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By Karamata regular variation theory, we show the existence and exact asymptotic be-
haviour of the unique classical solution u € C***(Q) N C(Q) near the boundary to a sin-
gular Dirichlet problem —Au = g(u) — k(x), u >0, x € Q, ulyq = 0, where Q) is a bounded
domain with smooth boundary in RY, g € C'((0, ), (0, )), lim,_¢: (g(&1)/g(t)) = E77,
for each £ > 0 and some y > 1; and k € C; (Q) for some « € (0, 1), which is nonnegative
on () and may be unbounded or singular on the boundary.

Copyright © 2006 Z. Zhang and J. Yu. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction and the main results

The purpose of this paper is to investigate the existence and exact asymptotic behaviour
of the unique classical solution near the boundary to the following model problem:

—Au=g(u)—k(x), u>0,x€Q, ulsn =0, (1.1)

where Q is a bounded domain with smooth boundary in RN (N > 1), k € C{ .(Q) for
some « € (0,1), which is nonnegative on (), and g satisfies

(g1) g € C((0,00),(0,00)), g'(s) <0 forall s >0, lim,_g g(s) = +oo.

The problem arises in the study of non-Newtonian fluids, boundary layer phenom-
ena for viscous fluids, chemical heterogeneous catalysts, as well as in the theory of heat
conduction in electrical conductive materials (see [4, 7, 12, 14]).

The main feature of this paper is the presence of the two terms, the singular term
g(u) which is regular varying at zero of index —y with y > 1 and includes a large class of
singular functions, and the nonhomogeneous term k(x), which may be singular on the
boundary.

This type of nonlinear terms arises in the papers of Diaz and Letelier [6], Lasry and
Lions [10] for boundary blow-up elliptic problems.
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2 Asingular Dirichlet problem

For k = 0 on Q, problem (1.1) is the following one:
—Au=g(u), u>0,x€Q, ulpg=0. (1.2)

The problem was discussed and extended to the more general problems in a number
of works, see, for instance, [4, 5, 7, 8, 11, 14-17]. Fulks and Maybee [7], Stuart [14],
Crandall et al. [4] showed that if g satisfies (g;), then problem (1.2) has a unique solution
uy € C>*(Q) N C(Q). Moreover, Crandall et al. [4, Theorems 2.2 and 2.7] showed that
there exist positive constants C; and C, such that

(I) Ciy(d(x)) < up(x) < Coy(d(x)) near 0Q, where d(x) = dist(x,0Q),
y € C[0,a] N C?(0,a] is the local solution to the problem

v (s)=g(w(s)), w(s)>0, O0<s<a, w(0)=0. (1.3)

Then, for g(u) = u™?, y >0, Lazer and McKenna [11], by construction of the global sub-
solution and supersolution, showed that 1 has the following properties:

(I;) if y > 1, then C;[¢1(x)]¥ ) < up(x) < Co[¢1(x)]¥1+Y) on O

(I) ify > 1, then up ¢ C'(Q);

(I3) up € Hj(Q) if and only if y < 3, this is a basic character to problem (1.2) in the

case,
where ¢, is the eigenfunction corresponding to the first eigenvalue of problem —Au = Au
in Q, and ul3q = 0.
Most recently, when | 1°° g(s)ds < o, in [16], we showed that

(II) Cry(d(x)) < up(x) < Cy(d(x)), on Q,

where ¥ € C[0,0) N C?(0, ) is the unique global solution to the problem

-y (s) =g(y(s)), w(s)>0, s>0, w(0)=0, slifﬁ.}‘/’(s) =B=>0. (1.4)

Moreover, assume g satisfies (g;) and
(g2) there exist positive constants Cy, 7o and y € (0,1) such that g(s) < Cys™7, for all
s €(0,70);
(g3) there exist @ >0 and t > 1 such that g(&t) > £€-9%(¢) forall£ € (0,1) and 0 < t <
té;
(g4) the mapping & € (0,00) — T'(&) =lim,—¢+(g(&¢)/8g(t)) is a continuous function.
Ghergu and Ridulescu [8] showed that problem (1.2) has a unique solution uy€C»'~%(Q)
N C?(Q) satisfying

1 C)) g
-0 y(d(x)) ’

where T(&) = 1,and y € C'[0,a] N C?(0,a] (a € (0,79)) is the local solution to problem
(1.3).

Fork <0onQ, k € LP(Q) with p > N/2,and g(u) = u~?, y >0, Aranda and Godoy [1]
showed that problem (1.1) has a unique solution u € Wli’f Q)N C(Q).

