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We study the existence and multiplicity of positive solutions for the following Dirichlet equations:
—Au+u = da(x)|ul7?u + b(x)|[uP?uin Q, u = 0 on 0Q, where A > 0,1 < g <2 <p < 272" =

2N/(N =2)if N > 3;2* = w0 if N = 1,2), Q is a smooth unbounded domain in RV, a(x), b(x)
satisfy suitable conditions, and a(x) maybe change sign in Q.

1. Introduction and Main Results

In this paper, we deal with the existence and multiplicity of positive solutions for the
following semilinear elliptic equation:

—Au+u=a(x)|[ulu+bx)|uf?u inQ,

u>0 in Q, (Exap)
u=0 on 0Q,

where A >0,1<g<2<p<2*(2*=2N/(N-2)if N >3,2* =0 if N =1,2),Q c RN isan
unbounded domain, and a, b are measurable functions and satisfy the following conditions:

(Al) ae C(Q)NLT(Q) (g* =p/(p - q)) with a* = max{a,0} £0 in Q.
(B1) b e C(Q) N L*(Q) and b* = max{b,0} #0 in Q.
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Semilinear elliptic equations with concave-convex nonlinearities in bounded domains
are widely studied. For example, Ambrosetti et al. [1] considered the following equation:

—“Au=M"+uP Tt inQ,
u>0 in Q, (Ey)
u=0 on 0Q,

where A > 0,1 < g <2 < p <2* They proved that there exists Ao > 0 such that (E;) admits at
least two positive solutions for all A € (0,.19) and has one positive solution for A = 1y and no
positive solution for A > Ag. Actually, Adimurthi et al. [2], Damascelli et al. [3], Ouyang and
Shi [4], and Tang [5] proved that there exists Ay > 0 such that (E,) in the unit ball BN (0;1)
has exactly two positive solutions for A € (0, Ap) and has exactly one positive solution for
A = Ay and no positive solution exists for A > Ay. For more general results of (E,) (involving
sign-changing weights) in bounded domains, see Ambrosetti et al. [6], Garcia Azorero et al.
[7], Brown and Wu [8], Brown and Zhang [9], Cao and Zhong [10], de Figueiredo et al. [11],
and their references. However, little has been done for this type of problem in unbounded
domains. For Q = RN, we are only aware of the works [12-15] which studied the existence
of solutions for some related concave-convex elliptic problems (not involving sign-changing
weights).

Wu in [16] has studied the multiplicity of positive solutions for the following equation
involving sign-changing weights:

~Au+u=fLx)ul + g,,(x)up_1 in RV,
. mN
u>0 in RY, (Efg)

ue H1<]RiN>,

where 1 < g <2 < p <27, the parameters A, y > 0. He also assumed that f(x) = L f,(x)+ f-(x)
is sign-changing and g,(x) = a(x) + ub(x), where a and b satisfy suitable conditions, and
proved (Ey, ¢,) has at least four positive solutions.

When Q = Q' xR (Q' ¢ RN™1, N > 2) is an infinite strip domain, Wu in [17] considered
(Exap) (not involving sign-changing weights) assuming that 0 £ a € L>@9(Q), 0 < b €
C(Q) satisfies limyxy|—oob(x’,xn) = 1 in Q and there exist & > 0 and 0 < Cy < 1 such that
b(x', xn) > 1 — Coe 2V #0140 for all x = (x', xn) € Q, where 8, is the first eigenvalue of the
Dirichlet problem —A in '. The author proved that there exists a positive constant Aq such
that for A € (0, Ao), (Exap) possesses at least two positive solutions.

Miotto and Miyagaki in [18] have studied (Ejqp) in Q = ' x R, under the assumption
that a € L//09(Q) (g < y < 2*) with a*#0 and a~ is bounded and has a compact support
inQand 0 < b € L*(Q) satisfies lim,y|—b(x’,xn) = 1 and there exists Cy > 0 such that

b(x',xn) >1- Coe‘z\/“el'xf\" forall x = (x',xn) € Q, where 60, is the first eigenvalue of the
Dirichlet problem —A in €'. It was obtained there existence of Ay > 0 such that for A € (0, Ay),
(Exap) possesses at least two positive solutions.

