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For a class of nonlinear elliptic boundary value problems in divergence form, we con-
struct some general elliptic inequalities for appropriate combinations of u(x) and |Vul?,
where u(x) are the solutions of our problems. From these inequalities, we derive, using
Hopf’s maximum principles, some maximum principles for the appropriate combina-
tions of u(x) and | Vu|?, and we list a few examples of problems to which these maximum
principles may be applied.
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1. Introduction

Let u(x) be the classical solution of the following nonlinear boundary value problems:

(g, | Vul®) i), +h(x) f (| Vul?) =0, x€Q, (1.1)
u=0, x€od, (1.2)

where Q is a bounded domain in RN, N > 2, with smooth boundary 9Q) € C*¢, and g
and h are given functions assumed to satisfy the following conditions:

f>h=0, g>0,

1.3
f.hec', geC~ )

Moreover, we assume that (1.1) is uniformly elliptic, that is, we impose throughout the
strong ellipticity condition

G(u,s):=g(u,s)+25%>0, s>0, xeQ. (1.4)
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2 Maximum principles for a class of elliptic problems

Under these assumptions, a minimum principle for the solutions u(x) of the nonlinear
equation (1.1) follows immediately, that is, #(x) must assume its minimum value on 0Q).

Sufficient conditions on the data, for the existence of classical solutions of the non-
linear equation (1.1), are known and have been well studied in the literature. See, for
instance, LadyZzenskaja and Ural’ceva [5] for an account on this topic. Consequently, we
will tacitly assume the existence of classical solutions of the problems considered in this
paper.

Maximum principles for some particular cases of the boundary value problems
(1.1)-(1.2) have been considered and investigated by various authors. For references on
these topics we refer, for instance, to Payne and Philippin [6, 7], to Enache and Philippin
[2], or to the book of Sperb [10]. In this paper, we will focus our attention on the follow-
ing two particular cases, which do not seem to have been considered in the literature: the
case g = g(u), f = f(u), in Section 2, respectively, the case g = g(|Vul?), f = f(|Vul?),
in Section 3. In both cases, we will derive some maximum principles for appropriate com-
binations of u and | Vu|2. These combinations will be of the following form:

D(x,a,b) i= g2 ()| Viu]2 +zajuf(s)g(s) d5+2bJusg(s) ds, (1.5)
0 0

in Section 2, where a and b are some real positive parameters to be appropriately chosen,
respectively,

Y(x,a,8) := ﬂvu %d5+20¢u+[3u2, (1.6)

in Section 3, with G(s) := g(s) +2s¢'(s) > 0, where & and f are also some real positive
parameters to be appropriately chosen.
Here and in the rest of the paper, we adopt the following notations:

ou o’u
Uiji==—— Ui = .
! ax,- ’ i axiaxj

(1.7)

Moreover, we adopt the summation convention, that is, summation from 1 to N is un-
derstood on repeated indices. Using these notations, we have, for example,

N N
0’u OJu du
u,,-ju,iu,j = Z Z —ax,-axj a—X,a_X] (1.8)

i=1j=1

2. Derivation of maximum principles for ®

In this section, we focus our attention on the boundary value problems (1.1)-(1.2), with
g =g(u) and f = f(u). Since the particular case h = const has already been treated by
Payne and Philippin in [7], we consider only the general case when h(x) is a nonconstant
function.
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Differentiating (1.5), we successively obtain
Oy =2g¢" |VulPuy+2g%upu; +2afguy +2buguy, (2.1)
1 ’ rr ’
5 8WPx) =g Y Ivul*+g*g" [Vul* — gg'hf | Vul?

2 2 3
+4g7g u g iu g+ g7 (guik) jui+ & ik ik

+a(f'g+ fg)glvul> —af’gh+bg*|Vul® 22
+bgg ul vul® — bufgh.
Next, we differentiate (1.1) to obtain
(§uitp+gup) = (gur) = —hif —hf'u; (23)

from which we compute
(guik) gt = = fVhVu—hf'|Vul* - g"|Vul* - g'uguru;— g'| Vul*Au. (2.4)
Making use of the Cauchy-Schwarz inequality in the following form:
|Vl u i = wit ki iiu,j, (2.5)
and of (2.1), we obtain

Uikt g = é[g'qulz + (af+lm)]2 +..., inMNo. (2.6)

In (2.6), w:= {x € Q: Vu(x) = 0} is the set of critical points of u and dots stand for terms
containing @ ;. We also make use of (2.1) to obtain the following identity:

