be understood in the Ito sense. It is the equation of motion of an incompressible
second grade fluid driven by random external forces F(u,t) and G(u,t)dW, where W is a
R™-valued standard Wiener process.

As far as we know, this paper is the first dealing with the stochastic version of the
equation governing the motion of a second grade fluid filling a connected and bounded
domain D of R?. Consequently, we could by no means exhaust the mathematical analysis
of the problem; many questions are still open but we hope that this pioneering work will
find its applications elsewhere. We limited ourselves to the discussion of a global existence
result of a probabilistic weak solution in the two-dimensional case. In forthcoming papers we
will address other questions such as the existence probabilistic strong solutions under more
stringent conditions, the uniqueness of those solutions, and their behaviour when a — 0. It
should be noted that solving this problem is not easy even in the deterministic case, the nature
of the nonlinearities being one of the main difficulties in addition to the complex structure of
the equations. Besides the obstacles encountered in the deterministic case, the introduction of
the noise term G(u, t)dW in the stochastic version induces the appearance of expressions that
are very hard to control when proving some crucial estimates. Overcoming these problems
will require a-tour-de force in the work.

The rest of the paper is organized as follows. In Section 2, we give some notations,
necessary background of probabilistic or analytical nature. Section 3 is devoted to the
formulation of the hypotheses and the main result. We introduce a Galerkin approximation of
the problem and derive crucial a priori estimates for its solution in Section 4; a compactness
result is also derived. We prove the main result in Section 5.

2. Notations and Preliminaries

Let us start with some informationsabout some functional spaces needed in this work. Let D
be an open subset of R?, let 1 < p < oo, and let k be a nonnegative integer. We consider the
well-known Lebesgue and Sobolev spaces L¥ (D) and W¥*? (D), respectively. When p = 2, we

write W¥2(D) = H*(D). We denote by Wg’p(D) the closure in W*?(D) of CZ(D) the space
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of infinitely differentiable function with compact support in D. If p = 2, we denote Wg (D)
by H(’J‘(D). We assume that the Hilbert space Hé (D) is endowed with the scalar product

2
((u,v)) = IDvu Vodx = Z ou 0v

/- Da—xza—xl y (21)

where V is the gradient operator. The norm || - || generated by this scalar product is equivalent
to the usual norm of W'?(D) in Hé(D). If the domain D is smooth enough and bounded,
then for any m and p such that mp > 2 the embedding

Witmp - Wi4 (2.2)

is compact for any 1 < g < oo. More Sobolev embedding theorems can be found in [42] and
references therein.

Next we define some probabilistic evolution spaces necessary throughout the paper.
Let (Q, ¥, (Ft)oc<r,P) be a given stochastic basis; that is, (2, ¥,P) is complete probability
space and (IF;)qr is an increasing sub-c-algebras of ¥ such that Fy contains every P-null
subset of Q. For any reflexive separable real Banach space X endowed with the norm || - ||x,
forany p > 1, LP(0,T; X) is the space of X-valued measurable functions u defined on [0, T]
such that

T 1/p
lulltro,r.x) = <f0||u||§dt> < 0. (2.3)

For any r,p > 1 we denote by L?(Q,IP; L (0,T; X)) the space of processes u = u(w,t) with
values in X defined on Q x [0, T] such that

(1) u is measurable with respect to (w,t) and, for each t, u is F! measurable,
(2) u(t,w) € X for almost all (w,t) and

T P/T 1/P
lullir @ p;r01;%)) = <E<I ||u||§<dt> > < o, (2.4)
0

where E denotes the mathematical expectation with respect to the probability
measure P.

When r = oo, we write

1/p
lll (@, 0,7:3)) = <Eess sup||u||§dt> < 0. (2.5)
0<t<T

Next we give some compactness results of probabilistic nature due to Prokhorov and
Skorokhod. Let us consider €2 as a separable and complete metric space and ¥ its Borel o-
field. A family B of probability measures on (Q, %) is relatively compact if every sequence of
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elements of Py contains a subsequence Pyx; which converges weakly to a probability measure
B; that is, for any ¢ bounded and continuous function on €,

fgb(w)daskj(dw) — fqb(w)dm(dw). (2.6)

The family Py is said to be tight if, for any & > 0, there exists a compact set K, C Q such that
P(K;) > 1 ¢, for every P € P.
We frequently use the following two theorems. We refer to [43] for their proofs.

Theorem 2.1 (see Prokhorov). The family B is relatively compact if and only if it is tight.

Theorem 2.2 (see Skorokhod). For any sequence of probability measures By on L which converges
to a probability measure 53, there exist a probability space (Q', F', ') and random variables X, X with
values in Q such that the probability law of Xy (resp., X) is Py (resp., P) and limy _, o, X = XP'-a.s.
We proceed now with the definitions of additional spaces frequently used in this work.
In what follows we denote by X the space of R?>-valued functions such that each component

belongs to X. A simply-connected bounded domain D with boundary of class C? is given. We
introduce the spaces

U= {u € [C*]? such that divu = 0},
V = closure of U in HY(D), (2.7)

H = closure of U in L*(D).

We denote by (-,-) and | - | the inner product and the norm induced by the inner product and
the norm in L?(D) on H, respectively. The inner product and the norm induced by that of
H(l)(D) on V are denoted respectively by ((-,-)) and || - ||. In the space V, the latter norm is
equivalent to the norm generated by the following scalar product (see, e.g., [37] )

(u,v)y = (u,v) + a((u,v)), forany u,veV. (2.8)
We also introduce the following space:
W = {u € V such that curl(u — aAu) € LZ(D)}. (2.9)
The following lemma tells us that the norm generated by the scalar product
(u, )y = (u,v)y + (curl(u — aAu), curl(v — aAv)), (2.10)

is equivalent to the usual H*(D)-norm on W. Its proof can be found, for example, in [37, 39].
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Lemma 2.3. The following (algebraic and topological) identity holds:
W=W, (2.11)
where

W = {v € H(D) such that divo =0 and v|,p = O}. (2.12)
Moreover, there is a positive constant C such that

|v|%p(D) < C<|v|%, + |curl(v - aAv)|2>, (2.13)

foranyv e W.
By this lemma we can endow the space W with norm | - |y which is generated by the
scalar product (2.10).

From now on, we identify the space V with its dual space V* via the Riesz
representation, and we have the Gelfand chain

WcCcVcws, (2.14)

where each space is dense in the next one and the inclusions are continuous.
The following inequalities will be used frequently.

Lemma 2.4. Foranyu e W, v € W, and w € W one has
|(curl(u — aAu) x v,w)| < Clulys|v]y|wly. (2.15)
One also has
|(curl(u — aAu) x u,w)| < Clul3|wly, (2.16)

foranyu € Wand w e W.

Proof. We introduce the well-known trilinear form b used in the study of the Navier-Stokes
equation by setting

2 aU]'
b(u,v,w) = ZJ‘Duigwjdx. (2.17)

ij=1

We give the following identity whose proof can be found in [37, 40]. This equation is valid
for any smooth (solenoidal) functions @, v, and w as

((curl @) x v, w) = b(v, ®, w) — b(w, D, v). (2.18)
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We derive from this that forany u € W, v € W,and w € W

|(curl(u — aAu) x v, w)| < Clol2(p)| V(U — abu)|12p) W), (2.19)

where Holder’s inequality was used. The Sobolev embedding (2.2) and the equivalence of
the norms | - |yy and | - (D) imply (2.15).
By (2.18) we deduce

(curl(u — aAu) x u,w) = b(u, u,w) —ab(u, Au,w) + ab(w, Au, u). (2.20)

With the help of integration by parts and using the fact that u and w are elements of W we
derive that

ou ow ou
b(u, Au,w) = Zb < ox,’ w, o > Zb( ax, ox; > (2.21)
ow ou
b(w, Au,u) = b( U, —> (2.22)
Z ox;” " 0x;

We use these results to derive the following estimate. For any elements u € V and w € L*(D),
we obtain by Holder’s inequality

b(u, u, w)| < Clulpspyllulllwlps py- (2.23)
And since the space V and W are, respectively, continuously embedded in L*(D) and V, then
|b(u, u,w)| < Clufywly. (2.24)

We also have

au
Ib(u, Au,w)| < |Vw|Lm<D>Z
j=1 j L2(D)
2 | 500 I V2, ou I? 1/2 @25)
w u
+[ulpsp) Z = Z — .
j=1 0xj L4(D) j=1 Ox;j 1.2(D)
We derive from this and the Sobolev embedding (2.2) that
Ib(u, Au, w)| < Clul3|wly. (2.26)

By an analogous argument we have

[b(c0, At )] < Clrolyluf. (2.27)
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The estimates (2.20), (2.24)—(2.27) yield

|(curl(u — aAu) x u,w)| < Clufy|wly, (2.28)

for any u € W and w € W. This completes the proof of the lemma. O

Next we give some results on which most of the proofs in forthcoming sections rely.
We start by stating a theorem on solvability of the “generalized Stokes equations”

v-alv+Vqg=f inD,
dive=0 in D, (2.29)
v=0 onoD.