Most recently, applying Karamata regular variation theory, Cirstea and Ridulescu [3]
and Cirstea and Du [2] studied the exact asymptotic behaviour of solutions which blow
up on the boundary for semilinear elliptic problems.

(1.5)
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In this paper, also applying Karamata regular variation theory, and constructing com-
parison functions, we show the existence and exact asymptotic behaviour of the unique
solution near the boundary to problem (1.1).

First we recall a basic definition and a basic property to Karamata regular variation
theory [13].

Definition 1.1. A positive measurable function g defined on some neighborhood (0,b)
for some b > 0, is called regularly varying at zero with index f3, written g € RVZ; if for
each £ >0 and some f € R,

g8 _ 4
lim 0 = &P, (1.6)

When 8 = 0, we have the following definition.

Definition 1.2. A positive measurable function L defined on some neighborhood (0,b)
for some b > 0, is called slowly varying at zero, written L € RVZ, if for each & > 0,

L(§1)

It follows by Definitions 1.1 and 1.2 that if g € RVZg, it can be represented in the form
g(t) = tPL(¢). (1.8)

LEmMMA 1.3 (representation theorem). The function L is slowly varying at zero if and only
if it may be written in the form

b
L(t) =c(t)exp(L @ds), 0<t<b, (1.9)

for some b >0, where c(t) is a bounded measurable function, y(t) is a continuous function
on [0,b], and for t — 0%, y(t) — 0 and c(t) — Co, with Cy > 0.

If ¢(t) is replaced by its limit at zero Cy, a slowly varying function Ly € C'(0,b] of the
form

b
Lo(t) = Coexp<ﬁ @m), 0<t<b, (1.10)

where y € C[0,b] with y(0) = 0, is obtained.
Such a function Ly is called a normalised slowly varying at zero.
As an important subclass of RVZg, it is defined as
NRVZ; = {g € RVZs: g(t)/t# is a normalised slowly varying at zero}. (1.11)

Our main results are as follows.
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TueoreM 1.4. Let k € C*(Q)) be nonnegative, g satisfy (g1) and g € NRVZ_,, with y > 1.
Suppose that there exists a nonnegative constant co such that

(k) limg(x) o (k(x)/g(y(d(x)))) = co; B
then problem (1.1) has a unique solution u € C(Q) N C***(Q) satisfying

lim u(x)
dix)—0 ¥ (d(x))

= &o, (1.12)

where &) is the unique positive solution to the following equation:

&= H?’ (1.13)

and y € C[0,a] N C*(0,a] is uniquely determined by

vt s a
L 26 t, G(t) = L g(s)ds, a>0,te(0,al. (1.14)

Moreover, y € NRVZ,(11,), and there exists Ly € NRVZ, such that

. u(x)
d0)~0 L (d(x)) (d(x)) 7"

=& (1.15)

In particular, if g(u) = u™?, y > 1, then y(s) = cs¥*), ¢ = [(1+y)%/2(y — D]V, the
unique solution u to problem (1.1) satisfies

/(1+y)
ux) [(Hy)z]l lyfo. (1.16)

li =
a0 [d(x)]70 L2iy-1)

Remark 1.5. In Section 2, we will see that g € NRVZ_,, with y > 1 implies lim,_¢+ g(s) = o
and G(t) < o0, £ > 0.

Remark 1.6. By the maximum principle [9], one easily sees that problem (1.1) has at most
one solution in C2(Q) N C(Q).

Remark 1.7. Related to the above result, we raise the following open problem: when k < 0
on Q and ¢y < 0, what is the exact asymptotic behaviour of the unique solution near the
boundary to problem (1.1)?

The outline of this article is as follows. In Section 2, we continue to recall some basic
properties to Karamata regular variation theory. In Section 3, we prove the asymptotic
behaviour of the unique solution  in Theorem 1.4. Finally we show existence of solutions
to problem (1.1).
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2. Some basic properties of Karamata regular variation theory

Let us continue to recall some basic properties of Karamata regular variation theory (see

[13]).