Wit = —é[g'IVuIZ+(af+bu)]|Vu|2+..., 2.7)

where dots have the same meaning as above.
Next, using the differential equation (1.1) in the equivalent form

pu=- &g (2.8)
g g

and inserting (2.4), (2.6), (2.7), and (2.8) in (2.2), we obtain after some reductions that
the second-order differential operator

L= %(g(u)(D,k)’k (2.9)
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satisfies the following inequality:

LO+ |Vu|72qu),k

Zgzi[(a—h)f'+b]|Vu|2—fh,iu,i+§[(af+bu)2—fh(af+bu)]}, in O\ w,

(2.10)
where Wy is the kth component of a vector field regular throughout Q.
Now, we consider the following two inequalities:
h\*
(af +bu)? - Fhaf +bu) > [(a— E) - 7]fz,
- (2.11)
IVl = fhsy > — VAL
4g
Using (2.11), we obtain, in O\ w, the following inequality:
2 2 2
LO+ |Vul| 2Wi D ngz{(a—h> _h__M}, (2.12)
2 2 4
ifb+(a—h)f" = g. Consequently,
LO+ |Vu| 2Wi Dy =0, in N\ w, (2.13)

if the positive constants a and b are chosen to satisfy the following two conditions:

a= méix (h(zx) + hzéx) + |v:l|2> =da, (2.14)
b+(a-hf >g. (2.15)

The following result is now a direct consequence of Hopf’s first maximum principle
[1,3,8,9].

TaeOREM 2.1. Let u(x) be a classical solution of (1.1), with g = g(u) and f = f(u), ina
bounded domain Q C RN, N > 2, and let ®(x,a,b) be the function defined in (1.5). If the
positive parameters a and b are chosen to satisfy (2.14)-(2.15), then the function ®(x,a,b)
takes its maximum value either on 0Q or at a critical point of u (i.e., a point in QO where
Vu=0).

Remark 2.2. (i) In the case N = 2, we may replace the inequality (2.5) by the following
identity:

up | Vul? = [Vul*(Au)? + 2uu iU g — 200U iU . (2.16)
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This identity leads to the same result if we replace the condition (2.14) by the following
one:

3h(x) | [10K*(x) |Vh|2> . (2.17)

>

4= nmEx ( 4 16 4
(ii) The parameter b, satistying (2.15), may be difficult to compute if g is not a bounded

function. However, there are situations when b could be taken to be 0. For instance when

f'>0and g/f" <M, with M a positive constant, the following choice for the real param-

eter a will be sufficient for the conclusion of Theorem 2.1:

2 2
azmax{mgx{h+M},m()ax{h+ h—+|Vh| }} (2.18)

2 2 4

(iii) Theorem 2.1 holds independently of the boundary conditions for u(x). However,
in what follows, we will show that the maximum value of ®(x,a,b) must occur at a critical
point of u, if Q is a convex domain in RN,

Suppose that ®(x,a,b) takes its maximum value at P on dQ). Then, by Hopf’s second
maximum principle [4, 8], we must have @ = cte in Q or 0®/dn > 0 at P. We now com-
pute the outward normal derivative 0®/0n at an arbitrary point of 9Q. Since u = 0 on
0Q), we obtain

g% =2g¢ ) +2g% Upntin + 2a f ULy (2.19)

From the differential equation (1.1), evaluated on 0Q € C>¢, we have
g'ui+glupm+(N—1)Ku,|+hf =0. (2.20)

In (2.19) and (2.20), u, and u,,, are the first and second outward normal derivatives of u
on dQ), and K is the average curvature of dQ). The insertion of (2.20) in (2.19) leads to

%%D =2fgla—h)u, —2(N - 1)Kg’u?, onoQ. (2.21)
Clearly, if a satisfies (2.14) or (2.17), we have d®/dn < 0 on 0(), so that ® cannot take
its maximum value on Q. Note that Vu # 0 on 0Q in view of Hopf’s second principle
[1, 4, 8, 9]. We formulate these results in the following theorem.

TueOREM 2.3. Let u(x) be a classical solution of (1.1)-(1.2), with g = g(u) and f = f(u)
in a bounded convex domain Q C RN, N > 2, and let ®(x,a,b) be the function defined in
(1.5) with a and b as in Theorem 2.1. Then the function ®(x,a,b) takes its maximum value
at a critical point of u.
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Remark 2.4. (i) Theorems 2.1 and 2.3 also hold in the case f(s) <0, s> 0.
(ii) Theorem 2.3 requires that Q be a convex domain. This restriction can, of course,
be relaxed requiring that at each point of 0Q), the average curvature is nonnegative.

