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The cone theory and monotone iterative technique are used to investigate the minimal nonnegative
solution of nonlocal boundary value problems for second-order nonlinear impulsive differential
equations on an infinite interval with an infinite number of impulsive times. All the existing
results obtained in previous papers on nonlocal boundary value problems are under the case of
the boundary conditions with no impulsive effects or the boundary conditions with impulsive
effects on a finite interval with a finite number of impulsive times, so our work is new. Meanwhile,
an example is worked out to demonstrate the main results.

1. Introduction

The theory of impulsive differential equations describes processes which experience a sudden
change of their state at certain moments. Processes with such a character arise naturally
and often, especially in phenomena studied in physics, chemical technology, population
dynamics, biotechnology, and economics. The theory of impulsive differential equations has
become an important area of investigation in the recent years and is much richer than the
corresponding theory of differential equations. For an introduction of the basic theory of
impulsive differential equations in R"; see Lakshmikantham et al. [1], Bainov and Simeonov
[2], and Samoilenko and Perestyuk [3] and the references therein.

Usually, we only consider the differential equation, integrodifferential equation,
functional differential equations, or dynamic equations on time scales on a finite interval
with a finite number of impulsive times. To identify a few, we refer the reader to [4-13]
and references therein. In particular, we would like to mention some results of Guo and Liu
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[5] and Guo [6]. In [5], by using fixed-point index theory for cone mappings, Guo and Liu
investigated the existence of multiple positive solutions of a boundary value problem for the
following second-order impulsive differential equation:

—x"(t) = f(t,x(t)) te] t#k, k=1,2,...,m,
Ax|y = Te(x(t)), k=1,2,...,m, (1.1)
ax(0) — bx'(0) =6, cx(1) +dx'(1) =6,

where f € C(J x P,P), J = [0,1], P is a cone in the real Banach space E, 6 denotes the zero
elementof E, f(t,0) =0 forte J, t(0) =60, k=1,2,...,m, 0<ti <th < - <t < <ty <
1, a>0,b>0,c>0, d>0and 6 = ac+ ad + bc > 0.

In [6], by using fixed-point theory, Guo established the existence of solutions of a
boundary value problem for the following second-order impulsive differential equation in
a Banach space E :

=x"(t) = f(t,x,x'(t)) te] t#t, k=1,2,...,m,

Ax|iy, = Ik(x(te)), k=1,2,...,m, 12)
AX|, = Ni(x(t), X' (t)), k=1,2,...,m, '

ax(0) — bx'(0) = xq, cx(1) +dx'(1) = x;,

where f € C(J x ExE,E), ] =[0,1], Ix € C[E,E], Nx € C[ExE,E], xo,x; € E,0<t; <ty <
<t <<ty <l,and p = ac+ad + bc#0.

On the other hand, the readers can also find some recent developments and
applications of the case that impulse effects on a finite interval with a finite number
of impulsive times to a variety of problems from Nieto and Rodriguez-Lépez [14-16],
Jankowski [17-19], Lin and Jiang [20], Ma and Sun [21], He and Yu [22], Feng and Xie [23],
Yan [24], Benchohra et al. [25], and Benchohra et al. [26].

Recently, in [27], Li and Nieto obtained some new results of the case that impulse
effects on an infinite interval with a finite number of impulsive times. By using a fixed-point
theorem due to Avery and Peterson [28], Li and Nieto considered the existence of multiple
positive solutions of the following impulsive boundary value problem on an infinite interval:

u'(t)+q)f(t,u)=0, VO<t<oo, t#t, k=1,2,...,p

Au(tk) = Ik(u(tk))/ k=1,2,.. -/ P, (1 3)

m-2
u(0) = Sau(), () =0,
i=1

where f € C([0,+00) x [0, +00), [0, +00)), I} € C([0,+0), [0, +0)), u'(o0) = lim;_, 1/ (t), 0 <
é1<H < <gma<oo, 0<t;<ty<---<t, <+oo,and q € C([0, +c0), [0, +o0)).
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At the same time, we also notice that there has been increasing interest in studying
nonlinear differential equation and impulsive integrodifferential equation on an infinite
interval with an infinite number of impulsive times; to identify a few, we refer the reader to
Guo and Liu [29], Guo [30-32], and Li and Shen [33]. It is here worth mentioning the works
by Guo [31]. In [31], Guo investigated the minimal nonnegative solution of the following
initial value problem for a second order nonlinear impulsive integrodifferential equation of
Volterra type on an infinite interval with an infinite number of impulsive times in a Banach
space E:

x"=f(t,x,Tx), Vt>0,t#t,
Ax|y, = Ik(x(t)),

(1.4)
AX |, = Ne(x(t) (k=1,2,..)),

x(0) = xo, x'(0) = x3,

where f € C(J x P x P,E), Iy,Nx € C[P,P], ] =[0,00), xo,x; €EP, 0 <t; <+ <t <---<
«o- , tr = oo,ask — oo, Pisaconeof E.