By a solution of this system we mean a function v € V which satisfies
(v, h) + a((v,h)) = (f,h), (2.30)

forany h € V.
The proof of the following result can be derived from an adaptation of the results
obtained by Solonnikov in [44, 45].

Theorem 2.5. Let D be a connected, bounded open set of R" (n > 2) with boundary D of class C'
and let f be a function in H!, 1 > 1. Then (2.29) has a unique solution v. Moreover if f is an element
of V, v € H*2 NV, and the following hold:

(U, h)v = (U/ h)/

(2.31)
[olyw < le

Vl

forany h e V.
Next we formulate Aubin-Lions’s compactness theorem:; its proof can be found in [46].

Theorem 2.6. Let X, B,Y be three Banach spaces such that the following embedding is continuous:

XcBcCY. (2.32)

Moreover, assume that the embedding X C B is compact, then the set § consisting of functions v €
L9(0,T; B), 1 < g < oo, such that

15}
sup | |v(t+h) - v(t)|’;dt —0, ash—0, (2.33)
0<h<1/ ty

forany 0 <ty <ty <T,is compact in LP(0,T; B) for any p.
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Last but not least we present the famous Kolmogorov-Centsov continuity criterion for
stochastic processes. We refer to [47, 48] for its proof and some of its extension.

Theorem 2.7 (see Kolmogorv-Centsov). Suppose that a real-valued process X = {X;, 0 <t < T}
on a probability space (Q,P) satisfies the condition

E|Xpn - Xe| <Ch™F, 0<t, h<T, (2.34)

for some positive constants y, , and C. Then there exists a continuous modification X = {X;, 0 <t <
T} of X, which is locally Holder continuous with exponent x € (0, B/y).

3. Hypotheses and the Main Result

We state on our problem the following.

3.1. Hypotheses

(1) We assume that
F:Vx[0,T] —V (3.1)
is continuous in both variables. We also assume that, for any ¢ € [0, T] and any v € V
[F(v,t)ly < C(1+[vly). (3.2)
(2) We also define a nonlinear operator G as follows:
G:Vx[0,T] — V" (3.3)
is continuous in both variables. We require that, for any t € [0, T], G(v, t) satisfy

|G(v,t)|yen < C(1+|0]y). (3.4)

3.2, Statement of the Main Theorem
We introduce the concept of solution of the problem (1.13) that is of interest to us.

Definition 3.1. By a solution of the problem (1.13), we mean a system

(QF B F, W,u), (3.5)
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where
(1) (2, ¥,P) is a complete probability space; F! is a filtration on (Q, &, P),
(2) W(t) is an m-dimensional F! standard Wiener process,
(3) fora.e. t, u(t) € LP(Q,P; L*(0, T; W)) N LP(Q,P; L*(0,T;V)), 2<p < oo,
(4) for almost all t, u(t) is F! measurable,
)

(5) P-a.s the following integral equation of It6 type holds:

(u(t) —u(0),v)y + Jt [v((u,0)) + (curl(u(s) — aAu(s)) x u,v)]ds
t ’ t (3.6)
- [ ), 5,015+ [ (G, o), 00aw
0 0

forany t € [0,T] and v € W.
Remark 3.2. In the above definition the quantity fg(G(u(s), s),v)dW (s) should be understood
as:

t m pat
J‘O(G(u(s),s),v)dW(s) = ZJO(Gk(u(s),s),v)de(s), (3.7)
k=1

where G and W denote the kth component of G and W, respectively.
Now we state our main result.

Theorem 3.3. Assume that ug € W; assume also that all the assumptions, namely, (3.2) and (3.4),
on the operators F, G are satisfied; then the problem (1.13) has a solution in the sense of the above
definition. Moreover, almost surely the paths of the process u are W-valued weakly continuous.

4. Auxiliary Results

In this section we derive crucial a priori estimates from the Galerkin approximation. They
will serve as a toolkit for the proof of Theorem 3.3.

4.1. The Approximate Solution

The following statement is a consequence of the spectral theorem for self-adjoint compact
operator stated in [49]. The injection of W into V is compact. Let I be the isomorphism of W* onto
W, then the restriction of I to V is a continuous compact operator into itself. Thus, there exists a
sequence (e;) of elements of W which forms an orthonormal basis in W, and an orthogonal basis in V.
This sequence verifies:

forany v e W (v,e;)w = Li(v, ei)y, (4.1)

where \;;1 > M1;>0,i=1,2,....
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We have the following important result due to [39] about the regularity of the e;-s.

Lemma 4.1. Let D be a bounded, simply-connected open set of R* with a boundary of class C®, then
the eigenfunctions of (4.1) belong to H*(D).

We consider the subset Wx = Span(ey,...,en) C W and we look for a finite-
dimensional approximation of a solution of our problem as a vector uN € Wy that can be
written as the Fourier series:

N
uN(t) = D cin(Bei(x). (42)
i-1

b — —
Let us consider a complete probabilistic system (€, ¥,IP,F , W) such that the filtration {¥,}
satisfies the usual condition and W is an m-dimensional standard Wiener process taking
values in R™. We require u" to satisfy the following system:

¢:l<uN,ei>V + v((uN,ei>>dt + b(uN, uN,ei>dt - ab(uN, AuN,ei>dt + ab(ei, AuN,uN>dt

= (F(tuM),ei)dt+ (G(tuN),e)dW,

(4.3)
where 1)) as the orthogonal projection of 1(0) in the space Wy is given as
ué\] <or ulN (O)) — u(0) strongly in V (4.4)

as N — oo. The Fourier coefficients c;n in (4.2) are solutions of a system of stochastic
ordinary differential equations which satisfy the conditions of the existence theorem of
Skorokhod [50] (see also [47]). Therefore the sequence of functions u™N exists at least on a
short interval (0, Ty ). Global existence will follow from a priori estimates for u™.

4.2. A Priori Estimates

From now on C is a constant depending only on the data, and may change from one line to
the next one. We start by proving the following lemma.

Lemma 4.2. For any N > 1 one has

_ 2
E sup uN(t)' < +oc0. (4.5)
0<t<T v
Omne also has
_ 2
E sup uN(t)'W < +00. (4.6)

0<t<T
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Proof. From now on we denote by |v|. the quantity |curl(v — aAv)| for any v € W. For any
integer M > 1 we introduce the stopping time

(4.7)

inf{0 <t; [uN ()|, + [u™N ()], > M}
T =
YT v i (0 < [N, + [N )], 2 M) = 0.

We will use a modification of the argument used in [7].
Forany 0 < s < tA Ty, t € (0,Tn), we may apply Itd’s formula (see, e.g., [7, 12]) for
P((uN(s),ei)y) = (uN(s),e:)7 to (4.3) and obtain

<MN(S),e,-)§/ " ZIS <MN(T)' ei>V[v<<uN(r), ei)) + b(“N (r), uN (r) — aAulN (r),ei>]dr
0
- (0, (e 88010 « (2 ) "

0

S

g (G(r ™), e:)dW + [ (W), (G(r),e) dr

0

We note that [uN>Z = 3N, Li(uV,e;)3. Then, multiplying by \; the above equation and
summing over i from 1 to N give us

[N (s) |jv + 2vJ: ||uN||2dr = |u |fv ‘ ZIZ<F<r, W), uN)dr + ipfo (Gtr, uN),ei>2dr »
w2 (G(ru),u¥)a,
where we have used the fact that (N, 1N, 1N) = 0.
We obtain from (4.9) that
[N (s) K/ ; 2vf;<<uN(r),uN(r)>>dr < |ué\]|§] ; gxiﬂ(G(uN(r),r),e,-)Zdr
w2 [(F( @) ) ar (10)

+

ZJ‘ G(uN(@r),r),uN(r) dW‘,
o< ( > >
forany 0 < s <tA Ty, t € [0,Tn]. For any u € V we have

[ul < Pllull, (4.11)
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where [ is the so called Poincaré’s constant. The last inequality implies that
(o)) =2 0.9 e
We also mention that

-1
</32 + a) o3 < |lo|I* < (@) '|vl}, forany veV. (4.13)

