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A transmission problem involving two Euler-Bernoulli equations modeling the vibrations
of a composite beam is studied. Assuming that the beam is clamped at one extremity,
and resting on an elastic bearing at the other extremity, the existence of a unique global
solution and decay rates of the energy are obtained by adding just one damping device at
the end containing the bearing mechanism.

Copyright © 2006 T. E. Ma and H. Portillo Oquendo. This is an open access article dis-
tributed under the Creative Commons Attribution License, which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is prop-
erly cited.

1. Introduction

In this paper we consider the existence of a global solution and decay rates of the en-
ergy for a transmission problem involving two Euler-Bernoulli equations with nonlinear
boundary conditions. More precisely, we are concerned with the system of equations

prue+ Prtbexey =0 in J0,Lo[ X RT, (1.1)
P2Vit + PaVixxy =0 in |Lo, L[ X RY, (1.2)
coupled by the “transmission” conditions

U(L(),t) - V(LO)t) = O) ux(LO)t) - VX(LO)t) = O)

Bt (Lont) ~rs(Lo) =0, Brts(Lont) ~rise(Ln) 0.

To the system we add the nonlinear boundary conditions
u(0,6) =0, ux(0,1) =0, (1.4)
Vxx(L,t) = 0, Bovisx(Lyt) = f(v(L, 1)) +g(vi(L,1)), (1.5)
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2 A transmission problem for beams on nonlinear supports
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Figure 1.1. A composite beam on an elastic bearing.

and the initial data

u(x,0) = u’(x), wu(x,0)=u'(x) in[0,Lo],
(1.6)
v(x,0) =v%(x), :(x,0) =v'(x) in[Lg,L].

The system (1.1)—(1.6) models the transverse vibrations of a composite beam of length
L, constituted by two types of materials of different mass densities p;, p, > 0 and flexural
rigidities 31,8, > 0. Because of the boundary condition (1.4), the beam is clamped at
the left end x = 0. On the other extremity, the condition (1.5) implies that the bending
moment is zero and that the shear force is equal to f(v(L,t)) + g(v+(L,t)). This means
that, at the end x = L, the beam is resting on a kind of bearing, described by the function
f> and subjected to a frictional dissipation described by the function g (see Figure 1.1).

We notice that stabilization of transmission problems has been considered by some
authors. In the beginning, Lions [8] studied the exact controllability of the transmission
problem for the wave equation. Later, Liu and Williams [10] studied the boundary sta-
bilization of transmission problems for linear systems of wave equations. In the case of
beam equations, which involve fourth-order derivatives, there are more possibilities in
the problem modeling and boundary conditions. For instance, Muiioz Rivera and Por-
tillo Oquendo [14] studied a transmission problem for viscoelastic beams, by exploiting
the dissipations due to the memory effects of the material. On the other hand, there are
a few results on fourth-order equations with nonlinear boundary conditions involving
third-order derivatives. That class of problems models elastic beams on elastic bearings,
and one of the first results, with nonlinearities, was given by Feireisl [2], who studied
the periodic solutions for a superlinear problem. Some related stationary problems were
considered by Grossinho and Ma [3] and Ma [11]. We refer the reader to [1, 4-7, 12-16]
for other interesting related works.

Our objective is to show that under suitable assumptions, the sole dissipation g(v;),
acting on the boundary point x = L, will be sufficient to stabilize the whole system. The
dissipation effect on the boundary x = L will be transmitted to (1.1) through (1.2). The
proof of the boundary stabilization is based on the arguments from Lagnese [6] and
Lagnese and Leugering [7].