In a recent work [19], Hsu and Lin have studied (E,,) in RN under the assumptions
(Al1)-(A2), (B1), and (). They proved that there exists a constant Ag > 0 such that for
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L€ (0,(g/2)Ao), (Erap) possesses at least two positive solutions. The main aim of this paper
is to study (Ejap) on the general unbounded domains (see the condition (€5)) and extend
the results of [19] to more general unbounded domains. We will apply arguments similar
to those used in [20] and prove the existence and multiplicity of positive solutions by using
Ekeland’s variational principle [21].

Set

24 2-9)/(p-2) _9
Mo <—> <P—+>5p<ﬁ><P<2'”/2(*’2”*‘7/2 >0, (L)
(r - 9)I1b*]| (p-g)la*|le

where [[b*|L» = sup,ob"(x), [|[a*|+ = (jg|a+|q*dx)1/q*, and 5,(Q) is the best Sobolev
constant for the imbedding of Hj(Q) into L7 (Q). Now, we state the first main result about
the existence of positive solution of (Ejap).

Theorem 1.1. Assume that (A1) and (B1) hold. If X\ € (0, ), then (Eyap) admits at least one
positive solution.

Associated with (Ej4p), we consider the energy functional ]y, in H&(Q):

1 1
Jrap(u) = 2||u||%{1 - f; J.Q a(x)|ulldx - » Lz b(x)|ulPdx, (1.2)

where |lull; = (fQ(Vu|2+u2)dx)1/2. By Rabinowitz [22, Proposition B.10], Ji.p €

C!'(H;(Q), R). It is well known that the solutions of (Eyq) are the critical points of the energy
functional Jyap in Hy ().

Under the assumptions (A1), (B1),and A > 0, (Ej,s ) can be regarded as a perturbation
problem of the following semilinear elliptic equation:

—Au+u=b(x)uP!' inQ,
u>0 in Q, (Ev)
u=0 onoQ,

where b(x) € C(2) N L*(Q) and b(x) > 0 for all x € Q. We denote by S;(Q) the best constant
which is given by

2
Sh@) = inf Il

' (1.3)
P ueHy @\(0) ([, b(x)ufdx)*'”
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A typical approach for solving problem of this kind is to use the following Minimax method:

(@)= inf maxi(y®)), (1.4)
where
r(@) = {y e c([0,11, H}(®)) : (0) = 0, y(1) = e}, (1.5)

]g (e) = 0 and e #0. By the Mountain Pass Lemma due to Ambrosetti and Rabinowitz [23],
we called the nonzero critical point u € H&(Q) of ]g a ground state solution of (Ep) in € if
]g (u) = a’I'Z(Q). We remark that the ground state solutions of (Ep) in € can also be obtained
by the Nehari minimization problem

b Q) = inf b ,
ag(2) ve;nng(g)]o(v) (1.6)

where ,/ILH(Q) ={uce H&(Q) \ {0} : ||u||il1 = fg b(x)|ulPdx}. Note that ,/ILS(Q) contains every
nonzero solution of (Ep) in Q,

)
al(Q) = ab(Q) = %s;(g)w 2 5 (1.7)

(see Willem [24]), and if b(x) = b*® > 0 is a constant, then ]g and ag(Q) replace Jo and af’(Q),
respectively.