3. Derivation of maximum principles for ¥

In this section, we focus our attention on the boundary value problems (1.1)-(1.2), with
g =g(IVul?) and f = f(|Vul?). Since the particular case h = const has already been
treated by Payne and Philippin in [6], we consider only the general case when h(x) is
a nonconstant function.

From (1.6), we successively compute

G
Wi =2—uu;+ 20k + 2Pung, (3.1

f

G f G
W= 4[— - —G] Wikt igiu+2— [M,,'kju,i + u,iku,ij]

f (3.2)

+ 20k + 2Bu ju i + 2un k),

AY = 4[9 - f—zG] Uikl U kU] + 28 [(Au) jua i+ un ik ]
ff f (3.3)

+20cAu+2/3|Vu|2 +2Bulu.

Next, we replace Au and (Au) ;u; in (3.3) using the differential equation (1.1) in the
equivalent form

Au = —Z&u,lku,lu,k — ﬂ (3.4)
4 g

Differentiating (3.4), we obtain

7 2 !
(Au) ju; = —4<%> (w et g) —2%(u,izku,lu,ku,i+2u,zku,liu,ku,i)
(3.5)

’

—=hu;— hf—Zu,,-ku,ku,i + Zg—zhfu,,-ku,ku,i.
8 8 8

Now, we would like to construct a second-order elliptic differential inequality for ¥
that contains no third-order derivatives of u. This will be achieved if we consider the
following operator:

L¥:= AY + 2%W,kju,ku,j, (3.6)
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for which we obtain after some reductions

G G f .. Gg¢
LY = zfulkulk+4|:7_ﬁ _7E:|u,ik”,i”,lk”,l

(5 ) 18 Jrmr e 02

- 29h,,»u,,» - 2(a+[3u)ﬂ +2/3§|Vu|2.
g g g

Making use of (3.1), we now compute

uptiy = —(a +/3u)é|Vu|2 +
(3.8)
2 2f2 4
(uiuiur)” = (a+Pu) clvultt,
2
Ukt gty = ( oc+ﬁu)2f [Vul®+ (3.9)

where dots stand for terms containing ¥ ;. Combining (3.9) with (2.5), we obtain the
inequality

U kU ik = (oc+/3u)2 f2 ., in N\ w, (3.10)

where w:= {x € O : Vu(x) = 0} is the set of critical points of u and dots have the same
meaning as above.
It then follows from (3.7), (3.8), (3.9), and (3.10) that the following inequality holds:

LY+ |Vu| 2Wi Wy = —{[ﬂ Zf [( (x+[5u)2—(oc+ﬁu)h]]|Vu|2
(3.11)
—hu;+ g [(a+Pu)* — ((x+[§u)h]}, in N\ w,

where Wy is the kth component of a vector field regular throughout Q.
Now, we consider the following two inequalities:

2
(a+pu)? —h(a+pu) = [(a_ g) _ h;}

g 2 f 2
|\ Vul|* - VhVu=—-=—|Vh|-.
f 4g

Inserting (3.12) in (3.11), we obtain, in O\ w, the following inequality:

2 2 2
LY+ |Vul|~ ZWk\I’k>— f{( h) —%— ‘Viﬂ },

(3.12)

(3.13)
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validif = g/f and f" < 0. Consequently,
LY +|Vul *Wi¥x =0, in O\ w, (3.14)

if the positive constants « and 8 are chosen to satisfy the following two conditions:

o> mgx(h(zx) + hzéx) + |V4h|2> =, (3.15)
52m3x<§+%|v2hz>, (3.16)

and the function f satisfies
f'=o. (3.17)

The following result is now a direct consequence of Hopf’s first maximum principle
(1,3, 8,9].

TueOREM 3.1. Let u(x) be a classical solution of (1.1), with g = g(|Vul|?) and f =
FUVul?), in a bounded domain Q C RN, N > 2, and let ¥ (x,a, 3) be the function defined
in (1.6). If the positive parameters o and 3 are chosen to satisfy (3.15)-(3.16) and f satisfies
(3.17), then the function V(x,w, ) takes its maximum value either on 0Q) or at a critical
point of u (i.e., a point in QO where Vu = 0).

Remark 3.2. (i) The parameter f3, satisfying (3.16), may be difficult to compute if g/ f is
not a bounded function.