The paper is organized as follows. In Section 2 we define some notations and establish
the global existence and uniqueness results (see Theorem 2.2). Weak solutions are also
considered (see Theorem 2.6). In Section 3 we prove the decay of the energy of the system,
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which is defined by

1 (Lo
E(t) = E(t,u,v) = EL {p1 |ue| + B | vsx | }dx

(1.7)
1" 2
+3 | Apalwil B vl Vx+ F L),
where f(w) = [, f(s)ds (see Theorem 3.1).
2. Global existence
In our study we assume that f is a C! function satisfying the sign condition
fw)w=0, VweR, (2.1)
and that g is a C' for which there exists a constant ¢y > 0 such that
g(0) =0, (g(r)—g())(r—s)=colr—s|>, VrseR. (2.2)

In particular it follows that g(w)w > cow? for all w € R. In order to deal with the trans-
mission conditions (1.3) and the boundary condition (1.4), we define the Sobolev space

X = {(p,¥) € H? | (¢, ) satisfies (2.4)}, (2.3)

where
9(0) = 9x(0) = ¢(Lo) — v(Lo) = ¢x(Lo) — v (Lo) = 0, (2.4)
H* = H*(0,Lo) x H* (Lo, L). (2.5)

We also write 1.2 = L?(0,Lg) X L?>(Lo, L). Our study is based on the space
V = {(¢,¥) € (H*(0,Lo) x H*(Lo,L)) N X | yx (L) = 0}, (2.6)

so that the first part of condition (1.5) is also recovered. As a simple consequence of the
trace theorem and (2.4) one has the following useful boundary estimate.

LEMMA 2.1. Given (u,v) € C1([0,T],X), there exists a constant C > 0 such that

(L] < C{lluxxl|, +|lviell,}, - VEE[O,TI,
(2.7)
|Vt(L’t)| = C{H”xxtHz + ||Vxxt||2}) vte[0,T],

where || - ||, denotes either L*(0,Ly) or L>(Ly,L) norms.

Now we prove the existence of global regular solutions.
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THEOREM 2.2. Assume that conditions (2.1)-(2.2) hold. Then for any initial data (u°,v°) €
H* NV and (u',v') € V, satisfying the compatibility condition,

V(L) = (L) —g(v!(1)) =
Brud (Lo, t) — Bavyy (Lost) =0, (2.8)
Brtte (Lost) = aviee (Lost) =0,
problem (1.1)—(1.6) has a unique strong solution (u,v) such that
(u,v) € L™ (R*; H*), (ur,v) € L®(R";X), (e, vee) € L (RTL%).  (2.9)

The proof of Theorem 2.2 is given in several steps, by using the Galerkin method.
Approximate problem. Let {(¢",y")},cn be a Galerkin basis of V, which for convenience
is chosen to satisfy

{(W0), (u',v")} c vy, (2.10)

where

Vi =span { (o', y1),..., (9™, v™)}. (2.11)

Then the corresponding approximate variational problem to problem (1.1)—(1.6) reads
as follows: find (u™(t),v™(t)) € V,, of the form

m

(u™(£),v"( Z (1) (7, y7) (2.12)

such that

{plutt¢] +ﬁ]1/l ¢xx}dX+J {pzvzlvj] +ﬁ2V§§cI//;{x}dx
" (2.13)
+{Baf (VM(L,1)) +g(vi(L, 1))}y (L) =

(u™(0),v™(0)) = (u°,»°), (u(0),v"(0)) = (u',v"). (2.14)

As a matter of fact, (2.13) is an m-dimensional system of ODEs in h;”(t) and has a local
solution (u™(t),v™(t)) in an interval [0,1,]. In the following, we derive uniform esti-
mates, so that local solutions can be extended to the interval [0, T] for any T > 0. Note
that initial conditions in (2.14) are well defined because of (2.10).

Estimate 2.3. Replacing ¢’ by u/" and v by v/ in (2.13), one concludes that

%E(t,u”’,vm) = —Bog (v*(L, 1)) v{* (L, 1). (2.15)



T. E. Ma and H. Portillo Oquendo 5

Then from condition (2.2) we see that E(¢,u™,v™) is decreasing and therefore there exists
M; >0 such that

N O[5+ v )] + Ol + vl < My (2.16)

for all m € N, t >0, where M; depends on E(0,u°,v?).

Estimate 2.4. Let us obtain an estimate for uff(0) and v}/ (0) in L? norms. Replacing ¢’ by
uf?(0) and y' by v7(0) in (2.13), one concludes from the compatibility condition (2.8)
that for some constant C >0,

2 O)][3 + [V 0[5 = C(|[uell> + Vo0l [2)- (2.17)
Therefore, there exists M = M (u°,v°) > 0 such that
[z O] +|IviF ()3 < M (2.18)

forall m € N.

