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We study a boundary value problem to Langevin equation involving two fractional orders. The
Banach fixed point theorem and Krasnoselskii’s fixed point theorem are applied to establish the
existence results.

1. Introduction

Recently, the subject of fractional differential equations has emerged as an important area of
investigation. Indeed, we can find numerous applications in viscoelasticity, electrochemistry,
control, electromagnetic, porous media, and so forth. In consequence, the subject of
fractional differential equations is gaining much importance and attention. For some recent
developments on the subject, see [1-8] and the references therein.

Langevin equation is widely used to describe the evolution of physical phenomena
in fluctuating environments. However, for systems in complex media, ordinary Langevin
equation does not provide the correct description of the dynamics. One of the possible gener-
alizations of Langevin equation is to replace the ordinary derivative by a fractional derivative
in it. This gives rise to fractional Langevin equation, see for instance [9-12] and the references
therein.

In this paper, we consider the following boundary value problem of Langevin equation
with two different fractional orders:

CDﬁ<CD"‘ +)L>u(t) = f(t,u(t)) te [0,T],
(1.1)
u(0) = —u(T), u'(0)=u/(T)=0,
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where T is a positive constant, 1 < <2,0< <1, €D*, and €D are the Caputo fractional
derivatives, f : [0,T] x R — R s continuous, and .\ is a real number.

The organization of this paper is as follows. In Section 2, we recall some definitions of
fractional integral and derivative and preliminary results which will be used in this paper. In
Section 3, we will consider the existence results for problem (1.1). In Section 4, we will give
an example to ensure our main results.

2. Preliminaries

In this section, we present some basic notations, definitions, and preliminary results which
will be used throughout this paper.

Definition 2.1. The Caputo fractional derivative of order a of a function f : [0,00) — R, is
defined as

CDf(t) = F(nl— ) f; (t—s)" " fMW(s)ds, n-1<a<nn=[a]+1, (2.1)

where [a] denotes the integer part of the real number a.

Definition 2.2. The Riemann-Liouville fractional integral of order a > 0 of a function f(t),
t >0, is defined as

1 t
IO = o fo (t- )™ f(s)ds, 22)

provided that the right side is pointwise defined on (0, o).

Definition 2.3. The Riemann-Liouville fractional derivative of order « > 0 of a continuous
function f : (0,0) — Ris given by

a _ 1 d " n-a—1
DO = 1 () | - s (23)

where n = [a] + 1 and [a] denotes the integer part of real number a, provided that the right
side is pointwise defined on (0, 00).

Lemma 2.4 (see [8]). Let a > 0, then the fractional differential equation CD*u(t) = 0 has solution

u(t) =co+cit + C2t2 +et Cn,ltnfl, (2.4)

wherec; € R,i=0,1,2,...,n-1,n=[a] + 1.

Lemma 2.5 (see [8]). Let a > 0, then

I“D*u(t) = u(t) + co + c1t + ot + - + cpat™, (2.5)

forsomec; € R,i=0,1,2,...,n-1,n=[a] +1.
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Lemma 2.6. The unique solution of the following boundary value problem

Cph (CD”‘ + J\>u(t) =y(t), te[0,T],1<a<2,0<p<1,

(2.6)
u(0) = —u(T), 1/ (0)=u/(T) =0,
is given by
u(t) = ; (¢ - (“2) N < ) (Sr_ (Bﬂl y(1)dT — )Lu(s)> ds
_ ; f OT (T;(Z))“_l < f : (s F‘(Tﬂ))ﬂ_l y(7)dr - )Lu(s)> ds 2.7)
S [ ([ s )o
Proof. Similar to the discussion of [9, equation (1.5)], the general solution of
‘D (D" + )L>u(t) = y() (2.8)
can be written as
u(t) = ; ¢ ;(“2;_1 < ) (Sr_(gﬂ_l y(r)dr - )Lu(s)> ds — ﬁt“ —at-o. (2.9)
By the boundary conditions u(0) + u(T) = 0 and #'(0) = #/(T) = 0, we obtain
i) - —= OT (g(; i);z < s (S;(Tﬁ))ﬂ_l y(r)dr - )Lu(s)> ds,
=0,
)

T T (T_S)ka s (S —T)[Ll
" 2a), T(a-1) <f0 r(p) y(t)dr - \u(s) )ds.