However, the corresponding theory for nonlocal boundary value problems for
impulsive differential equations on an infinite interval with an infinite number of impulsive
times is not investigated till now. Now, in this paper, we will use the cone theory and
monotone iterative technique to investigate the existence of minimal nonnegative solution
for a class of second-order nonlinear impulsive differential equations on an infinite interval
with an infinite number of impulsive times.

Consider the following boundary value problem for second-order nonlinear impulsive
differential equation:

_x”(t) = f(tlx(t)l xl(t)) te ]/ t#tkl
Ax|y = T(x(t), k=12,...,

AX|,, =Te(x(t), k=12,..., (1.5)

x0) = [ g, ¥ =0

where | = [0,0), f € C(J x R* x R*,R*), R* = [0,+00), 0 < 1 < 1 < --+ < I <
oo, tk = oo, Ix € C[R*,R*], Ix € C[R*,R"], g(t) € C(R*,R"), with féw g(hdt <1. x'(c0) =
lim; _, o x'(t). Ax|,_;, denotes the jump of x(t) at t = t, that is,

Al = x(6) ~ x(£), (16)

where x(t;) and x(t,) represent the right-hand limit and left-hand limit of x(t) at t = t,
respectively. Ax'|,_; has a similar meaning for x'(t).
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Let

PC[J,R] = {x : x is a map from ] into R such that x(t) is continuous at £ #t,
left continuous at t =t and x(t;) exist for k=1,2,...},
(1.7)
PC'[J,R] = {x € PC[J,R] : X'(t) exists and is continuous at t #t,

left continuous at t = #, and x'(f]) exist for k=1,2,...}.

LetE = {x € PC'[J,R] : sup,¢;(Ix(£)[/ (1 + 1)) < oo, sup;|x'(t)] < oo} with the norm
lIxll = max{[[x[l,, x'll. }, where

x(t , )
ol = sup 0L L, = suplv o). 18)
te] te]
Define a cone P C E by
P={x€E:x(t)>0, x'(t) >0}. (1.9)

Let ], =] \ {tl,tz,...,tk,..., },]0 = [O,tl],and Ji = (ti,ti+1] (l = 1,2,3,...). x € EN
C?[J, R] is called a nonnegative solution of (1.5), if x() > 0,x'(t) > 0 and x(t) satisfies (1.5).

Ifl,=0,I,=0,k=1,2,... ,g(t) =0, then boundary value problem (1.5) reduces to the
following two point boundary value problem:

=x"(t) = f(t, x(t),x'(t)) te],
x(0) =0, x'(o0) =0,

(1.10)

which has been intensively studied; see Ma [34], Agarwal and O’Regan [35], Constantin [36],
Liu [37, 38], and Yan and Liu [39] for some references along this line.

The organization of this paper is as follows. In Section 2, we provide some necessary
background. In Section 3, the main result of problem (1.5) will be stated and proved. In
Section 4, we give an example to illustrate how the main results can be used in practice.

2. Preliminaries

To establish the existence of minimal nonnegative solution in E of problem (1.5), let us list
the following assumptions, which will stand throughout this paper.
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(H1) Suppose that f € C[J x R* x R*,R*], I, € C[R",R*], Ix € C[R*,R*], and there
exist p,q,r € C(J, R*) and nonnegative constants c, dx, ek, fx such that
ft,u,v) <pt)u+qt)v+r(t), Vte], andVu,veR",
Ii(u) <cyu+dy, YueR'(k=1,2,3..)),

Te(u) <exu+ fr, YueR'(k=1,2,3..),

fzﬂnwm+nm<w ¢=E}®m<wr (2.1)

[ee) [ee)
r* = f r(t)dt < o, ¢t = Z(tk +1)ck < oo,
0 k=1

d"=Ydi<oo, =D (tk+Dex<oo,  fT=Dfik<oo.
k=1 k=1 k=1

(Hy) f(t,u1,v1) < f(t,uz,v2), Tx(ur) < Ii(ua), Tx(ur) < Ix(un), for t € Juy < up, v <
v (k=1,2,3...).