Estimate 2.5. Here we use a finite-difference argument as in [12]. Let us fix £, £ > 0 such
that & < T — ¢, and take the difference of (2.13) with t = t+ & and ¢ = t. Then replacing ¢/
by uf"(t+&) — u}"(t) and y/ by v{"(t + &) — v{"(t), and putting

Po(t,8) = pu|[ul(t+ &) — u (D2 + pal VI (£ + &) — vin(8)| 2

5 5 (2.19)
+ B[l (t+8) — ul (D[, + Bal i (e + ) = vED]]3,
one infers that
1da
EE m(t,f) <A+B, (2.20)
where
A=—(g(v"(L,t+&)) —g(v™(L,1))) (" (L,t +&) = v{*(L, 1)),
(2.21)

B=-Bo(f(V™(L,t+&)) — f(v"(L,1)) (v (L, t + &) — v{*(L,1)).

Taking 0 < ¢ < ¢, and using the mean value theorem and Lemma 2.1, there exists C; >0
such that

B < Co(|[uz(t+&) —ule (O + vt + &) - vin(ol[3)

i (2.22)
+e| v (L,t+&) — v (L,t)|".
Then from condition (2.2), we conclude that for a constant C > 0,
1d A
Pm(taf) = CPm(LE)» (2-23)

2dt
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and therefore P,,(t,&) < P,,(0,)e*CT. So, dividing the inequality by £? and making & — 0,
we see that

pullgt (D13 + pal VD115 + Bl (D[ + Bal v (D113

, , , ) (2.24)
< (Pl O[3+ p2 v O[3 + Btk 13 + Bal v ][5 ) e
Hence there exists M, > 0 such that
||“tt (t)Hz + ||Vtt (t)Hz + ||uxxt(t)||2 + ||Vxxt(t)||2 =M (2.25)

forallme Nandt € [0,T].

Existence result. From Estimates 2.3 and 2.5, we can apply Aubin-Lions compactness the-
orem to pass to the limit the approximate problem. Then the proof of the existence result
is complete.

Uniqueness. Let (u;,v1) and (uz,v2) be two solutions of problem (1.1)—(1.6). Writing
U =u; —uyand V = v; — v, we see that (U, V) satisfies

1d

S 3 1PITOI + o2 [V + Bl Use )1+ Bl Vie D)3

< Bl f(n(L,t) — f(v2(L,1) | Vi(L, 1) (2.26)
—Balg(vie(L, 1)) — g(var (L, 1)) ] Vi(L, ).

Then using (2.2) and Lemma 2.1, as in Estimate 2.5, we deduce the existence of C >0
such that

d

PO = C(lUa®ll +[Valnlly), < (0,T], (2.27)

where now P(t) = P(U, V,t). Since we have P(0) = 0, from Gronwall lemma we get U =
V =0.

Weak solutions. We say that a pair (u,v) is a weak solution of problem (1.1)—(1.6) if

(u,v) € L (R*,X), (us,v:) € L™ (R, 1L2), (s, vie) € L (RT,H72)
(2.28)

satisfy the initial conditions (1.6), the compatibility conditions (2.8), and the variational
identity

d Lo L
E{ plut¢dx+J sztV/dx}
0 Ly

Lo
+JO /—;luxx(Pxxdx‘i'J /32Vxx1//xxdx+ {ﬁzf( L t)) +g(vt(L t )}w L)
(2.29)
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for all (¢, ) € X. In order to study the existence of weak solutions let us denote by ‘€ the
set of all acceptable initial data for the existence of strong solutions, that is,

G :={((u°°), (u',v')) € (H* N V) x V| (2.8) holds}. (2.30)

Then we have the following existence result for weak solutions.
THEOREM 2.6. Assume that conditions (2.1)-(2.2) hold. Then for any initial data satisfying

((0,00), () e @™, (2.31)

problem (1.1)—(1.6) has a unique weak solution.