4 Boundary Value Problems

Hence,

tog aya- s _ \B-
u(t)=f0 (t=5) 1< O(S 7) 1y(T)dT—)Lu(s)>ds

I'(a) r(p)
1 (T@-9) [ s-)! )
Zfo I(a) <0 r(py VAT Al )ds (2.11)

T% - 2t* (T (T —5)* < fs (s—7)/!

+ 2T ), T(a-1) F(ﬂ) y(T)dT—)Lu(s)>ds.

Lemma 2.7 (Krasnoselskii’s fixed point theorem). Let E be a bounded closed convex subset of a
Banach space X, and let S, T be the operators such that

(i) Su+ Tv € E whenever u,v € E,
(ii) S is completely continuous,
(iii) T is a contraction mapping.
Then there exists z € E such that z = Sz + Tz.

Lemma 2.8 (Holder inequality). Let p > 1, (1/p) + (1/q) =1, f € LP[a,b], g € Li[a,b], then
the following inequality holds:

b b 1/p b 1/q
f|f<x>g<x>|dxs[f |f<x>|”dx] U |g<x>|qu] . (2.12)

3. Main Result

In this section, our aim is to discuss the existence and uniqueness of solutions to the problem
(1.1).

Let Q be a Banach space of all continuous functions from [0,T] — R with the norm
lull = sup,q py (1))

Theorem 3.1. Assume that
(H1) there exists a real-valued function u(t) € L'/7([0,T], R*) for some y € (0, 1) such that

|f(t,u) - f(t,0)| <p(t)|lu—v|, for almost all t € [0,T], u,v € R. (3.1)
If
o (Ba+p-p)T(B-y + D THFY 71—y N7 2T
- 2al(AT(a+p-y+1) (ﬁ—r) Ta+D) (32)

where y € (0,1), p#y,1<a<2,0<p <1, pu* = (jOT (‘M(T))l/ydT)Y, then problem (1.1) has a
unique solution.
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Proof. Define an operator F : Q — Qby

t _ o\l s _ ~\B1
(Fu)(t) = fo (tr(i)) <f0 (Sr(;)) f(T,u(T))dT—)Lu(S)>dS

(T-9)"((°(s-7)" B
f T'(a) <0 0) f(r,u(r))dr Au(s)>ds (3.3)

To =2t (T(T=5)"2 [ (* (s—7)""
2aT*1 ), T(a-1) o T(B)

f(7,u(r))dr - .)LM(S)) ds

Let M = sup,¢(o 1l f (£,0)| and choose

1 < (4ax + ﬂ)M:ra+ﬂ> ., -,

1-6\ 2al'(a+p+1)

where 6 is such that A < 6 < 1.
Now we show that FB, C B, where B, = {u € Q : ||u|| < r}. For u € B,, by Holder
inequality, we have

|(Fu)(®)]

t (t _ S)u—l s (S _ T)ﬂ—l
o D@ I(p)

B T (T_S)vc—l < s (S_T)ﬂ—l
2), T(a) r'(p)

STt (T (T -9 (% (s -7
2aT*1 ), T(a-1) r'(p)

f(T,u(r))dr - .)LM(S)> ds

f(T,u(r))dr - .)LM(S)> ds

f(T,u(r))dr - .)LM(S)> ds

t RY 2! s _ ~\p-1
<[ <0(Sr(,Tﬁ)) <<|f<T,u<r)>—f(T,0>|)+If(T,O)I)dT+IW(S>I>dS

LM (T=-9)™" [ (s—)" .
+2f0 T(a) <L T(p) ((1f (z,u(r)) f(T,0)|)+|f(T,0)|)dT+|)Lu(s)|>ds

N 1 T (T_S)okZ s (S—T)‘Bil
2a Jy T(a-1) r'(p)

((|f(z,u(r)) = f(7,0)]) + | f(z,0)])dT + |)Lu(s)|>ds

t pAY.at s _ p-1
< OUF(jj) <0(Sr<2)) (#(T)Iu(7)|+If(T,O)I)d”M“(S)')dS

(T S)al (S ),
o T(@ <I r(p) (”(T)|”(T)|+|f(Tf0)|)dT+l)tu(S)l>ds
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T _a\a2 s _ )Pl
(T -s) < (s-7) (#(T)Iu(T)|+|f(T,0)|)dT+|W(S)|>dS

2a ), T(a-1) T(p)
t (t _ S)Dkl s (S _ T)‘B 1 (t S)Dkl s (S _ T)ﬁfl
< | fo T(a) < o T(B) u(t)dr ds+Mf (@) ) drds

t oyl a-1 s B
o [ 20 e f a2 <0<sr(;>) o) dT> .