The existence of ground state solutions of (E}) is affected by the shape of the domain
Q and b(x) that satisfies some suitable conditions and has been the focus of a great deal of
research in recent years. By the Rellich compactness theorem and the Minimax method, it is
easy to obtain a ground state solution for (Ep) in bounded domains. When Q is an unbounded
domain and b(x) = b*, the existence of ground state solutions has been established by several
authors under various conditions. We mention, in particular, results by Berestycki and Lions
[25], Lien et al. [26], Chen and Wang [27], and Del Pino and Felmer [28, 29]. In [25], Q = RN,
Actually, Kwong [30] proved that the positive solution of (E,) in RN is unique. In [26], for Q
is a periodic domain. In [26, 27], the domain Q is required to satisfy

(Q1) Q = Q; ULy, where Q;, Q; are domains in RN and Q; N Q, is bounded;
(£22) a*(Q) < min{ag’(Q1), ag’(€2) }.
In[28,29] for1 <1< N -1,RY = R x RN, For a point x € RN, we have x = (y, z),

wherey € R and z € RN . Let y € R, we denote by Q¥ ¢ RN the projection of Q onto RN,
that is,

QY = {z eRN: (y,2) € Q} (1.8)
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The domain € satisfies the following conditions:

(Q3) Qis a smooth subset of RN and the projections Q¥ are bounded uniformly in y € R';
(Q4) there exists a nonempty closed set D ¢ RN such that D ¢ Q¥ forally € R';
(€5) for each 6 > 0, there exists Ry > 0 such that

QY c {z e RN : dist(z, D) < 6} (1.9)

for all |y| > Ro.

When b(x) #b* and b(x) € C(Q) N L*(Q), the existence of ground state solutions
of (Ep) has been established by the condition b(x) > b*® and the existence of ground state
solutions of limit equation

—Au+u=b*u""! inQ,
u>0 in Q, (Ep=)
u=0 on 0Q.

In order to get the second positive solution of (Ej;p), we need some additional
assumptions for a(x), b(x), and Q. We assume the following conditions on a(x), b(x), and
Q:

(Qp) b(x) > 0 for all x € Q and (Ep) in Q has a ground state solution wy such that
J§(wo) = ag(Q).
(A2) jg a(x)|wo|dx > 0 where wy is a positive ground state solution of (Ep) in Q.

Theorem 1.2. Assume that (A1)-(A2), (B1), and (€p) hold. If A € (0,(q/2)Ao), (Exap) admits at
least two positive solutions.

Throughout this paper, (A1) and (B1) will be assumed. H(Q) denotes the standard
Sobolev space, whose norm || || 1 is induced by the standard inner product. The dual space of
H& () will be denoted by H1(Q). (-, -) denote the usual scalar product in H& (). We denote
the norm in L?(Q) by || - ||zs for 1 < s < 0. 0,4(1) denotes 0,(1) — Oasn — oo. C, C; will
denote various positive constants, the exact values of which are not important. This paper is
organized as follows. In Section 2, we give some properties of Nehari manifold. In Sections 3
and 4, we complete proofs of Theorems 1.1 and 1.2.

2. Nehari Manifold

In this section, we will give some properties of Nehari manifold. As the energy functional
Jaap is not bounded below on Hé (Q), it is useful to consider the functional on the Nehari
manifold

Miap(Q) = {u € HY@)\ {0} : (Unan) (), u) = 0}. (21)
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Thus, u € My, (L) if and only if

(Unap) ), u) = |[ullfy - )Lf a(x)|ulidx - f b(x)[ul”dx = 0.
Q Q

(2.2)

Note that M), (€2) contains every nonzero solution of (Ej.p). Moreover, we have the

following results.
Lemma 2.1. The energy functional ]y, is coercive and bounded below on My, (L2).

Proof. If u € My, (Q), then by (A1), (2.2), Holder and Sobolev inequalities

p-2, P-9
Jaap(u) = —|ju —A(—)fax u|ldx
Aab(14) 2 el oa 5 (%) |ul

p-2 p—q —a/2y o+ q
> S | A— Q)1 . .
25 [l 1 A( > )Sp( )@ | Nl

Thus, Ji4p is coercive and bounded below on M, ,(€2).

Define

@rap(m) = ((Jaap) (u),10).

Then for u € M) ,p(£2),
(@100 ), ) =20l = q [ alupiaz-p [ bl
Q Q
- @-lull - (p =) | b@luPax
Q

~A(p-q) fQ a()ultdx - (p - 2) Jully.