From the former equation and this one we find

|(F(5¥(9),5),u¥(9)) | < 2c” (1 . |uN(S)|§]>. (414)

a

To find a uniform estimate for the corrector term zfﬁl L(GuN(s), ei))2 is not straightforward;
this is the difficulty already mentioned in the introduction. Since the corrector term is
explicitly written as function depending on the scalar product (in L.?(D)) (-,-) and the e;-s
form an orthonormal basis (resp., orthogonal basis) of W (resp, V), then the usual Bessel’s
inequality (see, e.g., [6]) does not apply anymore. To circumvent this difficulty we consider
the following generalized Stokes equation:

G-aAG+ Vg = G<uN(s),s> in D,
divG=0 inD, (4.15)

G=0 on 0D,

for any s € [0,T]. By Theorem 2.5, (4.15) has a solution G in W™ when 8D is of class C3 and
G(uN(s),s) € V. Moreover, there exists a positive constant Cy such that

|é (4.16)

< C0|G<MN(S),S>

H3 (D)™ yem”

and (G, e)y = (G(uN(s),s),e;) forany i > 1.
Since the norms |-|g3(py and |-|w are equivalent on W, then there exists another positive
constant C, such that

|é| < C*C0|G<uN(s),s>| (4.17)

W® V@m :
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Equation (4.17) implies that G depends continuously on the data G(uN(s), s). Therefore, we
note the above G as G(uN (s), s). We find from (4.17) that

2 ~
;)L, (G(uN(s), s>,e,~> = ;AI(G<L{N(S), s),e,)
(4.18)
= IEV: l (@(uN(s), s), e,)
i=1 i
We deduce from this that
2)% <é (uN(s), s),el);’ < %'G(uN(s), s) ;Mm. (4.19)
By (4.17) and the assumption on G, we have
N 2 2
S (G(uN(s),s>,e,-> < C<1 + 'uN(s)|V>. (4.20)
i=1
Collecting this information, we obtain from (4.10) that
|uN(s) '; + ZVJ‘S “uN(r) ||2dr
’ 4.21)

S N 2
< C+Cfo|u (r)ivdr+2

4[0 <G<uN(r), r>, uN(r)>dW'.

Taking the sup over s < t A Ty in both sides of this inequality and passing to the
mathematical expectation in the resulting relation and finally applying Burkholder-Davis-
Gundy’s inequality (see, e.g., [48]) to the stochastic term, we get

INTM

— 2 — 2
E sup uN(s)| +2v]Ej uN(s)” ds
S<EATM v 0
422
_ INTM 2 _ IATM 2 1/2 ( )
<C+ C]Ef uN(s)|Vds + 2C1E<f <G(uN(s),s),uN(s)) ds>
0 0

Now, we estimate

=l

Y:
0

EATM ) 1/2
<I <G <uN(s),s>,uN(s)> ds> . (4.23)
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With the same argument that we have used for the term |(F (4 (s), s), u™V (s))|, we have

tATM 2 1/2
uN(s)|V<I G(uN(s),s>|st> ] (4.24)

0

ySCE[sup

S<tATM
By e-Young's inequality

¥ < CeE sup

S<EATM

2 _ tATM 2
uN(s)| +C.E f |G(uN(s), s)|” ds (4.25)
V 0 me

Using the assumption on G one has

¥ < CeE sup

S<EATM

N (s) K/ + CSEILATM (1 +|uN () );) (4.26)

With convenient choice of € (1 — 2C;Ce = 1/2), the estimates (4.22) and (4.26) allow us to
write

_ 2 _ tATM 2 _ tATM 2
E sup uN(s)' + 4vEf |uN(s) “ ds<C+ CEJ uN(s)| ds. (4.27)
S<tATM v 0 0 v
We derive from this and Gronwall’s inequality that
— NUINL
E sup |u"(s) |v <C (4.28)
0<s<tATp

We recall the following relationship which is very important in the sequel:
. N N = (G(yN . i >
A (G(u (s),s),e,) <G<u (s),s),el>w, i>1, (4.29)

where G(uN (s), s) is the solution in W of (GS).
To alleviate notation, we only write u™¥ when we mean u(-). Let us set

cj)(uN) = —vAuN + curl(uN - aAuN> xulN — F<uN, t>. (4.30)

By Lemma 4.1, ¢(uN) € H' (D). We have

d(uN, ei>V + (d)(uN),ei)dt = <G<uN,t>,ei>dW. (4.31)
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By Theorem 2.5 a solution v € W of the following system exists:

oN —aAvN + Vg = ¢<uN> in D,
divoN =0 in D, (4.32)

vN'=0 on dD.
Moreover,

<vN, ei)v = <¢ (uN>,ei>, (4.33)

for any i. Thus,

d(uN,el)V + ((;I)(uN),ei)dt = d(uN,ei>V + <vN, ei>vdt

= (G(uN 1), e)dW.

(4.34)

The following follows by multiplying the latter equation by \; and using the relationship
(4.1):

d(uN,ei>W + (UN,ei>Wdt = /\i(G<uN, t),ei>dW. (4.35)
Recalling (4.29), we obtain
d(uN,e,->W + <vN, ei>wdt = (é(uN, t),ei>WdW. (4.36)

Now applying the It6’s formula (see, e.g., [7]) to ((u, e;)y) = (uV, ei)\z,v, we have

d<uN,ei)iV + 2<uN, ei>W<vN, ei>wdt = (G(uN, t), ei>;}dt + 2<uN, ei>W<C~;<uN, t),ei)WdW.
(4.37)

Summing both sides of the last equation from 1 to N yields

d|u1\f|;y +2(u, UN>Wdt = g@("N’ t>,ei>§vdt +2(G(u", t>,uN>WdW. (4.38)
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Using the definition of | - |y and the scalar product (-, -)y, we can rewrite the above equation

in the form
d“uNK/ + |uN'i] +2[<vN,uN>V + (Curl<vN - aAUN> curl(uN —aAuN>>]dt

= 2<cur1<é<uN, t> - aAé(uN, t)), curl(uN - aAuN>>dW
3G 1) )t 2(Gu ) ) .
In view of Remark 3.2, we have to make the convention that in the sequel

(curl(G(uN, t>), cur1<uN - “A”N>) %
- 35 (cun (G (s )) com (- aa) T

k=1

Using the definition of v and G, we obtain

2 (p(), 1) + (curt(p(a)) curl (i - asu™) Y

_ - 2 N % N N\ J7i7
_;Ai (G™,1),e) dt +2(G(uN ), uN)dW

2 2
alle ], + ]
\% *

+ 2<cur1<G<uN, t)), cur1<uN - aAuN>>dW.
With the help of (4.9), (4.41) can be rewritten in the following way:

dluN|i + 2<curl¢<uN>,curl<uN - chuN>>dt

= 2curt (G, 1)), conl (" - aau) )W + 35 (11 22) (6, 1) ) e

We infer from the definition of ¢(uV) that
curl ¢<uN> =-v curl(AuN + F(uN, t>> + curl(curl<uN - aAuN> x uN>.

In taking advantage of the dimension we get

Cur1<curl(uN - aAuN> x uN> = (uN . V) (Curl<uN - aAuN>).

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)
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This yields

(7 (curt (" - adia)) = veurl (A + F (1 1) ), cunl (i - asu™)

(4.45)
= <cur1 ¢<uN>, Curl<uN - aAuN>>.
Owing to Lemma 4.1 we readily check that
<<uN : v) B, p) -0, (4.46)
where g = curl(u™N — aAul). Consequently,
(v curl(AuN>,curl<uN - aAuN>> + (curl(F(uN, t)),curl(uN - aAuN>>
(4.47)
= —<curl ¢<uN>, curl(uN - ocAuN>>.
Or equivalently
—| N| (curlu + — curl( (u ,t)),curl(uN—aAuN>>
v (4.48)
= (curl ¢<uN>, curl (uN - zxAuN>>.
We derive from (4.42) and the last equation that
dt ' N|2 2v |uN|i Za <curlu + curl( <u ,t>>,curl<uN - chuN>>
__ (449

- iil("f £2) (G (), 1) + 2(curl (G (1) ) curt(u ~ anu) ) L.

We argue as before in considering the stopping time 7). We derive from (4.49) that

e <_| 0] - 350 8) (6 <r>,r>,e,.>2>dr
= JZ% [(curl(uN (r)> - % curl(F <uN (r),r)),curl(uN(r) - aAuN(r)>>] dr
+ Zfo <Curl(G (uN(r), r)), curl <uN(r) —aAuN (r)>>W.

