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By a variant version of mountain pass theorem, the existence and multiplicity of solu-
tions are obtained for a class of superlinear p-Laplacian equations: —A,u = f(x,u). In
this paper, we suppose neither f satisfies the superquadratic condition in Ambrosetti-
Rabinowitz sense nor f (x,t)/|t|? “Lis nondecreasing with respect to [].
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1. Introduction and main results
In this paper, we consider the following superlinear p-Laplacian equations with Dirichlet
boundary value condition:

—Apu=f(x,u), x€Q,u=0,x€d, (1.1)

where A puis the p-Laplacian operator: A ,u = div(|Vu |P=2Vu) with p > 1, Qisabound-
ed domain in RN (N > 1) with smooth boundary 9Q, f € C(Q X R,R) is subcritical in ¢,
that is, there isa g € (p,np/(n — p)) when N > p; g € (p,+00) when N < p such that

lim AT
t—co |71

=0 (1.2)
uniformly in a.e. x € Q. We are interested in the case that f is superlinear in ¢ at infinity,

that is,

f(x, )t e

1m
tl=c0 [E]?

(1.3)

Ambrosetti and Rabinowitz have got the solutions of problem (1.1) by a very famous
mountain pass theorem in [1]. But they supposed the well-known (AR) condition holds,
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2 Aclass of superlinear p-Laplacian equations

that is, for some y > p, M >0,
0<uF(x,s) < f(x,8)s VIs| =M, xeQ. (AR)

It is easy to see that the (AR) implies (1.3). This (AR) condition usually plays a very im-
portant role in verifying that the functional corresponding to problem has a Mountain-
Pass geometry and shows that a related (PS), sequence is bounded (see [1, 2, 5, 12]). But
there are always many functions that do not satisfy (AR) condition. Many efforts have
been made to overcome the difficulties brought by the absence of the (AR) (see [3, 6, 8—
11, 14, 15, 18-20]). To the authors’ knowledge, the following Assumption 1.1 is widely
used (see [8, 18-20]).

Assumption 1.1. f(x,t)/|t|P~! is nondecreasing with respect to |¢].

In this paper, we will get the existence of at least two nontrivial solutions of problem
(1.1) where the nonlinearity f(x,t) satisfies neither the classic (AR) nor Assumption 1.1,
instead, we suppose that an assumption weaker than Assumption 1.1 holds.

Assumption 1.2. There exists 6 > 1 such that 0G(x,t) > G(x,st) for all x € Q, t € R, and
s € [0,1], where G(x,t) = f(x,t)t — pF(x,t) and F(x,t) fof x,8)ds.

Then our main results are the following two theorems.

TaEOREM 1.3. Suppose f(x,t) is subcritical in t and satisfies Assumption 1.2 and the fol-
lowing conditions hold:
(f1) f(x,t)=0forallt>=0,x € Qand f(x,t) =0 forallt <0, x € Q;
(f2) limsup,_q. (f (x,1)/tP~1) = a(x) and lim;—. ;o0 (f (x,1)/tP~1) = +o00 uniformly in a.e.
x € Q, where a € L*(Q) satisfies a(x) < Ay for all x € Q and a(x) < A, on some
Q' C Qwith |Q'] >0, A is the first eigenvalue of — A, and | Q| is the measure of (',

Then problem (1.1) has at least one solution u > 0.
If we consider a more general situation, we can get the following theorem.

TaEOREM 1.4. Suppose f(x,t) is subcritical in t and satisfies Assumption 1.2 and the fol-
lowing conditions hold:
(f3) f(x,t)t =0 forallte R, x € Q;
(f4) limsup,_,(f(x,1)t/|t1P) = c(x) and limmﬂc(f(x Dt/|t|P) = +oo uniformly in a.e.
x € Q, where ¢ € L*(Q) satisfies c(x) <Ay for all x € Q and c(x) < A, on some
Qo € Qwith Q] >0.

Then problem (1.1) has at least two nontrivial solutions in which one is positive and
the other is negative.

