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This paper deals with the existence of solutions for the following differential equation: x"(t) =
f(t,x(t),x'(t)), t € (0,1), subject to the boundary conditions: x(0) = ax(¢), x'(1) = Sx’(s)dg(s),
wherea > 0,0 < ¢ <1, f:[0,1] x R? — R is a continuous function, g : [0,1] — [0,c0) is a
nondecreasing function with g(0) = 0. Under the resonance condition g(1) = 1, some existence
results are given for the boundary value problems. Our method is based upon the coincidence
degree theory of Mawhin. We also give an example to illustrate our results.

1. Introduction

In this paper, we consider the following second-order differential equation:
x'(t) = f(t,x(t),x'(t)), te(0,1), (1.1)

subject to the boundary conditions:
1
xO) =ax®), ()= [ ¥()dg0), (12)
0

where a > 0,0 <¢ <1, f:[0,1] x R”* — Ris a continuous function, g : [0,1] — [0,0) isa
nondecreasing function with g(0) = 0. In boundary conditions (1.2), the integral is meant in
the Riemann-Stieltjes sense.
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We say that BVP (1.1), (1.2) is a problem at resonance, if the linear equation
x"(t)=0, te(0,1), (1.3)

with the boundary condition (1.2) has nontrivial solutions. Otherwise, we call them a
problem at nonresonance.

Nonlocal boundary value problems were first considered by Bicadze and Samarskit
[1] and later by II'pin and Moiseev [2, 3]. In a recent paper [4], Karakostas and Tsamatos
studied the following nonlocal boundary value problem:

x"(t) +q(t) f(x(t),x'(t)) =0, te(0,1),
1 (1.4)
x(0) =0, x'(1) = f x'(s)dg(s).

0

Under the condition 0 = g(0) < g(1) < 1 (i.e., nonresonance case), they used Krasnosel’skii’s
fixed point theorem to show that the operator equation x = Ax has at least one fixed point,
where operator A is defined by

; 1 t ol
(Ax)(t) = =5 fo f q(r)f(x(r), x'(r))dr dg(s) + Jl)f q(r)f(x(r),x'(r))drds. (1.5)

However, if g(1) =1 (i.e., resonance case), then the method in [4] is not valid.

As special case of nonlocal boundary value problems, multipoint boundary value
problems at resonance case have been studied by some authors [5-11].

The purpose of this paper is to study the existence of solutions for nonlocal BVP (1.1),
(1.2) at resonance case (i.e., g(1) = 1) and establish some existence results under nonlinear
growth restriction of f. Our method is based upon the coincidence degree theory of Mawhin
[12].

2. Main Results

We first recall some notation, and an abstract existence result.

Let Y, Z be real Banach spaces, let L : domL C Y — Z be a linear operator which
is Fredholm map of index zero (i.e., Im L, the image of L, Ker L, the kernel of L are finite
dimensional with the same dimension as the Z/ImL), andletP : ¥ — Y, Q : Z — Z
be continuous projectors such that InP = Ker L, KerQ =ImL and Y = KerL® Ker P, Z =
ImL & ImQ. It follows that L|gomrnkerp : dom L N Ker P — ImL is invertible; we denote
the inverse by Kp. Let Q be an open bounded, subset of Y such that dom L N Q # @, the map
N :Y — Zissaid to be L-compact on Q if QN (Q) is bounded, and Kp(I - Q)N : Q — Y'is
compact. Let ] : ImQ — Ker L be a linear isomorphism.

The theorem we use in the following is Theorem IV.13 of [12].
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Theorem 2.1. Let L be a Fredholm operator of index zero, and let N be L-compact on Q. Assume that
the following conditions are satisfied:

(i) Lx # ANx for every (x,A) € [(dom L \ Ker L) N 0Q] x (0,1),
(ii) Nx ¢ Im L for every x € Ker L N 0L,
(iii) deg(JQN/kerr, 2N KerL,0) #0,

where Q : Z — Z is a projection with Im L = Ker Q. Then the equation Lx = Nx has at least one

solution in dom L N Q.