(ii) Theorem 3.1 holds independently of the boundary conditions for u(x). However,
in what follows, we will show that the maximum value of ¥(x, &, ) must occur at a critical
point of u, if Q is a convex domain in RV,

Suppose that ¥(x,a, ) takes its maximum value at P on Q. Then, by Hopf’s second
maximum principle [4, 8], we must have V¥ = cte in Q or 0¥/dn > 0 at P. We now com-
pute the outward normal derivative 0'¥/on at an arbitrary point of dQ). Since u = 0 on
0Q), we obtain

7 G
— = 2—UplUp, +20U,. (3.18)

on f
From the differential equation (1.1), evaluated on 0Q € C>¢, we have
Gupy +g(N —1)Ku, +hf =0. (3.19)

In (3.18) and (3.19), u,, and u,,, are the first and second outward normal derivatives of u
on dQ), and K is the average curvature of dQ). The insertion of (3.19) in (3.18) leads to

o _ _2§(N_ DKu +2(a—h)u,, ondQ. (3.20)
on f
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Clearly, if a satisfies (3.15), we have d¥/0dn < 0 on 9}, so that ¥ cannot take its maximum
value on dQ. Note that Vu # 0 on 0Q in view of Hopf’s second principle [1, 4, 8, 9]. We
formulate these results in the following theorem.

THEOREM 3.3. Let u(x) be a classical solution of (1.1)-(1.2), with g = g(IVul?) and f =
f(IVul?), in a bounded convex domain Q C RN, N > 2, and let ¥(x,a, 3) be the function
defined in (1.6) with « and [ as in Theorem 3.1. Then the function ¥ (x,a, 3) takes its max-
imum value at a critical point of u.

4. Examples

In this section, we list a few examples of problems for which the maximum principles
obtained in the Theorems 2.3 and 3.3 may be applied. In general, we would expect the
maximum principle derived for ®(x,a,b), respectively, ¥(x,a, 3), to yield upper bounds
for solutions, for the magnitude of its gradient, or for the distance from a critical point
of solution to the boundary of the domain Q, assumed to be bounded and convex in R,
N > 2, with smooth boundary 0Q € C?¢,

Example 4.1. Let u(x) be the classical solution of the boundary value problem

Au+p|Vu|2+h(x)=0, xe, (4.1)
u=0, x€0dQ, (4.2)

where p = const > 0 (the case p = 0 was studied in [2]) and h € C'(Q) is a nonnegative
function satisfying the following condition:

~ 1) o fh [ 9 n
a.—max{mgx{h+1)},mdax{2+ 2+ 1 }}<4d2p’ (4.3)

where d is the radius of the largest ball inscribed in Q.
Multiplying (4.1) by e?* we obtain

(eP“u,i),i +ef'h(x) =0, (4.4)
that is, (1.1) with f(u) = g(u) = eP*. Theorem 2.3 implies that the auxiliary function

D(x,a,0) = 2P| Vul? + % (2P 1) (4.5)

takes its maximum value at a critical point of u. This leads to the following inequality:

2P| Vul? < %(621’”“ — e?Pv), (4.6)

where u,, := maxq u(x). Inequality (4.6) may be used to derive an upper bound for u,,.
To this end, let P be a point where u = u,, and Q a point on dQ) nearest to P. Let r measure
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the distance from P along the ray connecting P and Q. Clearly, we have

du
_ES |Vul. (4.7)

Integrating (4.7) from Q to P and making use of (4.6), we obtain

tm efidu a (2 a a
——— < = | dr=_|=0< |—d, 4.8
Jy T =l \/; <ﬁ (48

where § = d(P,Q), We obtain

1 1
Uy < ;log (W), (4.9)
and, consequently,
e b
|Vul? < p(cosz( o) 1). (4.10)

Example 4.2. Let u(x) be the classical solution of the boundary value problems

uhu+p|Vul> +h(x)u* =0, x€eQ, (4.11)
u=0, xe€9dQ, (4.12)

where p = const € (—1,1) and h € C'(Q) is a nonnegative function.
Multiplying (4.11) by u?~!, we obtain

(uPu;) ;+h(x)uf* =0, (4.13)

thatis, (1.1) with f(u) = u?*!, g(u) = uP. Theorem 2.3 implies that the auxiliary function

_.2p 2 a_ ap+2
D (x,a,0) = u?|Vul +p+1u s (4.14)
with
2 2
a:= max max{h+i},max ﬁ+ h—+|Vh| (4.15)
0 p+1V o 2NV 2 " 4

takes its maximum value at a critical point of u. This leads to the following inequality:

WP |Vul|? < 4 Uit ppe , (4.16)
p+1
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where u,, := maxq u(x). Integrating (4.16) in the same way as in the previous examples,
we obtain

i :J'”"‘ ubdu - a_s (4.17)
20p+1)  Jo /uffﬂ—uzl’”_ p+17 )

where § = d(P,Q). This shows that the critical points of u(x) are at distance § = 71/

2,/(p + 1)a from the boundary.