Similar to the method used in Tarantello [20], we split M, 4,(€2) into three parts:

M) = {1 € Miap(©) : ((gr100) (), 1) >0},
M8,(Q) = {1 € Muap(@) : ((g100) (W), u) =0},

-/’qa,b(g) = {u € Myap(Q) : <((P)La,b),(u)/ u> < 0}

Then, we have the following results.

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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Lemma 2.2. Assume that u, is a local minimizer for Jyap on Myap(L2) and uy ¢ ,/Ilga,b(Q). Then
(nap)' (ur) = 0in H(Q).

Proof. Our proof is almost the same as that in Brown and Zhang [9, Theorem 2.3] (or see
Binding et al. [31]). [

Lemma 2.3. We have the following.

(i) Ifu e M3, ,(Qu ,/Ilgulb(Q), then [ a(x)lu|7dx > 0;
(i) If u € M, ,(Q), then [, b(x)[ulPdx > 0.

Proof. The proof is immediate from (2.6) and (2.7). I
Moreover, we have the following result.

Lemma 2.4. If A € (0, A), then ,/Ilga,b(Q) = () where Ay is the same as in (1.1).

Proof. Suppose the contrary. Then there exists A € (0, A¢) such that ,/Ilga,b(Q) #0. Then for
ue _/Iiga,b(Q) by (2.6) and Sobolev inequality, we have

2-— _
p—_ZIIuII?p = Lz b(x)ul’dax < [[b*[| . Sp (Q) [l 7, (2.9)
and so
9 q 1/(p-2)
lloell o> <W> Sp(Q)P/2P2), (2.10)
_ L

Similarly, using (2.7) and Holder and Sobolev inequalities, we have

s =323 | aolultax < \E=T a1 5,(2) 1)
which implies
- 1/(2-9)
i < (AE=lalle ) Sp@ 0. (212)

Hence, we must have

) (2-9)/(p-2) 5
A> <;”’> <P;> S, (Q)PED2ED1a/2 A (2.13)
(- )bl (- g)llatllpe

which is a contradiction. This completes the proof. [l
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For eachu € H& (Q) with fQ b(x)|ulPdx > 0, we write

(-9l v 214
tmax(u) = <(p—q) J.Q b(x)lulpdx > 0. ( . )

Then the following lemma holds.
Lemma 2.5. Let A € (0, Ag). For each u € Hy(Q) with [, b(x)ulPdx > 0, we have the following.

(i) Ifo a(x)|ul7dx <0, then there is a unique t~ =+~ (1) > tmax (1) such thatt"u € _/Ii;a,b(Q)
and

Jaap(tu) = Stug?ha,b(tu)~ (2.15)

(i) If [, a(x)[ul?dx > O, then there are unique
0<t' =t"(u) <tmax(u) <t” =t (u) (2.16)
such that t"u € ,/ILXalb(Q), tue ,/Iqalb(Q), and

Nap(tu) = inf  Jiap(tu),  Jiap(tu) =supfiap(tu). (2.17)
>0

0<#<tmax (1)
Proof. The proof is almost the same as that in Wu [32, Lemma 5] and is omitted here. [l

3. Proof of Theorem 1.1

First, we remark that it follows Lemma 2.4 that
Miap(Q) = M7, ,(Q) UM, ,(Q) (3.1)

for all 1 € (0,Ao). Furthermore, by Lemma 2.5 it follows that #} ,(€2) and /() are
nonempty, and by Lemma 2.1 we may define

Ayap = Inf u);at . = inf u);a, ., = inf u).
tap = inf (Q)hu,b() lob = e Q)]/\u,b() \ab ueﬂi,,,b@)hu'b() (3.2)

Then we get the following result.
Theorem 3.1. We have the following.

(i) If A € (0, Ag), then we have aIa,b <0.
(ii) If A € (0, (q/2)Ao), then &, > d for some do > 0.

In particular, for each \ € (0, (q/2) o), we have ay,, = aiqp-
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Proof. (i) Letu € ,/IlIa,b (Q). By (2.6),

2-q 2
kWY 1>f b()luP dx
p-q T )g

and so

(3.3)

= (=g e (=) Jpeomrae < (5= 0) + (5= ) (=) e

_ (P-2)2-9),
- —Tnunm <0.