For x € C1[0,1], we use the norms ||x||, = maxsejo,17|x(t)| and ||x|| = max{||x|l.,, [|x'll. }
and denote the norm in L'[0,1] by || - |l,. We will use the Sobolev space W*'(0,1) which may be
defined by

w?0,1) = {x :[0,1] — R| x, x" are absolutely continuous on [0,1] with x" € L'[0,1] }

(2.1)
LetY =C'[0,1], Z=L'[0,1]. L: dom L C Y — Z is a linear operator defined by
Lx=x", xedomlL, (2.2)
where
1
domL = {x e W21(0,1) : x(0) = ax(&), x'(1) = f x'(s)dg(s)}. (2.3)
0
Let N : Y — Z be defined as
Nx = f(t,x(t),x'(t)), te(0,1). (2.4)

Then BVP (1.1), (1.2) is Lx = Nx.
We will establish existence theorems for BVP (1.1), (1.2) in the following two cases:
case (i):a=0,¢(1) =1, fé sdg(s)#1;
case (ii):a=1,¢(1) =1, f; sdg(s)#1.
Theorem 2.2. Let f : [0,1] x R* — R be a continuous function and assume that
(H1) there exist functions a,b,c,r € L'[0,1] and constant 6 € [0,1) such that for all (x,y) €

R?, t € [0,1], it holds that

£t )| < at)lxl +b(B)]y| + e (12 + y]”) +r®), (2.5)
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(H2) there exists a constant M > 0, such that for x € dom L, if |x'(t)| > M, forall t € [0,1],
then

1 1 ps
J. f(s,x(s),x'(s))ds - J. J. f(v,x(v),x'(v))dvdg(s) #0, (2.6)
0 0Jo
(H3) there exists a constant M* > 0, such that either
1 1 ps
a- [f f(s,ds,d)ds —J. J. f(v,dv,d)dv dg(s)] <0, forany |d| > M, (2.7)
0 0J0

or else

d- [flf(S, ds,d)ds - Jd fs f(v,dv,d)dv dg(s)] >0, forany|d|>M". (2.8)
0 0Jo

Then BVP (1.1), (1.2) witha = 0, g(1) = 1, and jg sdg(s) #1 has at least one solution in C*[0,1]
provided that

1
llally +1Iblly < - (2.9)
Theorem 2.3. Let f : [0,1] x R2 — R be a continuous function. Assume that assumption (H1) of

Theorem 2.2 is satisfied, and

(H4) there exists a constant M > 0, such that for x € dom L, if |x(t)| > M, for all t € [0,1],
then

1 1 ps
J. f(s,x(s),x'(s))ds - f f f(v,x(v),x'(v))dvdg(s) #0, (2.10)
0 0/o
(H5) there exists a constant M* > 0, such that either
1 1 ps
e- [f f(s,e0)ds —f f f(v,e,0)dv dg(s)] <0, forany le| > M", (2.11)
0 0Jo

or else

1 1 ps
e- [f f(s,e,0)ds —f f f(v,e,0)dv dg(s)] >0, forany le| > M". (2.12)
0 0/Jo
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Then BVP (1.1), (1.2) witha =1,¢g(1) = 1, and f; sdg(s) #1 has at least one solution in C*[0,1]
provided that

1
llally +1Iblly < - (213)

3. Proof of Theorems 2.2 and 2.3

We first prove Theorem 2.2 via the following Lemmas.