Example 4.3. Let u(x) be the classical solution of the boundary value problems

u; 1
_ +h 720) EQ)
<«/1 + |Vu|2) ; ) VI+[Vul? b (4.18)
u=0, xe€9dQ,

where h € C'(Q) is a nonnegative function satisfying the following conditions:

[Vh|> = 4,
h 2 |Vh|? - (4.19)
(x.—m(?x E‘f‘ ?‘I' n <ﬁ

where d is the radius of the largest ball inscribed in Q.
In this case, we have (1.1) with g(IVul?) = f(IVul?) = (1+|Vul?)~2. Theorem 3.3
implies that the auxiliary function
¥(x,a,0) =log (1+ |Vul?) +2au, (4.20)
takes its maximum value at a critical point of u. This leads to the following inequality:
log (1+|Vul?) < 2a(uy —u) (4.21)
or

2|V y|? < g20m _ g0 (4.22)

where u,, := maxq u(x). Integrating (4.22), as in the previous applications, we obtain

1 1
Uy < &log (Cos(ad)> (4.23)

and, consequently,

|Vul? < tan(ad). (4.24)
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Example 4.4. Let u(x) be the classical solution of the boundary value problems

1 1
(eXp(l+IVulz)u’i),i+h(X)eXp<l+\Vu\z) =0 x<, (4.25)

u=0, xe€0Q,

where h € C'(Q) is a nonnegative function and d, the radius of the largest ball inscribed
in €, satisfies

d (4.26)

<
2V2°

In this case, we have (1.1) with g(IVul?) = f(IVul?) = exp(1/(1 + |Vu|?)). Theorem 3.3
implies that the auxiliary function

[Vul?

2
Y(x,a,1) = J S st 2au+ 12 (4.27)

0 (s+1)?

takes its maximum value at a critical point of u if the parameter « is chosen to satisfy

o> mélx (h(x) + P (x) + Vhlz). (4.28)

2 2 4

This leads to the following inequality:

1 VUl 241 2
EIVuI2 < J mds <2a(tty, — u) + (12, — t*) = (up+a)” — (u+a)?, (429)
0

where u,, := maxgu(x). Integrating (4.29) in the same way as in the previous applica-
tions, we obtain the following upper bound for u,,:

1
Um S(X(m —1>. (430)

Acknowledgment

The author is very grateful to G. A. Philippin for his useful comments and suggestions.

References

[1] Y. Du, Order Structure and Topological Methods in Nonlinear Partial Differential Equations, Vol 1:
Maximum Principles and Applications, World Scientific, New Jersey, 2006.

[2] C. Enache and G. A. Philippin, Some maximum principles for a class of elliptic boundary value
problems, to appear in Mathematical Inequalities & Applications.

[3] E.Hopf, Elementare bemerkung iiber die losung partieller differentialgleichungen zweiter ordnung
vom elliptischen typus, Sitzungsberichte Preussiche Akademie Wissenschaften 19 (1927), 147—
152.



Cristian Enache 13

, A remark on linear elliptic differential equations of second order, Proceedings of the
American Mathematical Society 3 (1952), 791-793.

[5] O. A. LadyZenskaja and N. N. Ural’ceva, Equations aux Dérivées Partielles de Type Elliptique,
Monographies Universitaires de Mathématiques, no. 31, Dunod, Paris, 1968.

[6] L. E. Payne and G. A. Philippin, Some maximum principles for nonlinear elliptic equations in
divergence form with applications to capillary surfaces and to surfaces of constant mean curvature,
Nonlinear Analysis 3 (1979), no. 2, 193-211.

, On maximum principles for a class of nonlinear second-order elliptic equations, Journal

of Differential Equations 37 (1980), no. 1, 39-48.
[8] M. H. Protter and H. E Weinberger, Maximum Principles in Differential Equations, Springer,
New York, 1975.
[9] P.Pucci and J. Serrin, The strong maximum principle revisited, Journal of Differential Equations
196 (2004), no. 1, 1-66.
[10] R.P. Sperb, Maximum Principles and Their Applications, Mathematics in Science and Engineer-
ing, vol. 157, Academic Press, New York, 1981.

Cristian Enache: Department of Mathematics and Computer Science, Ovidius University,
900 527 Constanta, Romania
E-mail address: cenache@univ-ovidius.ro


mailto:cenache@univ-ovidius.ro

	1. Introduction
	2. Derivation of maximum principles for Φ
	3. Derivation of maximum principles for Ψ
	4. Examples
	Acknowledgment
	References