(4.50)
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Hence,
iuN(s)lj f | N(r)' dr — <)L +)L2>J‘ < < N(r),r),e,->2dr
< |u0| +J ;'curl(uN(r)>HuN(r)| +f 2|curl< ( N(r), ))H N(r)| dr (4.51)
* Jo * Jo

+2 fs <cur1<G<uN(r),r>>,cur1<uN(r) - aAuN(r)>>dW|.
0

Taking the supremum over s < t A Ty in the last estimate, and taking the mathematical
expectation in the resulting relation yields

o (G(uN(s), s), ei>2ds

E EKEM N(s)| +Ef —) N(s)| ds— Z()Ll‘ +/\?>EIO
| | +Ef —'curl(uN(s)>HuN(s)| +EftATM2|curl<F<uN(s),s>>HuN(s)' ds
* 0 *

+ ZESE}EM jo <curl<G<uN(s),s)),curl(uN(s) - chuN(s)>>dW‘.

(4.52)

For any ¢; > 0 and ¢; > 0, we have
tATM )
E sup Ju (s)| + Ef | N(s)| ds - ()L + )Lz) fo <G<uN(s),s>,ei> ds

< |ué\]|* + EI;ATM (j—:l curl(uN(s)>| + & |curl<F <uN(s),s>) |2>ds .

sup. fo (curl(G(uN(s),s>>,curl<uN(s) - (xAuN(s)>>dW'

2 IATM 2
+ (ﬁ + 252>f uN(s)' ds.
24 0 *

We choose €1 = 1/4 and &, = v/4a and we deduce from the last inequality the following
estimate,

+2F sup

AT 5
u (s)| +EJ | N(s)| ds - ()L +)L2> —[0 (G(uN(s),s>,e,-> ds
)ulo\]| +]Eft TM(f—; curl(uN(s)>| + 7)curl<F<uN(s),s>>|2>ds (4.54)

0

IZA : (curl(G(uN(s), s)),curl(uN(s) - aAuN(s)>>dW‘.

E sup

S<tATM

+2F sup

S<tATM
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Thanks to (4.20), (4.29) and (4.17) we see that

SATM N 2
u(s)| ds.
)],

i (fti + Azg)EJ‘MTM <G(uN(S), s), e,-)zds <C+ CEI

=1 0 0

Let us estimate

y = 2E sup

S<EATM

JMTM <curl <G <uN (s), s) > ,curl <uN (s) — aAulN (s) > ) dW‘ .

0

By Fubini’s theorem and the Burkholder-Davis-Gundy’s inequality we obtain

1/2

y < 6E<I;ATM <cur1(G<uN(s),s>>,curl<uN(s) - aAuN(s)>>2dW>

- AT o\ /2
<6E <SztuA}T)M uN(s)|*<f0 curl(G(uN(s),s)>| > >

Making use of an e-Young's inequality, the following holds:

Y < 6¢E sup

S<tATM

uN(s)|2 + SEJ‘MTM curl(G <uN(s),s>> |2ds.
* 0

Choosing ¢ = 1/12, we write

ul(s)

y < lﬁ sup

S<tATM

72 eun(G(w¥ o)) )

0

Combining (4.54), (4.55), and (4.59), we obtain

E sup uN(s)

S<tATM

< CEJ‘MTM cur1<F<uN(s), s)) |2 + CEI

0

2 _ (tATMm Vv 2
+ Ef - |uN(s) ds
* 0 14 *

IANTM

cur1<c(uN(s), s>) |2ds

0

2 _ tATM 2 _ tATM
+c|ugV + C]Ej uN(s) |Vds + CIEI

2
. . curl(uN(s)>| ds.

0

By a straightforward calculation we have

|curl(@)|* < %M)K, for any ¢ € V.

21

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)
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Owing to (4.61) and the assumptions on F and G, we derive from (4.60) that

_ N 2 _ t/\TMv N 2 N 2 _ EATM N 2
E sup |u (s)l +IEI —|u (s)| ds<C+ |u0 | +C]Ej u (s)| ds. (4.62)
S<IATM * 0 [24 * * 0 v
This and the estimate (4.28) imply
_ 2 AT M 2
E sup uN(s)| +EJ Z|uN(s)| ds < C. (4.63)
S<tATM * 0 o *

It is easy to check that,as M — oo, t A Ty — t almost surely for any ¢t € (0,Tn]. Since the
constant C is independent of N, the estimates (4.28), (4.63) and the Dominated Lebesgue’s
Convergence Theorem complete the proof of the lemma. O

Lemma 4.3. Forany 4 < p < oo one has

Esup uN(s)|p < oo,
s<T v
) (4.64)
Esup|uN(s)| < oo.
ssf ( )|W
Proof. We recall that
2 2
d|uN(t) |V + 2v||uN(t) n dt = 2(F(u" (), 1), uM () )dt
(4.65)

_ N ) N ' 2 N N o
_EA,<G(u (t),t),e,) dt+2(G<u (t),t>,u (t))dw,

For a fixed p > 4 the application of Itd’s formula to the function ¢([u™ (t)[3) = [u™ (t)|§,(’[J 4

yields

p/2
v

p/2-2

d|uN(t)| ;

ol [l (reon )

N —

+

N 2 p-4 (G(MN(f),t)/uN(t))z]
G(uN).1), e p dt
;( (u ) ) 6> 7 |uN(t)|§/

+ quN(t) K//H (G(uNt),t),uN () dW.
(4.66)



Boundary Value Problems 23

Hence
t
N p/2 NP/Z p N p/2—2
u t| =|u ' + = 'u s'
| O, Olv. " 2), ®),

x [— v||uN(s)||2 + (P(u"(s),s),uN(s))
(4.67)

N N(aY)?
+ %g(G(UN(S)/S),€i>2+p_4(G(u (5).), u7(5)) ]ds

4 [uN(s)|5

+ gf;|uN(S) ':{/2—2 <G<uN(S), S),MN(S)>dW,

for any t € (0,T]. In squaring the last equation and in making use of some elementary
inequalities we obtain

p/2-2
\%

[N <clu| + c(f;|uN(s)|

x [_v”uN(s)”2 + (F(u"(s),s),uN(s))

N _ 2 2
+%;(G<HN(S)/S>,61‘)2+}9 4 (Gu(s),5),uN(s)) ]ds)

4 N (s)[5

+ c<ft |uN(s) |§ /H(G (uV(s),5), uN(s)>dW>2.
0

(4.68)
We deduce from (4.14), (4.20), and (4.68) that
|uN(t)|z/ < Cluf)\]r; + C<f;|”N(5)KV/2_2<1 + |uN(s)|V>2>2
(4.69)
+C <J‘;|uN(s) K)//z-z <G<uN(s), s), uN(s)>dW>2.
We find from this that
Esslga uN(s)K/ < Clué\IKI + CEJ‘;'uN(s)izl_Al(l + |uN(s)|V>4ds
B (4.70)

p/2-2
v

+ Cﬁsup<J‘s|uN(r)| <G<uN(r),r>,uN(r)>dW>2.
sst \J o
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It is clear that
|uN(s)|Z/_4 <(1+ |uN(s)'V>p74. @.71)
Hence,

Esup uN(s)K/ < Clué\IKI + CEJ‘t <1 + |uN(s)|V>pds
0

s<t

s X 4.72)
+ CEsup([ ¥ (G ) () )
0

s<t v

Now let us denote by y; the stochastic term in (4.70). As before, we use the Burkholder-Davis-
Gundy’s inequality and get

_(t -4 2
< Ny |? N N
1 < C]EJ‘O|u (s)|V <G<u (s),s),u (s)> ds
) (4.73)
_ p-4 2 2
< N N N
_CEIO|u (s)|V |G<u (s),s>|v|u (S)|v'
The following follows from the same arguments as used before and by the assumption on G:

< cEJ't (1 + |uN(s) |V)” ds. (4.74)
0

This, the estimate (4.70), and Gronwall’s inequality imply

— p
E sup uN(s) |V < oo, (4.75)

s<t

which completes the proof of the first estimate of the lemma.
Let us now proceed to the proof of the second estimate of Lemma 4.3. We rewrite (4.49)
in the form

’ = i(li + )‘12> (G(uN(s),s>,ei>2 + %) <Curl uN(s),cuﬂ(uN(s) - aAuN(s)>>ds

=1
. <_%"|uN(s>|f +2(curl (F(uN(s),5) ), curl (u¥(s) - aAuN<s>))>

+2 (curl <G <uN (s), s> ) ,curl <uN (s) —aAulN (s)> > dw.

d|uN(s)

*

(4.76)
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2(p/4)

Applying Itd formula to the function ¢(|uN (s)|?) = [uN(s)[.""~ we have

ol =Bl

x <2<curl<F <uN(s), s>>,cur1<uN(s) - tXAuN(S)>>

N

= +%Z <)Li + Af) (G (uN(s), s), ei>2 + %) <cur1 uN(s),curl<uN(s) - aAuN(s)>)

i=1

| N (s )|2 p 4 (curl(G(uN(s), s), curl(uN(s) - aAuN(s))) > .