Lemma3.1. Ifa=0,g(1) =1,and fé sdg(s)#1,then L :domL CY — Zisa Fredholm operator
of index zero. Furthermore, the linear continuous projector operator Q : Z — Z can be defined by

1 1 1 ps
= ds — dvd , .
QY 1- f; sdg(s) [fo y(s)ds fo fo y@)dv g(s)] G-

and the linear operator Kp : Im L — dom L N Ker P can be written by

Kpy = f; Jj y(v)dvds. (3.2)
Furthermore,
|Key|| < |lyll,, for every y € ImL. (3.3)
Proof. 1t is clear that
KerL={xedomL:x=dtdeR,te][0,1]}. (3.4)
Obviously, the problem
X'=y (3.5)

has a solution x(t) satistying x(0) =0, x'(1) = fé x'(s)dg(s), if and only if

1 1 ps
f y(s)ds —f f y(v)dvdg(s) =0, (3.6)
0 0J0

which implies that

1 1 ps
ImL = {y eZ: fo y(s)ds — fo fo y(v)dodg(s) = 0}. (3.7)
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In fact, if (3.5) has solution x(f) satisfying x(0) = 0, x'(1) = f; x'(s)dg(s), then from (3.5) we
have

x(t) = x'(0)t + JZ J: y(v)dv ds. (3.8)

According to x'(1) = fé x'(s)dg(s), g(1) =1, we obtain

1 1
x'(1) = x'(0) + f y(s)ds = f x'(s)dg(s)
0 0
1 s
= f [x’(O) + f y(v)dv] dg(s) (3.9)
0 0
1 s
=x'(0)g(1 dodg(s),
O+ [ [ ywdvdg(s
then
1 1 ps
J. y(s)ds —f f y(v)dvdg(s) = 0. (3.10)
0 0Jo

On the other hand, if (3.6) holds, setting
t ps
x(t) =dt+ J. J. y(v)dvds, (3.11)
0Jo

where d is an arbitrary constant, then x(t) is a solution of (3.5), and x(0) = 0, and from
g(1) =1 and (3.6), we have

x'(1) - Jll x'(s)dg(s) =d + f: y(s)ds — JS [d + Jj y(v)dv] dg(s)

0

1 e 3.12
=d(1-g(1))+ fo y(s)ds — fo fo y(v)do dg(s) (3.12)

=0.

Then ¥'(1) = f, x'(s)dg(s). Hence (3.7) is valid.
For y € Z, define
1 1 1 ps
B ds - dvde(s)|, 0<t<1. .

Qy 1 [t sdg(s) UO y(s)ds fo fo y(v)do g(s)] 0<t<1 (3.13)
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Let 11 = y — Qy, and we have
1 1 1 ps
[1 3K dg(s)] v = [ - ©ds- [ [ (- @dvdg(s
0 0 070

1 1 ps 1
- fo y(s)ds - Qy - fo fo y(v)dodg(s) + Qy fo sdg)

- fol y(s)ds - f: [ vortodse - oy [1 - f: 5 dg(s)]

:0,

then Qi =0, thus y; € ImL. Hence, Z =Im L + Z;, where Z; = {x(t) =d : t € [0,1],d € R},
alsoImLN Z; = {0}. Sowe have Z =Im L & Z;, and

dim Ker L =dim Z; = co dim ImL =1. (3.15)

Thus, L is a Fredholm operator of index zero.

We define a projector P : Y — KerL by (Px)(t) = x'(0)t. Then we show that Kp
defined in (3.2) is a generalized inverse of L : domLNY — Z.

In fact, for y € Im L, we have

(LKp)y(t) = [(Kpy)(®)]" = y(t), (3.16)
and, for x € dom L N Ker P, we know
(KpL)x(t) = f; f; x"(v)dv ds = x(t) — x(0) — x'(0)t. (3.17)
In view of x € dom L NnKer P, x(0) = 0, and Px = 0, thus
(KpL)x(t) = x(t). (3.18)

This shows that Kp = (L|qom LrKer p)_l. Also we have

1
1Koyl < [ vto)lavds = ly

v &)l < vl (3.19)

then [|Kpy|| < [|y|l;- The proof of Lemma 3.1 is finished. [

Lemma 3.2. Under conditions (2.5) and (2.9), there are nonnegative functions a,b,r € L'[0,1]
satisfying

|f(t,x,y)| < a()|x| +b(t)|y| + (). (3.20)
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Proof. Without loss of generality, we suppose that ||c||; = fé le(t)|dt = p > 0. Take y €
(0,(1/2B)(1/2 - (||lall, + [|bll;))), then there exists M > 0 such that