Lemma 2.1. Suppose that (Hy) holds. Then for all x € P, [ f(t, x(t), X' (t))dt, 32 I (x(t)), and
> Tr(x(ty)) are convergent.

Proof. By (H;), we have

£t (0, 0) < pt) e+ 12D 4 g0+ ),

T (x(t)) < cx(te + 1);2(% +dk, (2.2)

Tu((t)) < enlt+ DI + .

Thus,

[ F(s,x(6), 26 ds <l + 70 417 < o0
0
D Ik(x(tr)) < c*llxly +d* < oo, (2.3)

k=1

D Te(x(t) < €lxlly + f* < oo,
k=1

The proof is complete. O
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Lemma 2.2. Suppose that (Hy) holds. If 0 < [° g(t)dt < 1, then x € EN C?[J', R] is a solution of
problem (1.5) if and only if x € E is a solution of the following impulsive integral equation:

x(t) = f G(t, ) (5,x(5),2(s))ds + 3Gt ) Tex(t)) + 3TGL( b T(x(t))
k=1 k=1

0 k=1

+ W f: g(t) [J“"’ G(t,s)f (s, x(s),x(s))ds + iG(t, tTe(x(te)  (2.4)

k=1

+§:Gls(t/ tk)Ik(x(tk))] dt/ Vt e ]/

where

t, 0<t<s<+oo,
G(t,s) =
s, 0<s<t<+oo,

(2.5)

0, 0<t<s<+oo,
G.(t,s) =
1, 0<s<t<+oco.

Proof. First, suppose that x € EN C?[]J',R] is a solution of problem (1.5). It is easy to see by
integration of (1.5) that

t
—x'(t) + x'(0) = fo f(s,x(s),x'(s))ds + > Tr(x(te)). (2.6)

te<t

Taking limit for t — oo, by Lemma 2.1 and the boundary conditions, we have
x'(0) = f f(s,x(s),x'(s))ds + > Ti(x(t))- (2.7)
0 k=1
Thus,

© o t
xX'(t) = fo f(s,x(s),x'(s))ds + ka(x(tk)) - fo f(s,x(s),x'(s))ds - ka(x(tk)). (2.8)
k=1

tr<t
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Integrating (2.8), we can get

x(t) = x(0) + I:O G(t,s)f (s,x(s),x'(s))ds + iG(t, ) T (x(ty)) + iG;(t, tie) Ik (x(tx))
k=1 k=1
= foo g(Hx(t)dt + Jm G(t,s)f (s,x(s),x'(s))ds (2.9)
0 0

+ 3G )T () + 3Gk b T (x(8)).
k=1 k=1

It follows that

[oe] 1 [e)e) {o'e] ,
[ st = TR [“s[ 6t9f(sx(s), 2 (s)as

+SG( ) Te(x(t) + SIGL(, tkﬂk(x(tk))]dt.
k=1 k=1

(2.10)
So we have (2.4).
Conversely, suppose that x € E is a solution of (2.4). Evidently,
Ax|iy, = Ix(x(ty)), (k=1,2,...,). (2.11)
Direct differentiation of (2.4) implies, for t #t,
x'(t) = J f(s,x(s),x'(s))ds + > Ti(x(tx)),
t best
(2.12)

AX|, =Te(x(te), (k=12...,),

x"(t) = —f (t, x(t), x'(t)).

So x € C?[J', R]. It is easy to verify that x(0) = [;° g()x(t)dt, x'(o0) = 0. The proof of
Lemma 2.2 is complete. O

Define an operator T : E — E,

(Tx) (1) = f:o Glt, ) (s,x(), 2/(s))ds + 3G(t, 1) Te(x(t)) + 3 GL(E 8 e (x (k)
k=1 k=1
o [T 500 [ [ 6tt91 (5,200, ¥ 0))ds + TG0 0Te(x(0) @13)
1- [ gdt Jo 0 k=1

+§:G,s(tr tie) I (x(l‘k))] dt, Vte].

k=1
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Lemma 2.3. Assume that (Hy) and (Ha) hold. Then operator T maps P into P, and

ITx|| < p+allx]|, VYxeP, (2.14)

where

_2- [y gbat
S 1- [P g(hdt

2— J’go g(bdt

N T AT R R o B = - (t)dt(*+f*+d*). (2.15)

Moreover, for x,y € P with x(t) < y(t),x'(t) < y'(t), for all t € ], one has
(Tx)(H) < (Ty) (1), (Tx)'(t) < (Ty)'(t), Vte]. (2.16)