M- $)* (% (s— )P |)L|||u|| (T -s)*"
f = T Tt f M@

L Tlldl (7 (T =) f (s—0)"
20 )y T'(a-1) r'(p)

y(T)dT> ds

e T
B e e N

" F(a)l"]\(/; 1) f ; (t 5" slds + llf(g:”ﬂ'

o e ) (o
WI (T -s)""'sPds + i)g(TaE”)

s ), O ’[(f S 1)1/(1_Y)dT>1_Y(f:(y<T>>”Ydr)Y]ds

A T[]
(a+1)

™ ! a=2_p
T2l - DI(p+1) ,[0 (T=s)""s"ds +

wlull /1=y (T e M t e
SF(a)F(ﬂ)(W) fo(t ) Yd“mf()ﬁ s)*'sPds

w1\ (T
2F(a)F(ﬁ)<ﬁ r) fo (=) s Tds +

Tl (1-y\"" vy
2ar(a—1)r(p)<ﬂ Y> I(T s)"7shds

a-1 ﬁ
21"(5()F(ﬂ+1)f (T —s)""sds

2| AT fu]]
T(a+1)

™ T w2 p
Tl -D)I(p+1) ,[0 (T =)™ 7sds +
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e lufehr oy s M
- F(a)r(m( ) f(l O+ s fo(l Bl dg

H ”u”T"H'ﬂ—Y 1- Y - a-1 B MTLH‘B ! _ a-1 B
" 2F(a)F(ﬁ)< > f(l n) o M) (1) fo (1=n)" n'dy

PATE Ty N\ e g
+2ar(a—1)r(p)<ﬂ—r> fo(l o
MTvc+ﬂ
ZaF(a nIr(p+1) Jo

r#*TDC+ﬂY 1- Y o a=1¢p-y MTDH— _ alﬂd
F(a)r(ﬂ)( ) f(l O+ s 1>f< 5P de

21T ]|
T(a+1)

(_ )aZﬂd

T//l*TDH-ﬂ Y /1= Y 1-y (1 el gy MTu+ﬂ el ﬁd
2r(a)r(ﬁ)<ﬂ y) ,[0 (L=n)""n M @B+ 1) fo (L=n)" ndn

T#*Ta&ﬂy 1-— % 1-y (1 a2 ﬂin
" 2al(a- 1)r(p)<ﬂ r> fo(l n)

MT Lyt » 2T
Toal@-Drpen oo Y T Ty

(3.5)
Take notice of Beta functions:
1 1 el T (p-y+1
B(f-y+1,a) = fo (1— )~ 1ehrge = fo (1-n)* P rdy = F(((xa)fg—}}::l)),
1 1 . I'(a)T 1
B(f+1,a)= fo (1-&)*'¢Pds = fo (1-n)*"nfdn = %’
(3.6)
1 . IFa-DIr(p-y+1
By e 1)= [ ()" an - (ar(a)+(5—ry)+ g
1 . I'(a-1)T 1
B(f+1la-1)= fo (1=n)nPdn = %
We can get
TPy DI (g N M
|(Fu)(t)|S F(ﬂ)F(a+ﬂ—Y+1) <_> +F(cx+ﬂ+1)

L THT(p- y+l)T"‘*ﬁ7<1 y) . MT
2F(ﬂ)F(a+ﬂ Y+ \p-vy 2l (a+p+1)
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N r*T(B -y +1)T*Pr (1 - y)” MTP , 2T
2al(B)T(a+p—-y) 2al(a+p) T(a+1)

_ [(4“ +p-7)L(B—y + DT (1 - Y>” | 2Wre ]r
2aT(B)T(a+p-y+1) p-y T(a+1)

(4a + p) MT=*F
2al(a+p+1)

<(A+1-0)r
<r.

(3.7)

Therefore, || (Fu)(t)|| < 7.
For u,v € Q and for each t € [0, T], based on Holder inequality, we obtain

|(Fu)(t) - (Fo)(8)]

f (e
=)o T@ R0)

|f (7, u(r)) - f(T,U(T))|dT>ds

+[4] f; ¢ ;(2;1 lu(s) —v(s)|ds

1 (T (T=-s)"" [ (°(s—1)P"
+2J.o I'(a) <L T(p) |f (T, u(1)) - f(,0(7))|dr )ds

m T (T _ S)u—l

|u(s) —v(s)lds

T(T-5)"7? < S (s—1)P!