I <yl +M,  |y|’<yly| + M. (3.21)
Let
a(t) = a(t) +yc(t),  bt)=b(t)+yct),  r(t)=r(t)+2Mc(t). (3.22)
Obviously, a,b,r € L'[0,1], and

llally < llally +yliclh,

(3.23)
e, < 181 + ylell.
Then
1
lally + |[o|, < llall, + ] +26y <, (3.24)
and from (2.5) and (3.21), we have
£ (%) < [a@®) + ye®)] 1 + [b(t) +ye®]]y| + 2Mc(t) + r(t) 25)

= a(t)|x| + b(t)|y| + r(t).

Hence we can take a, b, 0, and r to replace a, b, ¢, and r, respectively, in (2.5), and for the
convenience omit the bar above a, b, and r, that is,

|f(t,x,v)| < a(t)|x] +b(t)|y| +r(t). (3.26)
[

Lemma 3.3. If assumptions (H1), (H2) and « = 0, g(1) = 1, and j; sdg(s) #1 hold, then the set
Qi ={xedomL\KerL:Lx=ANx forsome A € [0,1]} is a bounded subset of Y.

Proof. Suppose that x € Q; and Lx = ANx. Thus A #0 and QNx = 0, so that

1 1 ps
[ wsas— | | vwavdge -0 (327)
0 0Jo
thus by assumption (H2), there exists to € [0, 1], such that |x(tg)| < M. In view of

f@zﬂ@—fﬂ@ﬁ (3.28)
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then, we have

|x'(0)] < M +||x"||, = M + |[Lx]l; < M + | Nx]),.

(3.29)

Again for x € Qi, x € domL \ KerL, then (I - P)x € domL NnKerP, LPx = 0 thus from

Lemma 3.1, we know
(I = P)x|| = |[KpL(I = P)x|| < |IL(I - P)x||; = ||Lx]l; < |INx]|;.

From (3.29) and (3.30), we have

x| < IPx[| + (I = P)x]| = | (0)| + |(I = P)x]|| < 2[|Nx]l, + M.

If (2.5) holds, from (3.31), and (3.26), we obtain

M
[lx|l <2 [”a”l”x”oo + 1l |||, + Il lly + >
Thus, from ||x||, < ||x|| and (3.32), we have

2 M
X < —— b x' + 7|1 + —=
I+l < T [P+l + 5

From ||x'||, < |lx]|, (8.32), and (3.33), one has

2||ally

x| <lx §2[1+—
I < T-2]all

M
[ 11, + 1 + 5

2

M
_ !
- 1 —2”[1”1 ”b||1”x ”OO + ”r”l + 2

7

that is,

1], < 2 [+ 5
© = 1-2(||all; +11bll1) o2

= M.

From (3.35) and (3.33), there exists M, > 0, such that

l[xllo < Mo

Thus

[l = max{lx],,

x|} < max{M;, My}.

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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Again from (2.5), (3.35), and (3.36), we have

"], = ILxlly < INxlly < llall, Mz + [[bll; My + [|r[l;- (3.38)

Then we show that Q; is bounded. [
Lemma 3.4. If assumption (H2) holds, then the set £ = {x € Ker L : Nx € Im L} is bounded.

Proof. Let x € Q,, then x € KerL = {x € domL : x = dt,d € Rt € [0,1]} and QNx = 0;
therefore,

1 1 ps
f f(s,ds,d)ds —J. J. f(v,dv,d)dvdg(s) =0, (3.39)
0 0/0

From assumption (H2), ||x||, = |d| < M, so ||x|| = |d| < M, clearly €, is bounded. [
Lemma 3.5. If the first part of condition (H3) of Theorem 2.2 holds, then

1 fo sdg(s) [I f(s,ds,d)ds —f f f(v,dv,d)dv dg(s)] <0, (3.40)

forall|d| > M*. Let

Qs={x€eKerL:-Ax+(1-1)JONx=0,L€[0,1]}, (3.41)

where ] : Im Q — Ker L is the linear isomorphism given by J(d) = dt, foralld € R, t € [0,1]. Then
Q3 1s bounded.