Proof. Let x € P. From the definition of T and (H;), we can obtain that T is an operator from
P into P, and

|(Tx)(8)]
1+t

< f |£(s,x(), %' (3))|dds + 3| T (k) |
0 k=1

+§|Ik(x(tk))|+w<f |f(S X S)/xl(s))Ids+g'Tk(x(tk))|+§|Ik(x(tk))|>

2 J g 2- 7 gt

< W(P* +q " +e) x| + - (t)dt( T frad)
=alx||+p, Vte]
(2.17)
Direct differentiation of (2.13) implies, for t #ti,
(Tx)'(t) —f f(s,x(s),x'(s))ds + > Tr(x(te)). (2.18)

t>t

Thus we have |(Tx)'(t)| < jgo If (s,x(s), x'(5))|ds + 352 |Te (x(tx))| < allx|| + B, for all t € J'. It
follows that (2.14) is satisfied. Equation (2.16) is easily obtained by (H>). O
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3. Main Result

In this section, we establish the existence of a minimal nonnegative solution for problem (1.5).

Theorem 3.1. Let conditions (H,)-(Ha) be satisfied. Suppose further that

2 [ g(bydt
a= &(p*+q*+c*+e*) <1 (3.1)

1- [ g(t)dt

Then problem (1.5) has the minimal nonnegative solution x with ||x|| < /(1 — a), where P is defined
as in Lemma 2.3. Here, the meaning of minimal nonnegative solution is that if x is an arbitrary
nonnegative solution of (1.5), then x(t) > x(t), x'(t) > ;(t),for all t € J'. Moreover, if we let
xo(t) =0, x,(t) = (Txp-1)(t),forallt e ] (n=1,2,...), then x,, C P with

0=xo(t) Sxy(t) <--- S xu(t) <---<X(), Vie],
(3.2)
0=xp(h) Sxy(}) S-S x(B) < <H(H), Ve,

and {x,(t)} and {x,,(t)} converge uniformly to x(t) and Xt onJ;,(i=0,1,2,...), respectively.

Proof. By Lemma 2.3 and the definition of operator T, we have x,, C P, and

lxall £ B+ allxpa|| (n=1,2,3,...), (3.3)
0=xo(t) Sxi(t) <---<xu(t) <+, VEE], (3.4)
0=xy(t) <xy(b) <+ <xp () <---, Ve (3.5)
By (3.3), we have
||xn||Sﬁ+(xﬂ+a2ﬁ+~~-+a"‘lﬁ=ﬂ(i:gn)Slfia, (n=1,2...). (3.6)

From (3.4), (3.5), and (3.6), we know that lim,, _, . x,,(t) and lim,, _, . x;, () exist. Suppose that

Jim () = %), lmx,®) =y, Ve (37)
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By the definition of x,(t), we have

X () = J';o f(s,xn1(5), X,y (9))ds + D Ik(xu(ty)), VEE], (n=1,2,...),  (38)

t>t

xp(t) = —f(t, xpa(t), x,_1 (1), Vie], (n=12,..). (3.9)

From (3.6), we obtain

lfﬁ?lsfa’ K<L, el (n=12..). (3.10)

It follows that {x,(t)} is equicontinuous on every J; (i = 0,1,2,...). Combining this with
Ascoli-Arzela theorem and diagonal process, there exists a subsequence which converges
uniformly to x(t) on J; (i =0,1,2,...). Which together with (3.4) imply that {x,(t)} converges
uniformly tox(t) on J; (i=0,1,2,...),andx € PC[J,R], |[x||; £ /(1 -a). On the other hand,
by (H1),(3.6), and (3.9), we have

lxn ()] < p(&) (¢t + Dllxcually + q(E)||xna ]|, + 7 (D)

5 5 (3.11)
)+ () =s() €CULRY), Vie] (n=12,..).

<pt)(t+1) 1

Since s(t) is bounded on [0, M] (M is a finite positive number), {x',(f)} is equicontinuous
on every J;, i = 1,2,.... Combining this with Ascoli-Arzela theorem and diagonal process,
there exists a subsequence which converges uniformly to y(t) on J; (i = 0,1,2,...), which
together with (3.5) imply that {x',(t)} converges uniformly to y(t) on J; (i = 0,1,2,...),
and y € PC[],R], |lyll,, £ B/(1 - a). From above, we know that x'(t) exists and x'(t) =
y(t),for all t € J'. It follows that X € P and

- p
%l < 3= (3.12)

Now we prove that x(t) = (Tx)(t).
By the continuity of f and the uniform convergence of x,(t), x;,(t), we know that

£(5,%n(s), X, (s)) — f(s,x(s),?(s)), n—s oo, VteJ. (3.13)
On the other hand, by (H;) and (3.6) and (3.12), we have

£ (5 2(5), %3(5)) = £ (5, %(5), X'(9)) |
(3.14)

<2(p(s)(s+1)+4q(s)) +2r(s)=z(s) €eL[J,R"] (n=1,2,...).