N ()2

+ g|ul\](s)|i/2_2 (curl (G(uN(s),s>>, Curl<uN(s) - aAuN(s)>>dW
(4.77)

Hence,

o = |uy[” pf| N[
X <2 (curl(]—" (uN(s), s)),curl(uN(S) - tIAuN(S)>>

13 (0 22) (G(1V(5),5), 1)

i=1

+ %} (curl uN(S),CUI‘l(uN(S) - “A”N(S)>>

| s)‘ p 4 (curl (G(uN(s),s)), curl(uN(s) aAuN(s)))2>ds
|uN ()]
Pf | N(s)| curl ( N(s),s)),curl(uN(s)—chuN(s)>>dW,
(4.78)
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for any t € (0, T]. The following follows in squaring both sides of the last inequality:
o <l «c[f o]
* * 0 *
x <2 <curl<F<uN(s), s>>, curl(uN(s) - zxAuN(s)>>
32 2) (6 (e) )
-1

+ %(Curl uN(S),Curl<uN(s) _ (XAuN(s)>> B 2—v|uN(s)|2

P 4 (curl (G(uN(s), s)), curl(uN(s) - ahuN (s)))? > S]Z
4 |uN(s)];

<I | N( s)' Curl < N(s),s)),curl(uN(s)—aAuN(s)>>dW>2.

(4.79)
For almost all s € (0, T], we note that
| <Curl uN(s),curl(uN(s) - aAuN(s))>| < C(l + 'uN(s) |V> <1 + |uN(s) |W> (4.80)
We also check readily that

| (curl(P(uN(s),s)),curl(uN(s) - chuN(s)» | < C<1 + |uN(s)|V> <1 + |uN(s)'W>,
(4.81)
(curl (G(uN(s),s)), curl (uN (s) - adu (s)))’

2
|uN (s)|? <C+[uN©)]y)" (4.82)

Thanks to the continuous injection of W into V, all the above estimates still hold with [uN (-)|y
replaced by [uN (-)|w. It follows from this argument and (4.79) that

2
|”N(i‘)|i7 < 'ué\[K’ + C<I;'uN(s)'f/2_2<1 + |uN(s)|W>2ds>
+ C<J‘t 'uN(s)|”/2‘2<cuﬂ <G<uN(s),s>>, Curl(uN(s) _ aAuN(S)»dW)z'
0 *

(4.83)
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Taking the supremum over s < t followed by the mathematical expectation yields

ul(s)

< |ué\]|p + CE(f |uN(s)|p/2_2<1 + |uN(S)|W>2d5>2
* 0 *
2

+CEsup<fs uN(r) pm_z(curl <G<uN(r),r>>, Curl<uN(r)—aAuN(r))>dW> .
s<t 0 *
(4.84)

Esup Y

s<t

Applying the Martingale inequality and Holder’s inequality in the last estimate we obtain

Esup

s<t

uN(s)|i] < |uéV|i + CEI;|uN(s)|f_4<1 + |uN(s)|W>4ds

574 <curl <G<uN(s), s)), curl(uN(s) - zxAuN(s)>>2ds.
(4.85)

+ CEIt IuN(s)
0

We can use the same idea we have used to find (4.81) to get an upper bound of the form
C(+[uN (s)|w)* for | (curl(G(uN (s), 5)), curl(uN (s)—aAuN (s)))?|- Then, we derive from (4.85)
that

E sup

s<t

N[ <l +cf;(1 + [N es)|,) s (4.86)

We obviously have

|uN(s)|W < C('uN(s)K: + |uN(s)|f). (4.87)

Finally, using a previous result concerning E sup, uN(s) ", (4.86) and Gronwall’s inequality
we obtain

= p
Esup uN(s)L < 0. (4.88)

s<t

This completes the proof of the lemma. O
Remark 4.4. Lemmas 4.2 and 4.3 imply in particular that

Esup
t<T

uN (t) KI < oo,
(4.89)

Esup
I<T

N/p|P
t| < oo,
u()W

forany 1 <p < co.
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The following result is central in the proof of the forthcoming crucial estimate of the
finite difference of our approximating solution.

Lemma 4.5. Let t,s € [0,T] such that s < t. For a fixed t € [0,T], let
N < N
oN(t) = ;xi <v (t), ei>Vei (4.90)
be an element of W which satisfies Lemmas 4.2 and 4.3. The following holds:

|uN(t) - UN(S)K/ - |uN(s) - UN(S)K] + 2£v [”uN(r)”2 - (<uN(r),UN(r)>>] dr

t

: N N N — N 2
=2J‘S<G<u (r),r>,u (r)-v (s))dW+i§AiJ‘ (c(u (r),r),e,) dr

S

(4.91)
+ 2jtb<vN(s), AuN (r),uN(r)>dr + ZIt (F <uN (r),r), uN(r) - UN(S)>d1’
- 2f b(uN (r), uN (r), vN(s)>dr - 2ft b(uN (r), AuN (r), UN(S)>dr.
Proof. For v, for any s, t such that 0 < s <t < T, we have
%(uN(t) - vN(s),e,->V + v((uN(t),el)) + b(uN(t), uN (1), ei>
- ab(uN(t), AuN (), ei> +ab <ei, AuN (), uN(t)> (4.92)
= (F(u0,1), ) + (G(¥@,1), ) TW, 1<i<N.
This relation can be rewritten as the following It6 equation:
d(uN(t) —oN(s), e,-)V + v((uN(t),ei>>dt + b(uN(t), uN(t), el-)dt
- ab(uN(t), AuN (), ei> dt + ab (el-, AuN (), uN(t)>dt (4.93)

= (F(uNt),t) et + (G(uN (1) 1), e )dW.
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Applying It6’s formula to the function (1N (t),vN(s), e;)3, multiplying the result by J;, and
then summing over i from 1 to N yield

dlwl + 2v<(uN(t), w))dt +2b <uN(t),uN(t), w)dt —2ab (uN(t), AuN (), w)dt

+2ab(w, du™ (), u™ (1) dt = 2(F (u™ 1), 1), w) dt (4.94)

RN N )z N W
_l;xl(c(u (t),t),el> +2<G<u (t),t),w)dw,

where w = uN (t)-vN (s). Using the trilinearity of b and the well-known identity b(u, u, u) = 0,
u €'V, we find that

b<uN(t),uN(t),w> - ab(uN(t), AuN(t),w) + ab<w, AuN(t),uN(t)>

= b<uN(t),uN(t),vN(s)> - ab(uN(t), AuN(t),vN(s)> + ab(vN(s), AuN(t),uN(t)>.
(4.95)

The lemma follows in combining this relation with (4.94), and integrating the resulting
equation between s and t.

The following result can be proved by a similar argument used in [15], but we prefer
to give our own proof which is interesting in itself. O

Lemma 4.6. There exists a positive constant C > 0 such that for all 0 < 6 < 1 and N € N, the
following inequality holds:

_ T-6 2
E sup |uN(s +0) - uN(s)| <C6'2. (4.96)
||<5Y 0 W

Proof. Since uN(s) € Wy, s € (0,T) and it satisfies Lemmas 4.2 and 4.3 then we can take
oN(s) =ulN(s)and t =s+6,0< 0 <6 <1and apply Lemma 4.5. We obtain

‘uN(s +0) - uN(s)K/ + ZIS+9v [HuN(r) ”2 - <<uN(r),uN(r)>>] dr

s+6

s+6 N 2
= 2I <G<uN(r),r>,uN(r) - uN(s)>dW + ;)L,-f <G<uN(r),r>,e,~) dr

S S

s+6

. 2I5+6b<uN(S)r AN (1), uN (r))dr ¥ 2J <F <uN (r)zr>,uN(7’) - uN(S)>dr

S S

b(uN(r), uN(r), uN(s)>dr - 2fs+9b<uN(r), AulN(r), uN(s)>dr.