"), Ta-1) T(p) |f(Tf“(T))—f(T,U(T))|dT>ds

|)L£ T (T _ S)ﬂt—z

|u(s) —v(s)lds

2a ), T(a-1)
FH(Z)ng)I( “(f (s—7)" 1#(T)d7'>ds+ l)‘l el
e (P
% OT (T - S)“(_[: (s - T)’Hy(T)dT)ds + %Hu i
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<t [ | (] (=) ) ([ ey )
gt [ [ ([ (o)) ([ oy rar) o
gl s o2 ([ (oot Mar) ([ o) s

L L
T(a+1)
prllu-ol /1=y \" a1 pe
: r(@r(p)( ) f (F=s)" s Vds
pillu=oll /1-y\" _ oyl p-
+2F(a)F([5)< ) f (T —5)""s"Vds

pwTlu-o| /1-y\'7 a2 oy go . 2MTE
" 2aT(a- 1)F(ﬁ)<[5 y> I(T 8)" s ds + oyl -l

_ W0 Y 1y N a1 yp-
T T@r(p) (ﬁ—r) fo (=978 de

e LR e A L A
T 2@ (p) (ﬂ—y) fo(l o

el - v||T“*ﬂY<1 Y>1Yf w2, 2T
1- " -
" 2al(a- DI(p) (1=n) T+ Fasp 7l

. [(4“+ﬂ—Y)F(ﬂ—YJ:1)#*T“+ﬂ_Y (1:Y>”+ 20\ ]”u_U”
2aT(B)I(a+P-y+1) p-v T(a+1)

= Alju-2]|.
(3.8)

Since A < 1, consequently F is a contraction. As a consequence of Banach fixed point theorem,
we deduce that F has a fixed point which is a solution of problem (1.1). [

Corollary 3.2. Assume that
(H1)' There exists a constant L > 0 such that

|f(t,u)- f(t,v)| <Llu-v|, Vte[0,T], u,veR (3.9)
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If

(4a + B)LT**F L 2T

2al(a+p+1) T(a+1) 7 (3.10)

then problem (1.1) has a unique solution.

Theorem 3.3. Suppose that (H1) and the following condition hold:
(H2) There exists a constant 1 € (0, 1) and a real-valued function m(t) € LV} ([0,T], R*) such
that

|f(t,u)| <m(t), foralmost every t € [0,T], u € R. (3.11)

Then the problem (1.1) has at least one solution on [0, T] if

Qa+p-)T(B-y+ TP /1y N\ ATe
Zﬂlr(ﬁ)]—'(cx+ﬁ_y+1) <ﬂ—y> +1"(a+1) <1 (3.12)
Proof. Let us fix
(4a+p-DI(p-1+1)m T N
2aT (B)T(a+p-1+1)(1 - AT/ (T(ax +1)))) (ﬁ — l> < (3.13)

!
here, m* = (jOT (m(7))"'dr) ; consider B, = {u € Q : ||u|| < r}, then B, is a closed, bounded,
and convex subset of Banach space Q. We define the operators S and T on B, as

~ t (t— S)u—l s (S _T)ﬂ—l ~
(Su)(t) = T < . F(ﬂ) f(T,u(r))dr )Lu(s)>ds,
(M@= [ (s-1)P
(Tu)(t) = 5 fo T(a) < ) T0) f(r,u(r))dr — Au(s) )ds (3.14)

7% - 2% (T (T - )" < S (s-7)f!

’ 2aT1 ), T(a-1) T(B) f(T/u(T))dT—)Lu(S)>ds.

For u, v € B, based on Holder inequality, we find that

|Su + T

t _ a—1 s _ ﬁ’l
: fo - 1"(2) <f0 (SF(;% el + |)LM(S)|>dS

D A W
! 2 J.O I'(a) <f0 F(ﬁ) |f(TrU(T))|dT + [Aov(s)| )ds
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T (T_S)a2< s (S—T)‘Bil

|, 0(r))|dr + I)Lv(s)|>ds

2a ), T(a-1) T(p)
a1 p-1 = s)"‘_1
F(a)F(ﬂ) f (t—-s) <I (s—71) m(T)dT)dS + ||| T T@) ds
s L= p-1 |)t|||u|| (T-s)""
+ 2F(a)F([5) f (T - <I (s—1) m(T)dT)dS + f @) ds

f (T - s)“2<f (s — 1) 1m(T)dT)ds+|MT””” TTo9

" 2T (a- 1)r(ﬁ) 2 ), T(a-1)