Therefore, “Xa,b <0.
(ii) Letu € ,/ll;alb(Q). By (2.6),

2-q,
"y < [ beomPax,
p-q " Ja
Moreover, by (B1) and Sobolev inequality theorem,

fQ b ulPdx < (167l Sp() P2 [[ullyy -

This implies

5_ q 1/(p-2)
llull g > <7> S, QPP Yuye M ().

(CRE)] Ll e
By (2.4) and (3.7), we have

])La,b (u)

_9 - - i .
>l [”2—p||uuif’ - A(%)Sm) | ||w]

q/ (p-2)
§ <( 2i|z “ > 5, QP22
pP=9) "

_9 2_ (2-9)/(p-2)
x P SP(Q)P(Z*q)/Z(p*Z) < 9 > _ )L<
2p (P -t

“G
=
(AN

(3.4)

(3.5)

(3.6)

(3.7)

— q)sp(sz)q”nfnw] :

(3.8)
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Thus, if A € (0, (g/2)Ao), then

Jrap(u) >do Vue M, (Q), (3.9)

for some positive constant dy. This completes the proof. [l

We define the Palais-Smale (simply by (PS)) sequences, (PS)-values, and (PS)-
conditions in H& (Q) for Jy,p as follows.

Definition 3.2. (i) For ¢ € R, a sequence {uy,} is a (PS).-sequence in H(}(Q) for Jnap if Jaap(tn) =
¢ +0n(1) and (Jrap)' (tn) = 04(1) strongly in H(Q) asn — oo.
(ii)) ¢ € R is a (PS)-value in H&(Q) for Jiap if there exists a (PS)_ -sequence in H(l)(Q) for

Jiap-
(iii) Jyap satisfies the (PS) -condition in Hy(Q) if any (PS) -sequence {u,} in Hy(<Q) for
Jrap contains a convergent subsequence.

Now, we use the Ekeland variational principle [21] to get the following results.

Proposition 3.3. (i) If A € (0, Ao), then there exists a (PS),, ,-sequence {1y} C Myqp(€2) in Hj(Q)

for Jaap.
(ii) If L € (0, (q/2) o), then there exists a (PS)a; ,-sequence {u,} c _/Ii;a,b(Q) in HO1 (Q) for

Jrap-
Proof. The proof is almost the same as that in Wu [32, Proposition 9]. Il

Now, we establish the existence of a local minimum for [, on M}, (Q).

Theorem 3.4. Assume (A1) and (B1) hold. If A € (0, Ao), then Jyap has a minimizer uy in ,/IlIa,b(Q)
and it satisfies the following.

(1) Jaap(r) = arap = ay, ;.
(ii) uy is a positive solution of (Eyap) in Q.
(iii) ||ual|gn — Oas A — 0.

Proof. By Proposition 3.3(i), there is a minimizing sequence {u,} for Ji,p on My, (€2) such
that

Nap(tn) = @rap+0n(1),  (Jrap)'(un) = 0,(1) in H(Q). (3.10)

Since ], is coercive on My, (€2) (see Lemma 2.1), we get that {u,} is bounded in H&(Q).
Going if necessary to a subsequence, we can assume that there exists u, € H; (Q) such that

u, — uy, weakly in Hol(Q),
u, — u, almost every where in €, (3.11)

u, — uy strongly in L7 (Q)V 1<s<2%.

loc

By (A1), Egorov theorem, and Holder inequality, we have

.A,J‘ a(x)|u,|1dx = )Lf a(x)|uy|%dx + 0,(1) as n — oo. (3.12)
Q Q
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First, we claim that u, is a nonzero solution of (Ej,p). By (3.10) and (3.11), it is easy to see
that u, is a solution of (Ey,p). From u,, € My, (€2) and (2.3), we deduce that

q(p-2)

Idx =
)Lfg a(x)|u,|1dx 2(p - q)

a2 — % Jran(ttn)- (3.13)