This theorem is proved using density arguments, similar to those used by Cavalcanti
etal. [1]. In fact, from the assumption on the initial data, there exists a sequence ((19,19),
(ul,v})) € € such that

(u5,v9) — (u°,v°) in H?, (ulv]) — (u',v') inlL2 (2.32)

Now, for each v € N, the initial conditions (19,79) and (ul,v}) give a unique regular solu-
tion (uy,v,) of problem (1.1)—(1.6). From the estimates used in the proof of Theorem 2.2
it can be shown that (u,,v,) converges to a weak solution (u,v) of (1.1)—(1.6). The unique-
ness is then proved by means of the regularization techniques as by Lions and Visik (see

e.g. [9]).

3. Decay of the energy

In this section we study decay rates for the first-order energy (1.7) associated to system
(1.1)—(1.6). Here we assume that the bearing device has a superlinear behavior, charac-
terized by the condition

dp =2 such that pf(w) - fww=0, VweR, (3.1)

and that the material of the beam occupying [Lo,L] is more dense and stiff than that in
[0,Lo], that is,

p1 = p2 Bi = . (3.2)

Then the rate of decay will depend on the behavior of the nonlinear dissipation g in
a neighborhood of the origin, which is related to the following assumption: there exist
1,62 >0and g = 1 such that

cymin {|w|,|w|1} < |g(w)| < c;max{|wl, |w|"4}. (3.3)

Our main result is given by the following theorem.

THEOREM 3.1. Suppose that

(u’v°) e H* N X, (u',v') € L2 (3.4)
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Suppose in addition that conditions (3.1)—(3.3) also hold. Then if (u,v) is the solution of
problem (1.1)—(1.6), one has the following decay rates:
(1) if g > 1, then there exists a positive constant C = C(E(0)) such that

E(t) < C(1+¢t)" ¥4V, (3.5)
(2) if q = 1, then there exist positive constants C and p such that
E(t) < CE(0)e *. (3.6)

We will prove this theorem for strong solutions. Our conclusion follows by a standard
density argument.

In order, we establish some auxiliary results related to the multipliers method. Let us
introduce the functional

Ly
Ri(t) := plutxuxdx+ J P2ViXVydX. (3.7)

In the following lemma we retrieve a part of the energy.

LemMA 3.2. There exists a positive constant C; = Cy(E(0)) such that

DRt = 2| uL,0] + L)L+ gL 1) |}

" - (3.8)
=3 J, ol Bl =5 | pal il +Ba v
0 2 )L,

for any strong solution of (1.1)—(1.6).

Proof. Multiplying (1.1) by xu,, (1.2) by xv,, integrating by parts, and using the bound-
ary conditions (1.4)-(1.5) and (1.3), we arrive at the following identity:

%Rl( t) = LO (Pl _PZ) | Mt(Lo,t) |2 LO ﬁl (ﬂz —/31 |uxx Lo, ) |
+ % [Ve(Lot)|* = L(f (W(L, 1)) + g (ve(L,1)) ) v(L, 1) (3.9)

1 (o 1t
——J p1|u,|2+3ﬁ1|uxx|2dx——J p2|vt|2+3[32|vxx|2dx.
2 Jo 2 Ly

In view of the inequalities (3.2), the above equation reduces to

P2 (L) P L (UL, 0) + (L, ) elL, 1)

d P2
aRl(t)S 5 |

=1

(3.10)

1

e P [ ol 36 v
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Now we will estimate I;. Lemma 2.1 implies that |v(L,t)| < CE"?(0) for some C > 0, thus,
as f € C!'(R) we have that | f(v(L,1))| < Clv(L,t)| for some other positive constant C =
C(EV?(0)). Applying Young’s inequality and taking into account the preceding estimates,
we get for 7 >0,

I < | ve(LD) |+ G f | f (L) [P+ [gw(L)) [ !}

(3.11)
< vl |2+ Gl f (L)L) + gL, D) | '},
from where by Lemma 2.1 follows that
Lo 5 L 2
I an{J Bi | thx | dx+J B2 | Vx| dx}
’ fo (3.12)

+C F LDV + [gn(L,0) |*}.