Remark 1.5. Assumption 1.2 was first introduced by Jeanjean in [6] for p = 2, and re-
cently by Liu and Li in [9] for general p > 1. We can easily prove that Assumption 1.2 is
equivalent to Assumption 1.1 when 6 = 1 and Assumption 1.2 gives some general sense
of monotony when 6 > 1. Liu and Li in [9] has proved that Assumption 1.1 implies
Assumption 1.2 when p> 1. Moreover, we can find some examples that satisfy Assumption
1.2 but not Assumption 1.1.
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Example 1.6. Set p =2,
f(x,t) = 5tIn (1+£*) +9sint, (1.4)
it follows that
G(x,t) = 9(tsint+2cost —2) +5(t* — In (1 +£2)). (1.5)

Let 8 = 100, we can prove by some simple computation that G satisfies Assumption 1.2
but does not satisfy Assumption 1.1 any more.

Remark 1.7. We only consider the solutions of problem (1.1) in superlinear case. Recently,
Zhou has got a positive solution of problem (1.1) for p =2 in [18] (see [18, Corollary
2.3]) and [19] (see [19, Theorem 1.2]). Then Li and Zhou extend the results to p > 1 in
[8] (see [8, Remark 1.2]). But in their discussion, they suppose (f1), Assumption 1.1, and
the following condition hold:
(5) limy—o+ (f(x,1)/tP~1) = p(x) and limy—1.o ( f (x,£)/tP7!) = 00 uniformly in a.e. x €
Q, where p(x) =1€ [0,A)) (in [8, 18]) or p € L*(Q)) with [|pll <Ay (in [19]).

We can see that we extend the results of [8, 18, 19] in superlinear case on two hands.
On one hand, our condition (f2) is weaker than (f5), we do not need lim;_+ ( f (x,£)/tP!)
exist but only suppose limsup,_ . (f(x,¢)/tP~!) = a(x) < A; and a(x) < A; on some Q' C
Q with positive measure, so we extend the range of the nonlinearity largely. On the other
hand, from Remark 1.5 we can see that our Assumption 1.2 is weaker than Assumption
1.1 and we believe that Assumption 1.2 can take the place of Assumption 1.1 in many
discussions of superlinear p-Laplacian problem. So our results are even new when p = 2,
we extend the results of [8, 18, 19] in superlinear case for general p > 1.

Remark 1.8. Liu and Li in [9] has got infinitely many solutions of problem (1.1) by the
fountain theorem. But in their discussion, they supposed that f(x,t) is odd with respect
to t. In our discussion, we do not suppose f (x,t) is odd any more. We will get the existence
and multiplicity of solutions for problem (1.1) by a variant version of mountain pass
theorem (introduced in [13] and used in [4], see also Lemma 2.1). So our results are
different from those in [9].

Remark 1.9. Schechter and Zou have got a nontrivial solution of problem (1.1) for p =2
in [14] under the following superquadratic conditions (a;) together with (ay) or (a3):
(ay) either

F(x,t
(x )—>oo ast — oo, (1.6)
t2
or
F(x,t
(fz )—>oo ast — —oo; (1.7)

(ay) there are constants y; >2, r >0, and C > 0 such that
wF(x,t) —tf(x,t) <C(E+1), |tl=r; (1.8)

(a5) the function G(x,t) = f(x,t)t — 2F(x,t) is convex in .
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It is easy to see that the function f in Example 1.6 satisfies our Assumption 1.2 and
(a1), but not satisfies (a;) nor (a3). In fact, if G(x,t) >0 for all t # 0, we can get
Assumption 1.2 from (a;) and (a}). So our results are different from those of [14].

2. Some important lemmas

To look for a nontrivial solution of (1.1), we need the following version of the mountain
pass theorem.

LeEmMma 2.1 (Schechter [13]). Let E be a real Banach space with its dual space E* and sup-
pose that ] € C'(E,R) satisfies the condition

max{](O),](ul)}sa<ﬂsuli¢r”1£p](u) (2.1)

for some a < B, p >0 and uy, € E with ||uy|| > p. Let ¢ be characterized by

¢ = inf maxJ(y(1)), (2.2)

yel0=r=<1

where I = {y € C([0,1],E) : p(0) = 0; y(1) = u,} is the set of continuous paths joining 0
and w,. Then there exists a sequence {u,} C E such that

J(n) —c=p (n— +oo),

2.3
(DI () g2 — O (1 — +00). (2:3)

In the proof of the theorems we will use the following lemma to prove the geometric
condition of the mountain pass theorem.