Letn — ooin (3.13); by (3.10), (3.12), and a4 < 0, we get

Apgb > 0. (3.14)

)Lf a(x)ju|'dx > -4
Q

Thus, uy € My, () is a nonzero solution of (Ey,p). Now we prove that u, — u, strongly in
H&(Q) and Jyap (1)) = arap. By (3.13), if u € My,p(€2), then

p-2. .o P-4
Jaap(m) = = |lullzn — —)Lf a(x)|ul?dx. (3.15)
Aab 2PllllH g ), |ul

In order to prove that Jiap(11) = ayap, it suffices to recall that u,, uy, € My,p(L2), by (3.15)
and by applying Fatou’s lemma to get

p-2 2 P-4
tron < Jrap(i) = 25 ity =201 [ ol
2p T pg T
(P2 2 P—q (3.16)
< hmmf(—||un|| - _.A,J. a(x)|un|qu> :
n—oo 2]9 H! pq Q
< liminf ]/\u,b (un) = O)g,b-
This implies that Jy,p(11) = ajap and lim,HmHuanq1 = ||u1||§{1. Let v, = u, — uy; then by
Brézis and Lieb, lemma [33] implies that
letn = Nl = lluallp + 0n(1). (3.17)

Therefore, u, — u, strongly in H& (€2). Moreover, we have u, € M}, (€2). On the contrary, if
uy € M, ,,(Q), then by Lemma 2.5, there are unique ¢ and ¢; such that tju, € _/Iqa,b(Q) and
tour € M, (L). In particular, we have tj < t; = 1. Since

d2

Eﬁluw(%ul)>(x (3.18)

d
dt Jaap(t§u) =0,
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there exists t] <t < t; such that Jy,,(tjus) < Jiap(tuy). By Lemma 2.5,
Tap (E512) < Jaap <tu)L> < Jaap(tgur) = Nnap(mn), (3.19)

which is a contradiction. Since Jizp(u1) = Jaap(|ual) and |uy| € M7, (€2), by Lemma 2.2 we
may assume that u) is a nonzero nonnegative solution of (Ej,p). By Harnack inequality [34],
we deduce that 1) > 0 in Q. Finally, by (2.3) and Holder and Sobolev inequalities,

! < A7 la s Sp(@) " (3.20)

and so |luy||gn — 0as A — 0% I

Now, we begin the proof of Theorem 1.1. By Theorem 3.4, we obtain that (E,,5) has a
positive solution u) in Hj ().

4. Proof of Theorem 1.2

In this section, we will establish the existence of the second positive solution of (Ej.p) by
proving that /), satisfies the (PS )u; b—condition.

Lemma 4.1. Assume that (A1) and (B1) hold. If {u,} C Hy(Q) is a (PS) -sequence for Jyap, then
{1} is bounded in H) ().

Proof. We argue by contradiction. Assume that ||u,||;r — oo. Let i, = u,/||uy|| . We may
assume that i1, — # weakly in H}(Q). This implies that @1, — # strongly in L} (L) for all
1 <s <2*. By (Al), Egorov theorem, and Holder inequality, we have

A 194y = A 519
g Lz a(x)|u,|dx g fQ a(x)|u|dx + 0, (1). (4.1)

Since {u,} is a (PS) -sequence for Jy,p and ||uy||gr — oo, there hold

1, o Ml e nnHl . 2)

Ml = == | a(x)[an|dx - bl dx = 0u(1), :
q Q

||an||ip—)u||un||?;ff () ikl el = [ [} f b(x)in|"dx = on(1). (43)
Q

From (4.1)-(4.3), we can deduce that

ity = 2P 7D o2 f a(x) [l dx + 0, (1). (4.4)
Q

q(p-2)
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Since 1 < g < 2 and ||uy||m — oo, (4.4) implies

[n]5 — 0 asnm—s oo, (4.5)

which contradicts with the fact that ||, ||y = 1 for all n. [

We assume the condition (L) holds and recall

2
by~ s lleel[
Sp(Q)= inf

i o 2p (4.6)
ueH @0 ([, b(x)|ul’dx)