Substitution of this inequality into (3.10) and fixing # > 0 small our conclusion follows.
O

Our next step is to retrieve the remainder part of the energy. Let (¢, ) be the solution
of the stationary problem

ﬁl(Pxxxx =0 on ]O)LO[ X [RJr; (3.13)
/—))ZV/xxxx =0 on ]Lo,L[ X IR+: (314)
satisfying the boundary conditions

§0(0>t) = (Px(oat) =0,

I/IXX(L) t) = 0) l//(L) t) = V(L) t))
¢(L01t) l/,(Loat) = 0: ( )
3.15
¢x(Lost) — v (Lost) =0,
ﬂl(/’xx (LO;t) ﬂzl//xx (LO) ) 0
ﬁl(Pxxx (LO)t) ﬁﬂ//xxx (LO> )
which depend clearly on v(L, ). We consider the following functional:
Loy
Ry(t) := plutq)dx+J P2V dx. (3.16)
LEmMMA 3.3. Given € >0, there exists a positive constant Ce such that
d LQ L
ERz(t) < E{J p1|ut|2+[§1 |uxx|2dx+J p2|vt|2+[32|vxx|2dx}
0 L (3.17)

L0+ |gu@0) I’} = 3 F (L)LY

for any strong solution of (1.1)—(1.6).
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Proof. Multiplying (1.1) by ¢, (1.2) by v, integrating by parts and using boundary con-
ditions (1.3)—(1.5) and (3.15), we have the following identity:

d Loy L Loy
—Ro(t) = | prupidx+ J paviyidx — | PribexPcdx
dt 0 Lo 0
(3.18)

L
- JL BavaxWaxdx — (f (v(L, 1)) + g (ve(L, 1)) v(L, £).

On the other hand, multiplying (3.13) by u — ¢, (3.14) by v — v, integrating by parts and
using boundary conditions (1.3)—(1.5) and (3.15), we obtain

Lo L Ly L
0 ﬁluxxgoxxdmL BavexYedx = jo Br | oxe | 2+ L Bolyweldx.  (3.19)

Since the right-hand side of this equality is positive, by substitution of this into (3.18) we
arrive at

d L(] L
ERz(t)s . pluzgotdx+L paviyedx — f (v(L,1))v(L,t) — g(vi(L, 1)) v(L, ).

(3.20)

Now, we will estimate the last term of the above inequality. Using Young’s inequality and
Lemma 2.1, we have for # > 0,

|g (L)) v(L, )| < y|v(L,0)|*+C, gL, 1)) |

Lo L
< qC{L Bi |t | + JLOﬁZ [Vix | 2dx} +Cy | g(v(L,1)) |2
(3.21)

On the other hand, from the elliptic regularity of the system (3.13)—(3.15) there exists a
constant C > 0 such that

Lo L
j |¢|2dx+J yl2dx < ClvIL6) %, (3.22)
0 Ly

and since the system (3.13)—(3.15) is linear we also have

Loy L
L |<pt|2dx+L Ly 2dx < Clv(L1)| . (3.23)

Applying Young’s inequality to the two first terms of the right-hand side of (3.20) and
using the above estimate we have for 7 > 0,

Lo LO
. pruspedx < nL p1 |ut|2dx+C,7 |vi(L,t) |2,
(3.24)
L L , ,
JL pavivdx < nL pa|ve|“dx+Cy|vi(L, 1) |
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By substitution of the estimates (3.21)—(3.24) into (3.20) and taking € = max{#,nC} we
arrive at the desired result. This completes the proof of the lemma. O

Now, we will summarize the results of the previous lemmas. Let us consider the fol-
lowing functional:

R(t):= Ri(t) +2(Cy +1)Ry(1), (3.25)
where C; is the constant considered in Lemma 3.2.