LemMa 2.2. If (f2) holds, there exits a positive constant « < 1 such that
J a(x)lu\f’dx<ocj |VulPdx (2.4)
Q Q

forallu e Wyt (Q).

. - . . 1,
Proof. Let us prove it by contradiction. Otherwise, there exists a sequence {u,} € Wy (Q)
such that

J a(x)|un|de2(l—l>J | Vu, | P dx. (2.5)
o n)Ja
Set v, = u,/||u,ll, it follows that
J a(x) [ v |Pdx=1- 1. (2.6)
o n

Then by (f2) and the Poincare inequality, we have

Ia(x)|vn|des)Llj |vn|desj |V | Pdx = ||vall? = 1. 2.7)
Q Q Q
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Therefore, we obtain

1—15J a(x)|vn|de5/hj |vn|desJ | Vv, |Pdx = 1. (2.8)
n” Ja Q )

For {v,} is bounded in WOI’P (Q), then there exists v € Wé’p (Q) such that

vy, —= v weaklyin W&’P(Q),

) (2.9)
vy — v InLP(Q).
Let n — oo in (2.8), one gets
Alj [v|Pdx = limj | Vv, |Pdx =1, (2.10)
Q n—o Jq
J (a(x) = A1) |v]Pdx = 0. (2.11)
Q

By (2.10), the weakly lower semicontinuity of || - ||, and the Poincare inequality we have

I:Iiminfj |vVn|dezJ |Vv|f’dlellj vlPdx = 1, (2.12)
Q Q Q

n—oo

it follows that
)HJ Iv\de=J 1V|Pdx = 1. (2.13)
Q Q

From (2.13), we can see that v is in fact the eigenfunction corresponding to the first
eigenvalue of the following problem:

—Dpu=AMulP?u, (2.14)

Then from the results for p-Laplacian, we have v # 0, so (2.11) implies that a(x) = 1, a.e.
on (), but this is impossible by (f2). Hence, Lemma 2.2 holds.

To see that a nonnegative solution of problem (1.1) is in fact a positive solution in Q,
we need the following strong maximum principle for p-Laplacian. O

Lemma 2.3 (Véazquez [17]). Let ue C'(Q) be such that Apu €LL(Q), u=0ae onQ,
Apu < B(u) a.e. with 3:[0,00] — R continuous nondecreasing, f(0) = 0 and either B(s) = 0
for some s >0 or (s) >0 for all s >0, but

Jl i(s) Veds = oo, where j(s) = [ B(dt, (2.15)
0 0

holds. Then if u does not vanish identically of Q, it is positive everywhere in Q.
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3. Proof of the theorems

Proof of Theorem 1.3. It is well known that to seek a nontrivial weak solution of problem
(1.1) is equivalent to finding a nonzero critical point of the C!-function:

J(u) = %L}IVulpdx—LlF(x,u)dx. (3.1)

In the following proof, we will find the critical points of J(u) in three steps.

Step 1. There exist some p,f3 >0, such that J(u) > S forall u € W(}’P(Q) with [[ul| = p.
In fact, by Lemma 2.2, let ¢ > 0 be small enough such that a +¢&/A; < 1. Since f(x,¢) is
subcritical and (f2) holds, there exist 81,0, >0 and M > 0 for the above ¢, such that

F(x,s) < %(a(x)+e)|slp Vsl <68, xeQ,
F(x,s) < %eISI‘I Vis| > 8, x€Q, (3.2)

M _
F(x,s) < M|s|P < (sq—,pls\q Vo <l|s| <8, xEQ,
1

where g is the same as in (1.2). Set A = max{( 1/p)e,M/6?_p} > 0, then we have

1

F(x,s) < p(a(x)+s)|s\P+A|s|q (3.3)

for all (x,s) € Q X R. By the Poincare inequality and Sobolev inequality, one obtains