Lemma 4.2. Assume that (A1), (B1), and (€) hold. If {u,} C Hé (Q) is a (PS)-sequence for Jyap
with ¢ € (0, a5(R)), then there exists a subsequence of {u,} converging weakly to a nonzero solution

of (Exap)-

Proof. Let {u,} C HO1 (Q) be a (PS) -sequence for Jy,, with ¢ € (0, cxg(Q)). We know from
Lemma 4.1 that {u,} is bounded in HO1 (Q), and then there exist a subsequence of {u,} (still
denoted by {u,}) and ug € Hg(Q) such that

u, — up weakly in H&(Q),
u, — 1y almost every where in Q, (4.7)

u, — up strongly in L (Q) V1<s<2%

It is easy to see that (Jiap) (119) = 0, and by (A1), Egorov theorem, and Holder inequality, we
have

A Lz a(x)|u,|Tdx =L J.Q a(x)|upldx + 0,(1). (4.8)
Next we verify that uy #0. Arguing by contradiction, we assume uy = 0. Setting
I= nlgr;O J.Q b(x)|un|Pdx. 4.9)
Since (Jiap)'(Un) = 04(1) and {u,} is bounded, then by (4.8), we can deduce that

0= Lim ((Jiap) (tn), un) = lim (Ilunllip —f b(x)|un|de> = lim [|u, | -1, (4.10)
n— oo n— oo Q n—oo
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that is,

Jim [Jun 70 = 1. (4.11)

If I = 0, then we get ¢ = lim,,— o, J1ap(1t,) = 0, which contradicts with ¢ > 0. Thus we
conclude that I > 0. Furthermore, by the definition of SZ(Q) we obtain

il > Sp ([ b(x)|un|de>2/p. (412)
Then as n — oo we have
[= lim [luy|l}p > SHQPP, (4.13)
which implies that
1> ShQ)?/®2. (4.14)

Hence, from (1.7) and (4.8)—(4.14) we get,

¢ = lim Jy,p(u,) = L lim ||un]|3,: — A lim f a(x)|u,|1dx - ! lim f b(x)|u,|Pdx
n— oo 21’14’00 qn*)w Q pnA’OO Q (4 15)

-2
i (i ) ,19>’ 2 Esp@p v = (@),

This is a contradiction to ¢ < aS(Q). Therefore uy is a nonzero solution of (Ej,p). I

Lemma 4.3. Assume that (A1)-(A2), (B1), and () hold. Let wy be a positive ground state solution
of (Ep); then

(i) sup,oJiap(two) < ab(Q) for all A > 0;

(ii) a7, < al(Q) for all L € (0, Ao).

Proof. (i) First, we consider the functional Q : HO1 (Q) — R defined by

1 1
Qu) = 2||u||§p— f b(x)[ufPdx Y ue H}(Q). (4.16)
pJa
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Then, from (1.3) and (1.7), we conclude that

2 ol MR s
_P= Woll _ P2 cho\p/(-2) _ b
supQ(two) = —— = —5,(Q)F =ay(Q), (417)
20 20\ (Jo b(x)|wwolPdx)*' 2p 7 ’
where the following fact has been used:
R -2/ A \V/P2
sup A- B)-= p_< (—) where A, B > 0. (4.18)
B0 \2 P 2p \B?

Using the definitions of Jy4p, wo and b(x) > 0 for all x € Q, for any A > 0, we have

Jaap(twg) — —o0  as t — oo. (4.19)
From this we know that there exists ty > 0 such that

sup Jaa,p(two) = sup Jiap(two). (4.20)