< r(a)lw fo (t - 5)"! [(L ((s- T)ﬂ—1>1/(1_l)dr> _ (L (m(T))l/ldT>l] ds
n WJ‘Z (T_S)u—1[<f <(s T)ﬂ 1>1/ 1-1) )1—Z<J<s (m(T))l/ldT>l]ds
+ m J‘T (T-s)*? [(fs <(s - T)ﬂ1>1/(1l)d7')1 l(f (m(T))l/ldT> ]d

Lt-s)"! |)t|||u|| (T - s)*" T ull (T (T -5)7?
Ml ) gy s f Tt "2x ), T@-1

ds

F(vﬁ(ﬂ)(ﬁ l>1lf (t-9)" " ds

+ 21"(:)1;([;) <1 l>1 ZJ‘ (T - 5)*'sPlds

m*T b a2yl g, 2T
" 2al(a— 1)r(p)< ) I(T ) A+ T 1)

T (1) o

m*TeP- 1 l - a-1_p|

7 e b w2 , 2T
" 2al(a- 1)r(p)< ) I(l 1) K vy

_(4a+ﬁ—l)r(ﬁ—l+1)mT“+ﬂ*’ 1-I\"" 2\T*r
 2aT(B)T(a+p-1+1) <ﬁ—l> "Ta+1)

(3.15)

Thus, ||Su+ Tv|| <r,so Su+Tv € B,.
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For u,v € Q and for each t € [0,T], by the analogous argument to the proof of
Theorem 3.1, we obtain

|(Tu)(t) = (To) ()]

a-1 s _ p-1
< 2f (Tr(i)) < 0 (Sr(;)) |f(z, u(r)) —f(T,v(T))|dT>ds

A T _ oya-1
¥ '2—| fo (Tr (Z)) ju(s) —v(s)lds

.\ 1 T (T—S)‘FZ s (S _T)ﬁfl
2a )y T'(a-1) o TP

| r,u(r)) - f(T,v<T>)|dT> ds

w T(T_S)DC—Z
2a0 )y I'(a-1)

Ju-o| (" a1l (° -1 [T
< ZF(cx)F(ﬂ) (T -5s) <f (s—1) ‘u(T)dT)dS + M@+ D) |lu— o

T”u U” “ -2 s _ ﬂ—l |)L|T0¢ -
Zaf(a 1)1“(p)f( <f0 (s-17) #(T)dT>ds+2r(a+1)||u o

< steangy o - | (oo ) ([ o) e
* e S}”@f @0 ([ (- or ) ae) ([ o rae) e

AT
F(cx + 1)

pwllu-ol /1-y T ayal py
Szr(oc)r(ﬂ)<ﬂ—r) fo (s emids

ol =y N (T e T
ZaF(cx—l)F(ﬂ)<ﬁ—Y> fo (T=s)™ sds + p syl =l

_ plu ol TP 1oy a1y p-
T 2N @I (p) (ﬂ—y> f(l—n) L

pillu=ol| TP 71—y \' a2 g e
+2aF(cx 1)F(ﬂ)< > f(l CERE I+ )” v

|u(s) —v(s)lds

(2“+ﬁ_Y>F(ﬁ_Y+1)#*T‘Hﬂ7Y 1-v 1=y [T )
e G = |

(3.16)
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From the assumption

Qa+p-y)I(p-y+ DT <1 —r>1‘Y T

20T ()T (a+f—y+1) p-y T+ <" (3.17)

it follows that T is a contraction mapping.
The continuity of f implies that the operator S is continuous. Also, S is uniformly
bounded on B, as

[[Sull <

D=1 Dm T (1IN Ty
F(ﬁ)F(a+ﬂ—l+1)<ﬁ—1> T+ 1) (3.18)

On the other hand, let N = max u)ejo,r)x8,|f (t, u(t))| + 1, for all € > 0, setting

)1 el'(a+p) 1 axh) 1/el(a) Va
O'—mm{2< N > , 2<2|./\,|T) . (3.19)

For each u € B,, we will prove thatif t1,t, € [0,T] and 0 < t, — t; < o, then

|(Su)(t2) - (Su)(t1)] < . (3.20)