1 1
Digp — Py — q
J(u) = pllull le(a(x)an)lul dx AL)lul dx
1 1 e
Dige — £ Py —
= llul pL} (oc+M)|W| dx — Cllull? (3.4)

(1< 1)
=—(1—a—|llull? - Cllull,
» e [[ull llull

where C >0 is a constant. Since 1 —a — ¢/A; >0 and p < g, let p be small enough such
that

=
>

(1—(x—i)p1’—Cpq >0, (3.5)
M

=

so we have J|o5, > 8> 0.
Step 2. There exists e € Wol’p(Q) with [le]| > p such that J(e) < 0.

Since lim;—o (f (x,£)/tP71) = +00 by (f2), then for any & > 0, there exists M > 0 such
that f(x,t)/tP~! > 1/e for all t > M and x € Q. Set c(¢) = (1/e)MP~!, consequently,

flot) = ét"’l —c(e) (3.6)
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forall t > 0 and x € Q, which implies that

1
f(x,st)t > gsP*ItP —c(e)t

(3.7)

forall x € Q,t >0, and 0 < s < 1. Integrating both sides of the inequality (3.7) on [0,1]

with respect to s, we obtain
Flx,t) > ——t7 — c(e)t
pe
for all t > 0. It follows from (3.8) that
F(x,tg1) > i1‘1’(pp —c(e)tg,
> = p£ 1 .

Dividing by 7, one has

thus we have

L Flxtg) dx > L) <Lq)‘f _ Ay )dx.

tp pe P!

Let t — oo in (3.11), it follows that

liminf Fi(x, 91)
t—+o0  JO tp

1
dx = J —oldx
Q pe
for all ¢ > 0. For ¢ > 0 is arbitrary, let ¢ — 0, then one obtains

lim J de = t00,
Q

t—+oo tp

Consequently,

J(tg1) 1 F(x,tg1)
= el | S

Hence, let t) be big enough and e = #y¢;, then we have J(e) < 0.
Define

I={yeC(0,1,Wy?(Q) :y(0) = 0 p(1) = e},  c=inf max (y

yelr0<r<1

then ¢ > 5 > 0. By Lemma 2.1, there exists a sequence {u,} C Wol’p(Q), such that

_1 Py . .
J(u,) = PJQ | Vu, |"dx JQF(x,un)dx c (n ),

(L[| DIV (un) || — 0 (1 — o0).

— —c0  (t— +o0).

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Combining (3.16) and (3.17), we obtain

J;) (%f(x,un)un—F(x,un)>dx=c+o(1). (3.18)

Step 3. Let us prove that the sequence {u,} is bounded.
Otherwise, there is a subsequence of {u,} (still denoted by {u,}) satistying ||u,|l — oo
as n — oo. Set wy, = u,/|luyll, then w, is bounded. So we may assume that for some w €

W(;’p (Q) there is a subsequence of {w;,} (still denoted by {w,}) such that

w, —= w weaklyin W&’P(Q),
wy—w inL(Q) (1<r<p*), (3.19)

wp(x) — w(x) ae.xeQ,

as n — oo, It is easy to see that w;" and w,, have the same convergence which is similar to
(3.19) where u™ = max{u,0} and 4~ = min{u,0} for u € WS’P(Q).

On one hand, we claim that w™ = 0. Otherwise, set Q; = {x € Q: w'(x) =0}, O, =
{x € Q:w'(x)>0}. Since ||u,|| — 400, we have 1)} — +c0 as n — o for a.e. x € Q. Since

ft)
Am et T T (3.20)
we have
N
m f(xu) =400 a.e. on . (3.21)

()
If |Q,] > 0, one obtains

o(1) = (1 ()t} = | | Vita| P | £ (o)

. (3.22)
<l - [ sl uias =l (1 [ L 1217
o % (uf)
So it follows that
f(xﬂl;)u:lr P

0(1) <1- J;)z W (W:) dx. (323)