LemMa 2.1. If L is slowly varying at zero, then
(i) for every 6 >0 and t — 0,

tOL(t) — o,  L(t) — s (2.1)
(ii) fora>0andt — 0,
LusﬁL(s)ds = (=B 1)"""PL(t), forf< 1. (2.2)
Let ¥ be nondecreasing on R; define (as in [13]) the inverse of ¥ by

¥ (t) = inf {s: ¥(s) > t}. (2.3)

LeEmMma 2.2 [13, Proposition 0.8]. The following hold:
(i) if fi €RVZ,,, f» € RVZ,, withlim;_o+ fo(t) =0, then fio f €RVZ, ,,;
(i) if ¥ is nondecreasing on (0,a), lim;_o- ¥(t) = 0, and ¥ € RVZ, with p # 0, then
¥~ €RVZ, .

By the above lemmas, we can directly obtain the following results.

CoroLLARY 2.3. If g satisfies (g1) and g € NRVZ_, with y > 1, then

1
g(t) = 7 Lo(t), jo g(1)dt = oo,

. G(t) g
imewn =% lmGeTrob

(2.4)

where Ly is a normalised slowly varying function at zero.

CoROLLARY 2.4. Under the assumptions in Theorem 1.4, v € NRVZy/(11y).

Proof. Let fi(t) = fot (ds/+/2G(s)). By the 'Hospital rule and Corollary 2.3, we can easily
see that

LA |y 80 _ 14y (2.5)
2 .

S0 A 0 26(8)

It follows by Lemma 2.2 and [2] that fi € NRVZ(4y)n and y = fi™! € NRVZy/ 4. O
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3. The exact asymptotic behaviour
First we give some preliminary considerations.

LemMa 3.1. Let g, k, and v be in Theorem 1.4. The following hold:
(i) limor y'(2) = y'(0) = +oo;

(ii) limy o+ (\J2G(y (£))/g (y (1)) =

Proof. By (1.14), we see by a direct calculation that

V() =2G(y(1), -y (t)=g(y(t), O0<t<a. (3.1)

(i) By Corollary 2.4, Lemma 2.1 and y > 1, we see that there exists Ly € NRVZ, such
that

_ 24D ') = (=) 2
VO =L, YO =L yw). G2)
So limy_.g+ ¥/ (1) = +oo.
(ii) By (g1) and Corollary 2.3, we see that
2G(y() 26w . (2G(u)\"? 1\
e i o) () o o9

The exact asymptotic behaviour. Let & be the unique positive solution to problem (1.13).
For ¢ € (0, fo_l_y/él), denote

-1- C —-1- -1-
a0 =& V:1+€—Z, & T=ap-2¢ & ' =ag+2e (3.4)

Obviously, ay > 1, co/aoéy = (ag — 1)/ag € [0,1), and &y/2 < &, < &) < &, < 2&). Moreover,
it follows by Taylor’s formula that

. (i_i)‘:& oe) = 26(a0—1)
I\g & a&o(1+y) a(1+y)

Thus there exist &, >0 and py € (2(ap — 1)/ag(1+v),1) such that

+o(e), i=1,2. (3.5)

0 (fo &S) ‘ <poe foree (0,e). (3.6)

For § >0, we define Qs = {x € Q:d(x) < J§}. By the regularity of Q) and Lemma 3.1,
we can choose § sufficiently small such that
(i) d(x) € C*(Qs);
(ii) leo(1/&ie — 1/80) — (\2G(y())/g (y()) Ad(x) + (1/&ie) (k(x)/g (y(d(x))) — co)| <
g, for all (s,x) € (0,6) X Qg,1=1,2;
(i) (fzeg(llf(d(x)))/g(fzsll/(d(x))))(5_1 Y —e) < 1< (5rg(p(d(x))/g(Erey(d(x)))
fls +¢)in Q.
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For any x € Qj, define u = &, y(d(x)), and u = &,y (d(x)). It follows by |Vd(x)| =
that

Au(x) +g(u(x)) —k(x)
= g(&ey(d(x))) +&ey” (d(x)) + &y (d(x)) Ad(x) — k(x)

:{bg(w(d(x)))[m (”go)“)(sl é)

(v/(d(x))
T gy (d)) (x)_€<g( (d x)))‘c‘))}

Au(x)+g(u(x)) —k(x)
= g(&ey(d(x))) + &y (d(x)) + Eey' (d(x)) Ad(x) — k(x)
)

= &g (y(d(x))) [% <1+ 2—2) _Co(é _ f_lo>

ARGy, )

Ko
gy (de) £ gty oo CO)}

= st (14 2 ve) - (1+2) ~a( £ - L)

.\ 2G(y(d(x))) 1 ( o k(x)

oy 2 g Gy ) [ =°
(3.7)