S

s+6
-2
S

(4.97)
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We derive that

_ (-6 2
IEI sup |uN (s +0) - uN(s)| <h+L+L+L+Is+I+1, (4.98)
0 0<6<6 v

where

T-6
L = ZJEJ‘ sup
0 0<6<5

N s+60 2
Z)‘iJ‘ <G<uN(r), r), e,-) dr

i=1

o Sl o+ (80 0)

JHG <G (uN(r), r), uN(r) - uN(s)>dW‘,

_(T-6
I, = ]EI sup
0 0<0<6

Iz = J‘ sup
0 0<6<6

4

s

T-6
I4_2]Ef sup f b( N(s), AuN(r), N(r))dr, (4.99)
0 0<6<6
T-6
Is —ZEI sup J b(uN(r) AuN(r), uN(s)>dr
0 0<6<6
T-6
I6—2]Ef sup f b( Ny, uN (@), u (s))dr ,
0 0<6<6
T-6
I; = 2]Ej sup I N(T ) ulN(r) - ”N(S)>
0 0<0<6
The proof of the lemma will consist of the following five steps.
Step 1 (estimate of I3). Owing to the equivalence of the two norms || - || and | - |[v we see that
I3 is dominated by
_ (T-6 s+6
2c1[«:f sup |uN (s +0) - uN(s)| < f uN(r)| dr>ds. (4.100)
0 0<0<6 s v

We find from this and by a successive application of Cauchy-Schwarz’s inequality that

T 5 V2, 1 1/2
13§C6<IEJ‘ sup uN(s+6)—uN(s)|Vds> <EI sup |u N(r)| dr> . (4101)

0 0<0<6 0  0<r<T

Since s+6 € [0,T] forany s € [0,T-6] and any 0 < 8 < 6, we get using the triangle inequality
and Lemma 4.2 that

I, < C6. (4.102)
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Step 2 (estimates for Iy, Is and Is). The estimate (2.16) and a successive application of Cauchy-
Schwarz’s inequality yield

2

il =T a2 V2 s 16 pst6 NN v
I <C6Y EJ |u (s)|st IEI f |u (r)|Vdrds . (4.103)
0 0 s

By Cauchy’s inequality, we have

_ T-5 5 _ (T-6 ps+6
I, <C6'/? EI |uN(s)' ds + EJ f
0 w 0o Js

Thanks to Lemmas 4.2 and 4.3, we derive from the latter estimate that

uN (r) |§/drds> . (4.104)

I, <C6'2. (4.105)

Similar estimates hold for Is and I.

Step 3 (estimate for I7). Thanks to the idea used in the proof of the estimate (4.102), we have
that the quantity
) 12 s -6 rst+6
uN(s+6)—uN(s)| ds EJ f
v 0 s

_ T-6
cs'/? IEI sup
0 0<0<6
dominates I7. By the assumption on F and the argument used in deriving (4.102) we have

) 1/2
F(uN (r), r> |Vdrds> ,
(4.106)

I < C6. (4.107)

Step 4 (estimate for I). We use the same argument as used in the proof of Lemma 4.2 to get
an estimate of the form

]ZV]M (G(uN(r),r>,ei> < c<1 + |uN(r)K/>. (4.108)

i1
We derive from the definition of I,, the latter estimate and Lemma 4.2 that

I, < C6. (4.109)

Step 5 (estimate for I). Thanks to Fubini’s Theorem and the Burkholder-Davis-Gundy
inequality we have

T-6__ [ (s+6 ) 1/2
L S6f IE(J <G<uN(r),r>,uN(r)—uN(s)> dr> ds. (4.110)

0 s
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By a sequence of Cauchy-Schwarz’s inequality we find that I; is bounded from above by

_ (T-6 ) V2 s 16 pstd
C<]Ef sup [uN (s +0) - uN(s)‘ ds> (Ef f
0 0<0<5 v 0 Js

By the assumption on G and by Lemma 4.2 we get from the latter equation that

) 1/2
G<MN(T),r>|Vdrds> o @111)

I, < C6Y2. (4.112)

Combining all the estimates in Steps 1-5 we get,

T-6 )
]Ej sup |uN (s +6) - uN(s)| ds < C6'/2, (4.113)
0 0<6<5 v

Since V is continuously embedded in W*,

_ (T-6 5 _ T-6 5
Ef sup uN(s+0) - uN(s)| ds < CEJ sup uN(s+0) —uN(s)| ds
0 0<0<6 we 0 0<0<6 v (4.114)
< C61/2.

The lemma follows readily from this last inequality and noting that a similar argument can
be carried out to find a similar estimate for negative values of 0. O

4.3. Tightness Property and Application of
Prokhorov’s and Skorokhod’s Theorems

We denote by 3 the following subset of L*(0,T;V):

T*‘uM
3= {ZEL‘”(O,T;W)DL‘”(O,T;V); sup |z(t+0) — z(¢)
Ol<pra” O

W < CVM}, (4.115)

for any sequences v, pip such that vy, ppyr — 0as M — co. The following result is a version
of Theorem 2.6 due to Bensoussan [51].

Lemma 4.7. The set 3 is compact in L*(0,T; V).

Next we consider the space & = C(0,T;R™) x L*(0,T;V) endowed with its Borel o-
algebra B(S) and the family of probability measures P~ on &, which is the probability
measure induced by the following mapping:

¢ wr— (W(w,-),uN(w, ~)), (4.116)

that is, for any A € B(&), BN (A) = P(p~(A)).
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We have the following lemma.
Lemma 4.8. The family (PN) s is tight.

Proof. For any € > 0 and M > 1, we claim that there exists a compact subset &, of & such that
PN (K:) > 1 - e. To prove our claim we define the sets

W, =qW: sup 2MBW(t)-W(s)| < J., YM ¢,
t,s€[0,T]
L |t-s|<T/2M
T—pm
3:=1z sup|z(t)|%, <K, sup|z(1f)|%;V <L, sup |z(t +0) — z(t)|3. < REVM},
+<T 1<T l6l<pne 0

(4.117)

where the sequences vy and pp are chosen so that they are independent of €, var, vy — 0 as
M — ooand 3y /HM/ VM < . Itis clear by Ascoli-Arzela’s Theorem that 20, is a compact
subset of C(0,T;R™), and by Lemma 4.7, 3, is a compact subset of L?(0,T;V). We have to
show that 2, = BV((W, uN) ¢ W, x 3,) < e. Indeed, we have

00(er

M=1j=1 \ts€l;

T—pm
+@<U{ sup ' 'uN(t+9) —uN(t)KW* > REVM}> +@<sup

M ilspn? 0 t<T

IA
=l

e

Wit) —W(S)i 2 kﬁ)] +@<sup uN(t)K, > Ke>

t<T

Nl 2 LE>,
(4.118)

where {1 it 1<j< ZM} is a family of intervals of length T/ 2M which forms a partition of the
interval [0, T]. It is well-known that for any Wiener process B

E|B(t) - B(s)|*™ = Cylt — s|™ for any m > 1, (4.119)
where C,, is a constant depending only on m. From this and Markov’s Inequality

Blw: {(w) > @) < (@), (4120)
a

where {(w) is a random variable on (ﬁ, 7, P) and positive numbers k and &, we obtain

M

© 2 om 1 T\™ 1— 21— 2
A, < C,(2M78 —<—> —E N +—=E Nt
3 250 (M) g aw) + Bl of, - Esepl o],
(4.121)
+) ! E su T_MM|uN(t+9)—uN(t)|2
5 Revm \e|s£A 0 W
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Owing to Lemmas 4.2, 4.6 and by choosing m = 2, we have

C2T2 & —(1/2)M 1 1 1 \/#M
Q[ESTZZ +C f+—+—z

e M=1 £ Ls RE M YMm

(4.122)

C,T? 1 1 1 VHM
< — et —+ = > ).
=T <2+\6)+C<K5+L5+Rg% -

£

A convenient choice of ., K¢, L¢, R; completes the proof of the claim, and hence the proof of
the lemma. O

It follows by Prokhorov’s Theorem (Theorem 2.1) that the family (V) N> is relatively
compact in the set of probability measures (equipped with the weak convergence topology)
on &. Then, we can extract a subsequence BN+ that weakly converges to a probability measure
B. By Skorokhod’s Theorem (Theorem 2.2), there exists a probability space (,¥,P) and
random variables (WNr, uNv) and (W, u) on (Q, F, P) with values in & such that

WNe — W in C(0,T; R™)P-a.s, (4.123)
uNe — u in L*(0,T; V)P-a.s. (4.124)

Moreover,
the probability law of <WN#,uNﬂ > is PNr and that of (W, u) is P. (4.125)

For the filtration F, it is enough to choose F! = o(W (s),u(s) : 0< s <t),t € (0,T].