By Fatou’s lemma, we have

N

1 > liminf flo u"l) (w))Pdx = +oo, (3.24)

e o ()

which is a contradiction, so |Q;| =0and wt =0.
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On the other hand, if w™ = 0, set a sequence {t,} of real numbers such that J(t,u,) =

maxye(o,1]J (fu,). For any integer m > 0, set wi' = (2pm)"?w,. By (£2), (3.3), and the con-
vergence of w;, one has

limsup | F(x,w!")dx = limsup F(x 2pm)VPw!)dx

n—oo Q n—oo

< limsup (J;; 2m(Ay +¢) (wh)Pdx + JQA(me)q/P(w;)qu>

n— o0

= limsup (C1||w;||§ + C2||W;||Z>

= Cillw*l; + Callwlg =
(3.25)

where C,C, > 0 are constants. Since ||u, || — 400 as n — o0, one has 0 < (2pm)V¢/||u,| <
1 when 7 is big enough. By the definition of ¢,, we obtain

J (taun) = J (W) 22m—J F(x,w")dx > m, (3.26)
Q
which implies that
J(tattn) — 00 (n— ). (3.27)

Noting that J(0) = 0 and J(u,) — ¢, so 0 < t, < 1 when 7 is big enough. It follows that

d](t”n)
dt iy,

J |V (tau,) |pdx—J (%, bty tytindx = (J' (bntn) s tathn) =ty
Q Q
(3.28)

But for 0 < t, < 1, we have 8G(x,u,) > G(x,t,u,) by Assumption 1.2, then (3.27) and
(3.28) imply that

JQ (%f(x,u,,)un —F(x,un))dx = %L}G(x,un)dx > # JQG(x:tnun)dx

GJ ( (%, tnthn) tothn —F(x,t,,u,,))dx
(3.29)

_lr(L p_
=5 JQ (p | Vi, | F(x,tnun))dx

1
= E](tn“n) — to0  (n— o).

which contradicts (3.18), so {u,} is bounded.
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By the compactness of Sobolev embedding and the standard procedures, we know that
{u,} has a subsequence which converges to a weak solution u € Wé’p (Q) of (1.1). By (f1),
we must have u > 0. By the regularity results of Ladyzhenskaya and Ural’tseva (see [7]),
u € L™ and hence u € Cll(;f(Q) C C1(Q) (see [16]). Since u € L= (Q), it is easy to see that
Apu=—f(x,u) € L} (Q). Moreover, we have — f (x,u) < 0 by (f1). Hence by Lemma 2.3
with (u) = 0, one has u >0 a.e. on Q. Then Theorem 1.3 is proved. O

Proof of Theorem 1.4. First, let us consider the following truncated problem:
—Apu= filx,u), x€Q,u=0,x€0Q, (3.30)
where

flxt), t=0,

3.31
0, t<0. ( )

fl(x,t)z{

For this problem (3.30), it is easy to see that fi(x,t) satisfies the conditions of Theorem
1.3. So by Theorem 1.3, there is a positive solution u > 0 of problem (3.30) and it is also a
solution of problem (1.1) by the definition of f;.

Next, let us see another truncated problem:

~Apu= fr(x,u), x€Q,u=0,x€, (3.32)
where
(x,t), t=<0,
flxt) = «|f0 (3.33)

In order to find a solution of problem (3.32), set v = —u, g(x,t) = — fo(x, —t), then
problem (3.32) is equivalent to the following problem:

—Apv=g(xv), x€Q,v=0,x€ (3.34)

It is easy to see that if v is a solution of problem (3.34), then u = —v is a solution of
problem (3.32). Since f(x,t) satisfies the conditions in Theorem 1.4, g(x,t) satisfies all
the conditions in Theorem 1.3. Then by Theorem 1.3, there is a positive solution v > 0 of
problem (3.34), so u = —v < 0 is a solution to problem (3.32) and it is also a solution of
problem (1.1).

From the above discussion, we can deduce that there exist at least a positive solution
and a negative solution of problem (1.1). Then problem (1.1) has at least two nontrivial
solutions. O
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