Proof. Suppose that x = dyt € Q3, then we obtain

(1- M)t

Adot=
1-,sdg(s)

1 1 ps
[f f(s,dos,do)ds — J. J. f(v,dov, dy)dv dg(s)], 0<t<1, (342)
0 0Jo

or equivalently

1-4

1 1 s
= dos, dp)ds — ,dov, do)dv d . .
- feags) Uof(s, os,do)ds = [ [ (o, do,dnyav g(s)] 6.4

If A =1, then dy = 0. Otherwise, if |dy| > M*, in view of (3.40), one has

WP TCEY

1 1 ps
0%, f(} s dg(s) [fo f(s,dos,do)ds - fo fo f(v,dov, dy)dv dg(s)] <0, (3.44)
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which contradicts )Ld% > 0. Then |x| = |dot| < |dy] £ M* and we obtain ||x|| < M*; therefore,
Qs C {x eKerL: |x| £ M*} is bounded. I

The proof of Theorem 2.2 is now an easy consequence of the above lemmas and
Theorem 2.1.

Proof of Theorem 2.2. Let Q = {x € Y : ||x|| < &} such that L_J?=1 Q; C Q. By the Ascoli-Arzela

theorem, it can be shown that Kp(I - Q)N : Q — Y is compact; thus N is L-compact on Q.
Then by the above Lemmas, we have the following.

(i) Lx # ANx for every (x,1) € [(dom L \ Ker L) n9Q] x (0,1).
(ii) Nx ¢ Im L for every x € Ker L N 0Q.

(iii) Let H(x, L) = —Ax+ (1 -1) JQNx, with | as in Lemma 3.5. We know H (x, 1) #0, for
x € Ker L N 0Q. Thus, by the homotopy property of degree, we get

deg(JON|kerr, 2NKerL,0) = deg(H(-,0),2NKerL,0)
=deg(H(-,1),Q2nKerL,0) (3.45)
=deg(-I,Q2NnKerL,0).

According to definition of degree on a space which is isomorphic to R", n < oo, and

QnKerL = {dt:|d| <6). (3.46)
We have
deg(-I,QNKerL,0) = deg<— J7UJ, ] QN Ker L), J7 0}>
(3.47)
=deg(-I,(-6,6),0) = -1#£0,
and then
deg(JQON|kerr, QN KerL,0) #0. (3.48)

Then by Theorem 2.1, Lx = Nx has at least one solution in dom L N €, so that the BVP (1.1),
(1.2) has at least one solution in C'[0, 1]. The proof is completed. I

Remark 3.6. 1f the second part of condition (H3) of Theorem 2.2 holds, that is,

1

1 1 ps
. . j& s dg(®) [L f(s,ds,d)ds - fo fo f(v,dv,d)dv dg(s)] >0, (3.49)

for all |d| > M*, then in Lemma 3.5, we take

Qs={xeKerL: Ax+(1-1)JQNx=0,1€[0,1]}, (3.50)
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and exactly as there, we can prove that Q3 is bounded. Then in the proof of Theorem 2.2, we
have

deg(JON|kerr, QN KerL,0) =deg(l,QNKerL,0) =1, (3.51)

since 0 € Q N Ker L. The remainder of the proof is the same.

By using the same method as in the proof of Theorem 2.2 and Lemmas 3.1-3.5, we can
show Lemma 3.7 and Theorem 2.3.