Let u € C(Q) N C***(Q) be the unique solution to problem (1.1). We assert
&y (d(x)) = u(x) < u(x) <u(x) = &y (d(x) VxeQs. (3.8)

In fact, denote Qg5 = Qg+ U Qs_, where Qg = {x € Qs : u(x) > u(x)} and Qs5_ = {x €
Qs :u(x) < u(x)}. We see by (g;) that

~Au-w)(x) 2 g(u(x) —g(u(x)) >0, xe€Qs. (3.9)

Since (4 —u)(x) =0, x € dQs_, we see by the maximum principle [9, Theorem 2.3]
that u(x) > u(x), x € Qs_, that is, Qs— = &. Thus &,w(d(x)) < u(x), for all x € Qs. In
the same way, we can see that u(x) < &,y (d(x)), for all x € Q5. Let € — 0, we see that
limg(x)—o(u(x)/y(d(x))) = &. By Corollary 2.4, the proof is finished. O
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4. Existence of solutions

First we introduce a sub-supersolution method with the boundary restriction (see [5]).
We consider the more general following problem:

—Au= f(x,u), u>0,x€Q, ulsn=0. (4.1)
Definition 4.1. A function u € C>*%(Q) N C(Q) is called a subsolution to problem (4.1) if
—Au< f(x,u), u>0,x€Q, ulsgo=0. (4.2)

Definition 4.2. A function u € C*>**(Q)) N C(Q) is called a supersolution to problem (4.1)
if

-Auz= f(x,u), u>0,x€Q, ulsn=0. (4.3)
LEmMa 4.3 [5, Lemma 3]. Let f(x,s) be locally Holder continuous in Q) X (0, 0) and con-
tinuously differentiable with respect to the variable s. Suppose problem (4.1) has a supersolu-
tion u and a subsolution u such that u < u on Q, then problem (4.1) has at least one solution

u € C*%(Q) N C(Q) in the ordered interval [u,].
Denote

[t 0 =mag|u(x)|, ueCQ). (4.4)

Now we apply Lemma 4.3 to consider existence of solutions to problem (1.1).

Let up € C***(Q) N C(Q) be the unique solution to problem (1.2). Obviously, # = u
is a supersolution to problem (1.1). To construct a subsolution to problem (1.1), let w €
C***(Q) N C'(Q) be the unique solution to the following problem:

-Aw=1, w>0, x€Q, wlsn=0. (4.5)

It follows by the Hopf maximum principle that there exist positive constants ¢; and c;
such that

ad(x) <w(x) <cd(x) VxeQ, Vw(x)#0 Vxe Q. (4.6)

Leta > |[w|e in (1.14) and

M =sup

xeQ

M0=sup(|Vw(x)|2+

xeQ

2G<w(w<x>>))

( k(x) g(w(c21w(x)))>
g(y(w(x))) '

gy(dx)) gly(wx)))
(4.7)

By Corollary 2.4 and Lemma 2.2, we see that g o y € NRVZ 5/(1+,). It follows by the
assumption (k) and Lemma 3.1 that My, M, € (0, ).
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Define
u=my(w(x)), (4.8)
where m is a positive constant to be chosen.
It follows that
— Au(x) +k(x)

- 2 26y (w(x)) k() g(y(d)))
‘g(""W("”){”‘('VW(")' ) )+g(w(d(x)))g(w(w(x)))]

< (mMo+M)g(y(w(x))), x€Q.
(4.9)

Let us analyze the function

glmy (w(x)))

Fnl®) =y w())

, x€eQ. (4.10)

By lim,_.a0 Fi(x) = m™7, we see that there exist positive constants &y and my such that
for m € (0,my),

Fnu(x) = mMy+M; VxeQy, (4.11)

where Q5, = {x € Q:d(x) < 8y} and my is the unique positive root of the equation

m7) = Z(mM() +M1). (412)
Let
Ag= max y(w(x)), ap= min y(w(x)). (4.13)
xEQ/QgO xEQ/Q%

It follows by (g;) that there exists m1; > 0 such that

E, () = $UmA0)

g(ao)

Thus —Au(x) < g(u(x)) — k(x), x € Q, that is, u = my(w(x)) is a subsolution to problem
(1.1) for 0 < m < min{my, mg }. Moreover, we see by the maximum principle [9, Theorem
2.3] that u < up on Q and by Lemma 4.3 that problem (1.1) has at least one solution
u € C**(Q) N C(Q) in ordered interval [u, u].

The proof is complete.

>mMo+M; Vme (0,m). (4.14)
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