In fact, we have

|(Su)(t2) = (Su)(t)]
tr (tz _S)zxfl < s (S _T)ﬂfl

f(r,u(r))dr - J\u(s)>ds

o T(a) o T(p)
_ ; (flr‘(zial < 0 (SF‘ (;);1 F(r, u(r))dr - )Lu(s)>ds
_ : (tzr—(zg“‘l < : (Sr_ (;))FH f(T,u(T))dT—)Lu(S)>dS
: (tzr_(zal < : %f@, u(r))dr — )Lu(s)> ds
_ ; (flr‘(zial < 0% f(T,u(T))dT—)Lu(S)>dS
_ : (f2 - S)u_;(‘agtl =s)"” < ) (Sr_ (Tﬂ))ﬂ_l £z, u(r))dr - Au(s))ds

t EPRY. 2t s Bl
+ (fzr(Z; < (Sr(;)) f(r,u(r))dr—)m(s)>ds

t1 0
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h (tz —S

le -1
<[ )" F(cx) <f (Sr(p) |f(T,u(T))|dT>dS

t Y. _ o1

I'(a)
ty (tz _ S)tl—l J- (S ty (tz _ S)tl—l
+ T,u(t))|dr )ds + |\|||u ds
e F(ﬂ) | fru) ) R
N ey, W e
_— —t —t7).
F(cx+ﬂ+1)< > F(cx+1)( V)
(3.21)
In the following, the proof is divided into two cases.
Case 1. Foro <t; <t, <T,we have
N a+p a+p |J\|T a a
()t = S < gy (87 = 67) ey (1D
N _ |A|7 _
<7 L‘t+ﬂ1t_t alt_t
_F(a+ﬂ+1)(a+ﬁ)0 (l2=t)+ T(a+1)" (2=h)
< N O.vc+ﬂ |.)L|T
T'(a+p) F( )
()50
2 2 2) 2
<e.
(3.22)
Case 2. for0<t; <0, t, <20, we have.
(Sw)(12) - (Su)(t)] < = (157 - 7)o+ (i - 1)
T(a+p+1) T(a+1)
N a+ﬁ " |.)L|r t“
F(a+ﬂ+1) 2 " T(a+1)?
3.23)
N I\l (
) a+p 2 a
- I"(a+[5+1)( ) +F(a<+1)( o)
_E, €
2 2

=E.

Therefore, S is equicontinuous and the Arzela-Ascoli theorem implies that S is compact on
B,, so the operator S is completely continuous.
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Thus, all the assumptions of Lemma 2.7 are satisfied and the conclusion of Lemma 2.7
implies that the boundary value problem (1.1) has at least one solution on [0, T]. [

Corollary 3.4. Suppose that the condition (H1) hold and, assume that

(2a+pB)LT™F  |\|T®

+ <1. 3.24
2al(a+p+1) T(a+1) 524
Further assume that
(H2)' there exists a constant K > 0 such that
|f(t,u)| <K, Vte[0,T],ueR, (3.25)

then problem (1.1) has at least one solution on [0,T].

4. Example

Leta=2,=1,1=1/8,T = or/2. We consider the following boundary value problem

cp! (CD2 + ;)u(t) = f(tu(t), 0<t< ’;

4.1)
u(0) + u<]2r> -0, u(0)= u(Z) =0,
where
fltu) = ﬁﬁ (t,u) € [0,T] x [0,0). (42)

Because of |f(t,u) — f(t,v)| < (1/4)|u — |, let u(t) = 1/4, then u(t) € L*([0,xr/2]), we have
y=1/2and p = ([T (u(r)7dr)’ = ()72 (1/4)2dr) " = /or /432, Further,

(4a+p-y)L(f-y+ DT ( 1- Y)H 2\
2T ()T (a+p-y+1) B-vy F(a+1)

_(17/2)T(3/2)uTo’? N 2|A|T?
CAT()I(7/2) I'@3) (4.3)

1773 . a2
15x64 32

=~ (0.86 < 1.

Then BVP (4.1) has a unique solution on [0, v /2] according to Theorem 3.1.
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On the other hand, we find that

2a+p-7)T(p-y+ )WY ( 1- Y)H LT
2aT(B)T(a+p-y+1) -y [(a+1)

_ (9/2)T(3/2)p*T5/? . |A|T?
41 (7/2) I'(3) (4.4)

93 . .ﬂ'_z
64x15 64

=044 < 1.

Then BVP (4.1) has at least one solution on [0, or/2] according to Theorem 3.3.
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