20 0<i<to

By the continuity of Jy,p(twp) as a function of ¢+ > 0 and Jy,4(0) = 0, we can find some
t1 € (0,tp) such that

sup Juap(two) < ag(Q). (4.21)
0st<h

Thus, we only need to show that
sup Jaap(two) < af(Q). (4.22)

t<t<ty

To this end, by (A2) and (4.17), we have

q
sup Jiap(two) < supQ(twy) — 2 fQ a(x)|woldx < a3(Q). (4.23)

h<t<ty >0

Hence (i) holds.
(ii) By (Al), (A2), and the definition of w,, we have

f b(x)|wolPdx >0, f a(x)|wol?dx > 0. (4.24)
Q Q
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Combining this with lemma 2.5(ii), from the definition of a} , , and part (i), forall A € (0, Ao),
we obtain that there exists ty > 0 such that tywy € ,/Illalb(Q) and

@y, p < Jaap(towo) < S:i(}))]/\u,b(tWO) < ag(Q). (4.25)

Therefore, (ii) holds. I

Now, we establish the existence of a local minimum of J, on /,(€2).

Theorem 4.4. Assume that (A1)-(A2), (B1), and (Qy) hold. If X € (0,(q/2)\o), then Jyap has a
minimizer Uy in M, (Q) and it satisfies the following.

(1) ]/\u,b(u/\) = a;a,b'
(ii) U, is a positive solution of (Ejap) in Q.

Proof. If A € (0,(q/2)Ao), then by Theorem 3.1(ii), Proposition 3.3(ii), and Lemma 4.3(ii),
there exists a (PS)u;a'b—sequence {u,} C ,/Il;a,b(Q) in H& (Q) for Jy,p with Xy € (0, ag(Q)).
From Lemma 4.2, there exist a subsequence still denoted by {u,} and a nonzero solution
u, e H&(Q) of (Eyap) such that u, — U, weakly in H& (Q). Now we prove that u, — U,
strongly in Hj(Q) and Jyap(Uy) = ay,, By (3.15),if u € My,p(€2), then

a,

p-2 . P-4
Tnap(t) = —=——1|ju ——.)LI a(x)|u|7dx. 4.26
waa ) = By - B0 | agom (426)

First, we prove that U, € ,/IlXa,b(Q). On the contrary, if U, € ,/IlIa,b(Q), then by ,/Iqalb(Q) being
closed in Hj(Q), we have [|U,[[3,, < liminf, _c||u,]?,,. From Lemma 2.3(i) and b(x) > 0 for
all x € Q, we get

f a(x)|Uy|7dx > 0, f b(x)|U,[Pdx > 0. (4.27)
Q Q

By Lemma 2.5(ii), there exists a unique t| such that t|U, € ,/Il;a,b(Q). Since u, € ,/Il;a,b(Q),
Jaap(Un) > Jaap(tuy,) for allt > 0 and by (4.26), we have

ay,p < Nap(BUn) < i}ijr;o])na,b(txun> < nlif;oha,b(un) =, (4.28)

and this is a contradiction. In order to prove that Jy,,(U)) = X it suffices to recall that u,,
U, € M,,, forall n, by (4.26) and applying Fatou’s lemma to get

_9 -
i < Dran(U) = B2 I - %AL a(0)|U,|Pdx

. (P=2 5 P—q f ) (4.29)
Shmmf(— Unllipn = ——X | a(x)|u,|7dx
minf((E iy - 2220 [ ol

< llilllol(;lf ]/\u,b (un) = a;a,b'
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This implies that Jy.»(Uy) = Xob and limnaoo”un”}qu = ||LI)L||12L11. Let v, = u, — U,; then by
Brézis and Lieb, lemma [33] implies that

loull3= tnll i = U + 0u (1) (4.30)

Therefore, u, — U, strongly in Hjj ().

Since Jigp(Uy) = Jagp(|UL]) and |U,| € ,/Illa,b(Q), by Lemma 2.2 we may assume that
U, is a nonzero nonnegative solution of (Ej,p). Finally, By the Harnack inequality [34] we
deduce that U, > 0in Q. |

Now, we complete the proof of Theorem 1.2: by Theorems 3.4, 4.4, we obtain that
(Erap) has two positive solutions u) and U, such that u, € ,/IlXa,b(Q), u, e ,/Illa,b(Q). Since
Tap(€2) N, () = 0, this implies that u, and U, are distinct.
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