It remains to prove that the limit process W is a Wiener process. To fix this, it is
sufficient to show that for any 0 < t; < £, < --- < t,, = T, the increments process
(W (tj) — W(tj-1)) are independent with respect to F'i', distributed normally with mean 0
and variance t; — t;_1. That is, to show that for any 1; € R™ and i?=-1

Eexp <:Z)L,-(w(t,~) - w(tj_l))> 11 exp<—§A]2(tj - tj_1)>. (4.126)
j=1 j=1
Equation (4.126) will follow if we have

. [exp (AW (t +0) - W(t)))] ~exp <_A_92 > (4.127)

Ft 2

We rely on the fact that for any random variables X and Y on any probability space (Q, ¥,P)
such that X is #-measurable and E|Y| < o0, E|XY| < o0, we have

(%) -xe(z)  EE(g)-EW), (4.128)
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that is,

E(XY) = E(X]E(é)). (4.129)

Now, let us consider an arbitrary bounded continuous functional &(W,v) on & depending
only on the values of W and v on (0, T). Owing to the independence of W (t) to &;(W, v) and
the fact that W is a Wiener process, we have

Eexp (il(W(t+0) - W () )& (W,0)]
=Elep((W+6) -W))[E[s(W,0)] (4.130)

_ exp<_*792>@[ﬂt<w,v>].
In view of (4.125), this implies that
]E[exp (m (wNﬂ (t+6) — W (t)>)19t <WNM, v)]
- E[exp(ik(WNﬂ (t+6) — WNs (t)))]E[ﬂt<WNﬂ, v)] (4131)

~esp(-25 Jeo (W 0)]

Now, the convergences (4.123) and (4.124) and the continuity of & allow us to pass to the
limit in this latter equation and obtain

2

E[expiA(W (t +0) - W(1)))8:(W,v)] = exp <—%>E[1§t(w, v)], (4.132)

which, in view of (4.129), implies (4.127). The choice of the above filtration implies then that
W is a F'-standard m-dimensional Wiener process.

Theorem 4.9. The pair uNr, WNe satisfies the equation

< Ni(s), el> J << f‘(s),el>>ds + ft <curl<uN" (s) — aAuNx (s)> x yNr (s),ei>ds
0

”o ,el St f u Nu(s), s €i>dS + ft (G(uN"(s),s>,ei>dWN",
0

0

(4.133)

foranyi>1.
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Proof. Leti > 1 be an arbitrary fixed integer. We set

= [N, - (), oo ((eore))as- |

t t

0 0

0

Obviously
XN =0 P-as,
which implies in particular that
xN
IEl +xN
Now we let
PN = JZ (uNf‘(s), e,-)v + vﬂ((u’vﬂ(s), e,-))ds - I; (P <uN”(s), s>,ei>ds
- (ué\]“, ei)v + I; (curl(uN" (s) — aAuNx (s)> x uN(s), ei> ds
; 2
+ fo <G <uNf‘ (s), s), ei>dWNV dt.
We will prove that
PN
1+9Ne

<F(uN(s),s>,ei>ds

2

+jt (curl(uN(s) - aAuN(s)> X uN(s),ei>ds - It (G(uN(s),s>,ei>dW‘ dt.
0

(4.134)

(4.135)

(4.136)

(4.137)

(4.138)

The difficulty we encounter is that XV is not a deterministic functional of #N and W because

of the stochastic term. To overcome this obstacle we introduce

G, = ¢ [ ' (%), 9)s,

0

where ¢ is a mollifier. It is clear that

T T
Ef |Gg(u(t),t)|2dt§EI |G(u(t), t)|dt.
0 0

(4.139)

(4.140)
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Moreover,
G (u(),) — Gu(),) in 2(QFLX0,T;V)), (4.141)
which implies in particular that
(GE(u(-),"), ei) — (G(u(),"),e;) in L2 (ﬁ,n‘m; LZ(O,T)> for any i > 1. (4.142)

Let us denote by XN¢ and 9Ne# the analog of XV and 9™« with G replaced by G*.
Introduce the mapping

PN, - C(OI T/ Rm) X Lz(or T/V) - <§1§rﬁ>r

N (4.143)
(7)o
Now, it is seen that ¢ , is a bounded continuous functional on &. Next, let us define
e (W) = % (4.144)
We have
g 2% Egn, e (WN%,uNﬂ). (4.145)

1+ YNue

Since ¢n,(WNr, uNr) is a bounded functional on & and since the law of WNr, 4N is PN«
(see (4.125)), then

@N#,s

_ N,
T+ N f G (4.146)

We note that law (W, uNr) = PN« so

Igp(w, 0)dpNr = E(p (W, uNf‘>

. (4.147)
_ o
“E
1+ xNwe
That is,
N, _ N, e
vy g (4.148)

E :
1+ PNwe 1 4+ xNwe
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Note that

-F _ -
1T+PNe 1+ xNw 1+PNe 1+ YNwe 1+ YNwe 1+ xNwe

QJNI‘ _ xN” :E< QJN“ EDNWE >+E QJN#,S E %Nﬂ,s

(4.149)
_ :{Nﬂ,s :{Nﬂ
+E - .
1+ xNwe 14+ N
We can check that
N N,e N, _ mNyue
v I | V-9 , (4.150)
1+PNe 14+ PN (1+YNe) (1 + PNwe)

and it implies that

QJN“ QJNWS
1+PNe 1+ YNes

< C<IEIT| (GE <uN# (t),t) - G(uNﬂ(t),t>,e,-> )zdt>m. (4.151)
0

We also have

E }:Nﬂ xNﬂ,s
1T+ XNe 14 xNwe

<C <EIT| (Gs (uNM(t), t) - G(uNﬂ(t), t>, ei> |2dt> 1/2, (4.152)
0

The above estimates and (4.145) yield

1/2
YN = XNk =" e, N N, 2 4.1
_ - . 153
H]EH@N” E-m|[<C(® O|(G <u f‘(t),t) G(u ”(t),t>,e,>| dt) . (4153)
Passing to limit to the above relation implies (4.138) and, hence, (4.133). O

5. Proof of the Main Result
5.1. Passage to the Limits

From the tightness property we have

uNe — 4 in L2(0,T;V) P-as. (5.1)

Since ur satisfies the two equivalent equations (4.133), then it verifies the same estimates as

ulN.



Boundary Value Problems 39

Let us consider the positive nondecreasing function ¢(x) = x”, p > 4 defined on R,.
We have

lim @ = 0. (5.2)

xX—ow X

Thanks to the estimate [E sup,¢ (o 7 [N |§, < C, we have

]P’<¢('uNf‘ LZ(OW))) < 0. (5.3)

Thanks to the uniform integrability criteria in [52] we see that [u™Ne|i2r:y) is uniform
integrable with respect to the probability measure.
We can deduce from Vitali’s Theorem that

uNe —u in L2<Q, P,L2(0, T;V)). (5.4)

This implies in particular that

W —uin 12(Q,p,12(0,T;12(D))), (5.5)
% — % in L(Q,P,12(0,T;12(D))), i=1,2 (5.6)

Thanks to (5.4), we can still extract a new subsequence from uNr denoted again by u™r so
that

uNe — 4 in V dt x dP-almost everywhere. (5.7)

It is readily seen that

<<uN”,ei>> — ((u,e;)) strongly in L? <Q, P; L2(0, T)>. (5.8)
Let y be an element of L*(Q x [0, T],dP @ dt).
Since e; € H*(D) ¢ L*(D), then ye; € L*(Q x (0,T] x D, dP® dt ® dx). Thanks to (5.5),

(5.6) we have that

N
a M
" M; (Xei)k - uj—gzlf (xei)k in L'(Q x (0,T] x D), (5.9)
I i

J 0

which implies that

T T
]EJ‘ b(uNf‘,uNf‘,xei>dt — IEJ‘ b(u,u, ye;)dt for any i. (5.10)
0 0
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Since in view of Lemma 4.1 e; € H*(D), then

0 aei o . o
e (Xa_x,»>l€L <Q,]P,L <O,T,]H1 (D))). (5.11)
Since H?(D) ¢ L.*(D), then
a aei
R o IP) o] .Loo . )
xr <X 6xj>, € L*(Q,P,L*(0,T;L*(D))) (5.12)

With the help of (5.5) we obtain

<uwﬂ>ka%<xg_:> Hukyl(x%) in 12(Q P 12(0, ;LA(D)) ). (5.13)
1 1

We derive from this and (5.6) that

de; oulN T d de; du
I j kaxk (Xa_x]>l< ox; >ldxdt — EIO,[D”ka_m<x6_9cj>l<ax]> dxdt,