LemMa 3.4. There exists a positive constant C such that

%R(t) < %E(t) +Clg(m(L D) vi(L,1) + [g(v(L, ) v(L, )]V ] (3.26)

for any strong solution of (1.1)—(1.6).
Proof. First, let €y be the solution of

2(C1+1)60: i (3.27)

Combining Lemmas 3.2 and 3.3 with € = €y and using the superlinearity of the function
f (see (3.1)) we arrive at

%R(t) < —%E(t) +Cf [n(Lt) [P+ [g(m(L.0) |*}. (3.28)

Now, we will estimate the second term of the right-hand side of (3.28). From the hypoth-
esis (3.3) we have the following estimates:

lvi(L,t)| =1 then |v(L,t)|*+ |g(vi(L,0)) |* < Cg(ve(L, 1)) ve(L, 1),

[v(L,6)| <1 then [v(L,0)|” + [g(v(L,1) |* < Clg(n (L) v(L,)]" ™,
(3.29)

Therefore, for any value of v,(L, ), we conclude that

| vi(L,t) |2 + |g(ve(L, 1)) |2 < C{g(vt(L,t))vt(L,t) + [g(vt(L,t))vt(L,t)]Z/(qH)}.
(3.30)

In view of (3.28) the proof is complete. O

Proof of Theorem 3.1. Now Lemma 3.4 plays an essential role. To prove the polynomial
decay of the energy, we assume that g > 1. Using Young’s inequality is not difficult to
show that there exists a positive constant C such that

|R(t)| < CE(t). (3.31)
Let us denote 0 := (g — 1)/2. Since

D50 = ~giLomL, (3.32)
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we get from estimate (3.31) that

%[E"R](t) < oR(t)E”’l(t)%E(t) +E"(t)%R(t) )
< CE’(t)g(v¢(L,t))w(L,t) +E"(t)%R(t).

Using Lemma 3.4 and estimate E(#) < E(0), the above inequality can be written as
d

I [E°R](t) < —%E"“(t) +CE?(0)g (v¢(L, 1)) v (L, £)
(3.34)

+ CE(qH)/Z(O)E(qfl)/(qH)(t) [g(Vt(L, t))Vt(L, t)]z/(qﬂ).

Using Young’s inequality, the last term of the above inequality can be estimated by

CEW+D/2(g)gla-1/(a+) (¢ g (vi(L, 1) wi(L, t)]2/(q+1

z (3.35)
< nE" (1) + C,ETV4(0)g (vi(L, 1)) v (L, t).
Taking # = 1/4, inequality (3.34) becomes
G IER)(0) <~ LB 0+ Co L 0)w(L 1), (3.36)

where C is a constant which depends continuously on E(0). Now, let us define the Lya-
punov functional

F(t):= NE(t) + [E°R](t). (3.37)
Combining identity (3.32) with inequality (3.36) and taking N large, we get

d
dt

On the other hand, in view of (3.31) we have that for N large,

A p < iE"“(t). (3.38)

%E(t) < F(t) <2NE(t). (3.39)

These two last inequalities imply that

%F(t) < —aF°*(t), a=(2N)~@+D, (3.40)
from where follows that

F(t) < (3.41)

1
(F~2(0) + act) e
Finally, the equivalence relation (3.39) implies the polynomial decay of the energy E. This
proves the first part of Theorem 3.1.
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It remains to prove the exponential decay of the energy. To this end, we assume that
q = 1. From identity (3.32) and inequality (3.36) we have that the Lyapunov functional

F(t) := NE(t) + R(t) (3.42)
satisfies
d 1
EF(t) < _EE(t)’ (3.43)

from where in view of (3.39) follows that for N large,
D5y < = L F(t) = F(t) < F0)e"™ (3.44)
dt - 4N B ’ '

Finally, using equivalence relation (3.39) we have the exponential decay of the energy E.
This completes the proof of Theorem 3.1. O

Remarks 3.5. When considering 2-dimensional plates instead of 1-dimensional beams,
there are mainly two kinds of difficulties. Firstly, the control of some unwanted tangential
derivatives on the boundary where the support f is acting. However, it seems that a com-
pacity argument similar to the one in [14] may be used to show exponential decay for
q = 1. But polynomial decay for g > 1 seems to be a harder question. The second kind
of difficulties lies in the lack of formal results on the existence and regularity for station-
ary plate equations with transmission conditions similar to (1.3), which is essential when
using multipliers techniques.
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