Lemma3.7. Ifa=1,g(1)=1,and fé sdg(s)#1,then L :domL CY — Zisa Fredholm operator
of index zero. Furthermore, the linear continuous projector operator Q : Z — Z can be defined by

ds — dod 3.52
Q= fos s U y(s)ds f f y(v)do g(s)] (352)

and the linear operator Kp : Im L — dom L N Ker P can be written by

g S t pas
pr:_tf f y(v)dvds+f f y(v)dvuds. (3.53)
&Joto 0/0
Furthermore,
IKpy|l <2|lyll,, Vy€ImL. (3.54)

Notice that

KerL={xedomL:x=¢e,e€ R},

1 1 ps (3.55)
ImL = {y eZ: f y(s)ds —f f y(v)dvdg(s) = 0}.
0 0Jo
Proof of Theorem 2.3. Let
Q) ={xedomL\KerL:Lx=ANx for some A € [0,1]}. (3.56)
Then, for x € Q1, Lx = ANx; thus 1 #£0, Nx € Im L = Ker Q; hence
1 1 ps
[ veas- [ [ yedodges) =o, (357)
0 0Jo

thus, from assumption (H4), there exists tp € [0,1], such that |x(t))] < M and in view of
x(0) = x(to) — é“ x'(t)dt, we obtain

X(O)] < M+ ||| (3.58)
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From x(0) = x(¢), there exists t; € (0,¢), such that x'(t;) = 0. Thus, from x'(f) = x'(t1) +
f:l x"(t)dt, one has

'l < 1% (3.59)

We let Px = x(0); hence from (3.58) and (3.59), we have

1P|l = x(0)] < M + ||x'][, < M+ [|lx"]],
(3.60)
=M +||Lx[l; < M+ [[Nx]|;,

thus, by using the same method as in the proof of Lemmas 3.2 and 3.3, we can prove that €
is bounded too. Similar to the other proof of Lemmas 3.4-3.7 and Theorem 2.2, we can verify
Theorem 2.3. I

Finally, we give two examples to demonstrate our results.
Example 3.8. Consider the following boundary value problem:

1
x" = +8+sin (x)° + o(t+ x', te(0,1),

) (3.61)

X0 =0, %)= [ Xedg0o)

0

where a = 0,

f(t,x,y) = +8+sin (x)° + ;(t +1)y, te(0,1), (3.62)

and g(s) = s* satisfying ¢(0) = 0, g(1) = 1, and f; sdg(s) = 2/3#1, then we can choose
a(t) =0,b(t) =2/9,and r(t) =10, for t € [0,1]; thus

2
fx)l s olyl+10,

2 1
lally + 116l = g < -

(3.63)

Since

1 1 ps
ff@ﬂwf@mvfffmﬂwwwmw@@
0 0/0
1 1 ps
= ” f (v, x(v), %' (v))dv dg(s) —f f f(v,x(v),x (v))dvdg(s)  (3.64)
0 070

1 1
= L f f(v,x(v),x'(v))dv dg(s),
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and f has the same sign as x'(t) when |x'(t)| > 90, we may choose M = M* = 90, and then the
conditions (H1)—(H3) of Theorem 2.2 are satisfied. Theorem 2.2 implies that BVP (3.61) has
at least one solution, x € C'[0,1].

Example 3.9. Consider the following boundary value problem:

1
X' =844 (F+2)x +cos (x)°, te(0,1),

) (3.65)

X0 =x(1), ()= [ ¥)dg0)

0

where o = 1,

fltxy)=t+4+ ;(t +2)x + cos (y)3, te (0,1), (3.66)

and g(s) = s? satisfying ¢(0) = 0,¢(1) = 1, and f; sdg(s) = 2/3#1, then we can choose
a(t)=3/7,b(t) =0,and r(t) =6, for t € [0, 1]; thus

3
£l < kv

(3.67)
3 1
lall + 16l = > < -

Similar to Example 3.8, we have

1 1 ps 1 41
[ s xo x| [ 1o, @)dvdge) = [ [ foxw),x@)d0dgo)
0 070 0J/s (368)

and f has the same sign as x(t) when |x(¢)| > 21, we may choose M = M* = 21, and then all
conditions of Theorem 2.3 are satisfied. Theorem 2.3 implies that BVP (3.65) has at least one
solution x € C'[0,1].
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