1-a
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Combining this with the dominated convergence theorem, we have

lim wa(s, xn(8), x;,(s))ds = J‘Oof<s,§(s),;(s)>ds, Vte ],
t t

e t t (3.15)
lim IO £(5,%a(5), X, (s))ds = fo f(s,z(s),z(s)>ds, Vte .
Moreover, we can see that
hm Z Ik(xn(tk)) = Z Ik(x(tk))
0<tk<t O<tr<t
llm Z Ik(xn(tk)) = Z Ik(x(tk))
O<tk<t O<tr<t
(3.16)
hm ZIk(xn(tk) Zlk(f(tk))/
tk>t t>t

Tim ST (xa(t)) = S Tx (F(t)).

tk>t b >t

Now taking limits from two sides of x,(t) = (Tx,-1)(t) and using (3.15)—(3.16), we have

%(0) = [~ G, (5,%(5), 7(9))ds + 3160 1Tk (F(00) + 3610 1IF(8)
k=1 k=1

WI g()U G(t, s)f s,%(s), x’(s))ds
0

S G T EE) + 3G ) <z<tk>>] dt, Vel
k=1 k=1
(3.17)

By Lemma 2.2, X(t) is a nonnegative solution of (1.5).

Suppose that x € P N C?[J,R] is an arbitrary nonnegative solution of (1.5). Then
x(t) = (Tx)(t). Itis clear that x(t) > 0, x'(t) > 0,Vt € J'. Suppose that x(t) > x,-1(t), x'(t) >
x,_,(t),for all t € J'. By (2.16) we have (Tx)(t) > (Tx,-1)(t), (Tx)'(t) > (Tx,-1)'(t),for all t €
J'. This means that x(t) > x,(t), x'(t) > x,(t),forall t € J' (n = 1,2,...). Taking limit, we
have x(t) > x(t), x' (t) > x'(t),for all t € J'. The proof of Theorem 3.1 is complete. O
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4. Example

To illustrate how our main results can be used in practice, we present an example.

Example 4.1. Consider the following boundary value problem of second-order impulsive

differential equation on infinite interval

1
—x" = m(t + 1)_9/4(1 + X + x,)2/3, te ]/ t7£k/

Adlyy = () 4D (=12,

4.1)
Al = (2 + )2 (k=1,2,..),
- 10k
1 —t !
x(0) = —e ' x(t)dt, x'(o0) =0,
0 2
where
_ 1 -9/4 2/3
f(t,x,y)—loo(t+l) (IT+x+y)"",
(0) = G (x(0 + D2, k=12,
. 4.2)
T _ 1/2 —
Le(x(t)) = e (e + D75 k=12,
1
g(t) = Ee_t.
Evidently, x(t) = 0 is not the solution of (4.1).
Conclusion
Problem (4.1) has minimal positive solution.
Proof. Itis clear that [;°(1/2)e”'dt < 1 and (H,) is satisfied.
By the inequality (1 +x)" <1+ yx,for all 0 < x < 00,0 <y < 1, we see that
1 _9/4< 2 2 )
< —(t+1 1+Sx+ 2
f(t,x,y)_loo(t+ ) t3x+zy )
(4.3)

1 1 - 1 1
Ik(x)§§<1+§x>, Ik(x)fm<1+§x>, k=1,2,....
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Let

pu)z;La+1yW{ qa)zﬁ%a+1ywﬁ nw=-14t+nﬁ“,

150 100
(4.4)
. P 1 fon 1
A IVF T T kT 10K kT 0k
Then, we easily obtain that
% 4 o 4 o 2
1+ t)dt = — Hdt = — Hdt = —
[Tpoaena- g [Cana- o[-
* 15 ® 1 & 19 ® 1 (*5)
1 = — = = 1 = —_— = -
é(tk"' )Ck 98’ édk = é(tk"' )ex Tan’ éfk 5

Thus, (H;) is satisfied and a = 150001/165375 < 1. By Theorem 3.1, it follows that problem
(4.1) has a minimal positive solution. O
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