(5.14)

for any i, j, k, I. In the above equations (f), denotes the kth component of the vector function

f.
We can use the same argument to show that
uN
f J‘ s a(el)l a d dt —>EJ J‘ a(el)l d dt
0x; 6x] 6x] ax] ax] ax] .
(5.15)
foranyi,j, kI
With the help of (2.21), and (5.14), (5.15), we have
T T
EJ b(uNﬂ, AuNﬂ,ei> ydt — ]Ef b(u, A, e)ydt, Vi (5.16)
0 0

Thanks to density of L*(Q x [0,T],dP @ dt) in L>(Q x [0,T],dP ® dt) and by taking y €
L*(Q x [0,T],dP ® dt) as a test function, we deduce from (5.16) that

b(uNf*, AuMr,e;) = b(u, Au,e;) weakly in L2 <Q P;L2(0, T)), (5.17)

for any i.
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Using (2.22), we can imitate the argument used above to show that
b(ei, AuN”,uNf‘> — b(e;, Au,u) weakly in L? <Q, P; L2(0, T)>, (5.18)

for any i.
We conclude with (2.18), (5.10), (5.17) and (5.18) that

(curl(uNﬂ - aAuNﬂ> X uNﬂ,ei> — (curl(u — alAu) x u, e;), (5.19)

weakly in L2(Q,P; L?(0,T)) for any i.
It follows from (5.7), the Lemma 4.3, the assumption on F, and Vitali’s theorem that

F(uNf‘(-), ) —s F(u(-),") strongly in L? <Q, P; L*(0, T;V)). (5.20)
This implies in particular that
(F(uNf‘(~),->,ei> — (F(u(-),"),e;) strongly in L2<§2, P; L2(0, :r)), (5.21)

for any i.
It remains to prove that

t t
f <G<uNﬂ,s>,e,->dWNﬂ -~ f (G(u,s),e)dW weakly-+ in L2(Q,P;L*(0,T)), (5.22)
0 0

foranyt e (0,T) and i as 4 — oo. Using a similar argument as in [53], we will just show that
T T

f (G(uNﬂ,s>,ei>dWNﬂ *J (G(u,s),e;)dW weakly in L2(Q, P), (5.23)
0 0

from (5.22) follows. From now on we fix i > 1. First, Lemma 4.3, the convergence (5.7), the
assumption on G, and Vitali’s theorem imply that

G(ule,-),e;) — (G(u,-),e;) inL*(Q,P;L*0,T) (5.24)
(G ) e) ( )

as 4 — oo. We consider the already introduced regularized function G*(u(-), -) in (4.139). We
readily check that

(G*(u(),),e) — (G(u(),),e)  in L*(QB;L2(0,T)), (5.25)
as e — 0. We also have
T
0

EJ‘OT| (Gg <uNf‘,t> -G (u, t),ei> |2dt < ]Ef '(G(uN”,t> - G(u,t),e,-> '2dt. (5.26)
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The crucial point is to show that

T T
f (G€<uN%,t>,ei>dWNﬂ ;f (G*(u,t),e;)dW  weakly in L2(Q, P). (5.27)
0 0

Since

E 2 = IEJJ <G5 <uNf‘, t>, e,-)zdt < oo, (5.28)

0

[ (o (1), ey aw

0

then fOT(GE(uN%, t), e;)dWN« weakly converges to a certain f in L?(Q,P). An integration-by-
parts yields

[[(@ @ ean = (@ @mir)e) - [ wiod (@@ od.e)a

0

(5.29)
where
d/ ./ N 1(Ta t—s N
(@ ()= f Go(- ) e s)e)as G0
By virtue of the convergence
<uNﬂ,wNv) — (w,W) in C(0, T;R™) x L2(0,T; V) (5.31)

P-almost surely, we have

T T
f (67 (N 1) ) AWNe — (GF(u(T), T), &) - f WG e, (532)
0 0 dt
for almost all w € Q. The term in the left-hand side of (5.32) is equal to
T
f (G®(u(t),t),e;)dW. (5.33)
0

Now let us pick an element ¢ € L*(€, P). We have

T N N T
E f O (G (u "(t),t),gei)dW i —>IEJ‘O (GE(u(t), t), Cei)dW, (5.34)



Boundary Value Problems 43

that is
T
p= f (G (u(t),t), e))dW. (5.35)
0

Indeed, thanks to the estimate (4.140), Lemma 4.2 the sequence of random variables
i g(Gg (uNe(t),t), ¢e;)dWNr is uniformly integrable. Owing to the convergence (5.32) and the
applicability of the Vitali’s Theorem, we get (5.34). We also have (5.27) since L*(Q, ¥,P) is
dense in L*(Q, P).

Let { € L*(Q, P); we write

5[ (G( 1) geaw™ -5 [ Gt geraw| <hiv v 639
where

Ji=|E J' Z <G£<uNf*(t),t>,§ei>dWN —]EfZ(G(uNM (t),t),gel)dWNf‘ ,
T T

I, = |E f 0 (Gf <uN" (t),t),gei>dWNf‘ - ]EIO (Gf(u(t),t),gei)dW', (5.37)
T T

Js = Ef (GE(u(t),t),Cei)dW—EJ (G(u(t),t),éei)dw‘-
0 0

By Cauchy-Schwarz’s inequality and owing to (5.25), the term J; of the RHS of (5.36)
converges to zero as € — 0.

By (5.34), the term ], in the RHS of (5.36) converges to zero as g — oo.

By Cauchy-Schwarz’s inequality again, some simple calculations, and making use of
the estimate (5.26) and the convergence (5.24) and (5.25) we see that J; converges to zero as
e » 0and p — oo.

In view of these convergences passing to the limitas ¢ — 0 and g — oo in (5.36) we
get (5.22).

Combining all those results and passing to the limit in (4.133), we see that u satisfies
(3.6). This proves the first part of Theorem 3.3. The next subsection addresses the continuity
in time of our solution.

5.2, Proof of Continuity of the Paths of u

We have already shown that for any i > 1 the equation

(u(t), ey = (up, &)y + f (P, ) ~ curl(u— abu) x ) = () e)))ds
(5.38)

t
+I (G(u(s),s),e;))dW
0

holds almost surely for any ¢ € [0, T].
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For any i > 1 let ¢ be the mapping

[0, T] — R,
(5.39)
t— () = (u(t), e)y-
Let 6 > 0. We have
t+0
lo(t) =t +0)| < f ((F(u(s),s) — curl(u — aAu) x u,e;) —v((u(s),e;)))ds
t (5.40)
t+6
+ f (G(u(S),s),ei)dW’.

Let p > 4, we obtain by raising both sides of the last inequality to the power p/2

p/2 p/2

+0
lo(t) - p(t+6)|"* < C f (G(u(s), s), e;)dW
t

t+0
+C<L |<F(u(s),s>,ei)|ds>

t+6 p/2 40 p/2
+ C<J‘ |(curl(u — alAu) x u, ei)lds> + C<vj |((u(s),el~))|ds> .
t

t

(5.41)
We infer from this that
t+6 p/2
E|p(t) — ¢(t +6) |p/2 < ]E(J |(curl(u — aAu) x u, e,-)lds)
t
t+6 p/2
+ CEsup J (G(u(s),s),e;)dw
0<66 |/ t
o (5.42)

t+6
+ C]E<L [(F(u(s),s), el-)lds>

t+6 p/2
+CE<L v|<(u<s>,ei>>|ds> ,
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which implies by the help of martingale inequality that

t+6
E|o(t) - o(t +6) |P/ 2 < c9<P*2>/2f |(curl(u — aAu) x u, e;)|P'*ds
t

t+6
+ce<"‘”/2f (F(u(s), 5), en)[P"ds

t

s (5.43)
+ €OV 2 [ i((us) ) ds
t
t+6 p/2
+CE (f |(Gu(s),9), ei>|2> :
t
Using previous estimates and some elementary inequalities, the following holds:
E|o(t) — ot +6)|"* < c(91+<r’-2>/2 + 91+<P-4>/4), (5.44)

for any 6 > 0. We conclude from Kolmogorov-Centsov Theorem that the stochastic process
¢(-) = (u(-), ei)y has almost surely a continuous modification with respect to the time variable
t. Identifying u with this modification, we see that u has almost surely continuous paths
taking values in V-weak. Since u is also in the class LP/2(Q,P; L*(0,T; W)), then u(-) also
has almost surely continuous paths with respect to t taking values in W-weak (see [54] for
justification). It follows that the initial condition u(x,0) = up € W in (1.13) makes sense.
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