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A boundary-value problem for a semilinear elliptic equation in a convex ring is con-
sidered. Under suitable structural conditions, any classical solution u lying between its
(constant) boundary values is shown to decrease along each ray starting from the origin,
and to have convex level surfaces.
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1. Introduction

An interesting field of modern mathematical research is the study of geometric proper-
ties of solutions to elliptic problems. Remarkably, this is often done without any explicit
representation of the solution.

This paper concentrates on the problem of convexity of level sets for solutions to some
elliptic semilinear boundary-value problems in convex rings. More precisely, let ), Q) be
convex, bounded domains in RN, N > 2, satisfying 0 € Q; and Q; C Qg (mnemonic: 0 =
outer, 1 = inner). The domain Q = Qg \ Q; is said a convex ring. Consider the following
problem:

Au = f(x,u,Du) inQ,
u=ay ondQ, (1.1)

u=a; onodQ,

where the boundary values ay, a; are constants satisfying ay < a;. The function f (x,u, Du)
is assumed to be locally Lipschitz continuous in (1, Du), locally uniformly in x. The ques-
tion is whether the set Q; U {x € Q | u(x) = ¢} is convex for every ¢ € R. If this occurs,
then u is said quasi-concave. The main result is the following.
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2 Quasi-concavity for semilinear elliptic equations

TueoREM 1.1. Let Q and f be as above. Suppose that for every (x,u,Du) € RY X (ag,a;) X
RN we have:

s f (sx,u, Du/s) is non-decreasing in s > 0 as long as sx € Q. (1.2)
Ifu € C*(Q) N C%(Q) is a classical solution to problem (1.1) satisfying
apo<u(x)<a; inQ, (1.3)
then
x-Du(x)<0 inQ. (1.4)
If, furthermore, for every (u,Du) € (ag,a;) X RN we have:
s° f (x,u, Du/s) is convex with respect to (s,x) € R* X Q, (1.5)

then the level surfaces of u are convex, and the intersection of any level surface (apart from the
boundary) with any tangent hyperplane has an empty interior with respect to the canonical
topology of the surface.

Monotonicity of f in u is not required. The theorem is also applicable to equations
with anisotropic nonlinearities, like, for instance, the equation Au = [du/dx; | as well as
Au = 0u/0x,0u/0x;.

Related results are found in [1-4, 11]. For instance, if f = f(u) then both (1.2) and
(1.5) reduce to f = 0. If f takes the form f = f(u,|Dul), then (1.5) is equivalent to the
convexity of t72f(u,t) with respect to the variable ¢ (which was assumed in [11]). If,
instead, f is positive and does not depend on Du, then (1.5) is equivalent to the concavity
of the function f(x,u)~"? with respect to the variable x (this is an assumption of [1]).
The last two equivalences are proved in the appendix.

Observe that there are convex f = f(x) not satisfying (1.5): if we take, for instance,
f(x) = |x| then the restriction of g(s,x) = s> f(x) to the segment x(s) = (1 — s)xo, s €
(0,1), xo # 0, is not convex, hence (1.5) does not hold.

Note that the conclusion (1.4) fails if the bound (1.3) on u is dropped, and a coun-
terexample can be readily constructed with the equation Au = 1 in an annulus. Indeed,
the solution may attain its minimum at interior points.

Non-degeneracy (1.4) is proved in Section 2 by constructing an elliptic inequality sat-
isfied in the weak sense by the function ¢(x) = x - Du(x), thus making the result applica-
ble to a non-C? solution u.

The method of proof of quasi-concavity, instead, is a generalization of the Gabriel-
Lewis technique, devised by Gabriel (see [5]) for harmonic functions in R3, and then by
Lewis, who proved in [12] quasi-concavity for p-harmonic functions.

Classically, the technique is based on the quasi-concavity function Q given by Q(x, y) =
u(z) — min(u(x),u(y)), z = (x+ y)/2. The aim is to prove that Q > 0 in the set G =
{0, y) | x,y,z € Q}. A limitation of such method is that the nonlinearity f is required
to be non-decreasing in u.
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The new idea to avoid such limitation is to work with a vanishing minimum of the
function Qs defined below. To be more precise, take s € (0,1] and define

Gs={(6y) | xy,sz€Q}, z=(x+y)/2. (1.6)
Let
s =inf{s| G, # @}, (1.7)
and consider the function

Qs(x,y) = u(sz) — min (u(x),u(y)) (1.8)

for (x,y) € Gyand s € (s',1]. By the results of continuity and localization of the minimum
m; = ming, Q;, established in Sections 3 and 4, we may restrict our attention to the case
when m; = 0 and it is attained on the manifold

Ms:{(x))’ﬂxa}/’SZEQ, u(x):u(y)}- (19)

Since the restriction of Q; to M; satisfies an elliptic inequality (Section 5), the conclusion
of Theorem 1.1 follows (see Section 6).

2. Non-degeneracy

Recall that a convex domain containing the origin is strictly star-shaped with respect to the
origin. Theorem 2.1 below shows that if the domains Qg, Q; have the latter property, then
(1.4) follows. Related results are found in [1, 4, 10, 12, 13, 15]. Equations not satisfying
(1.2) are considered in [7-9].

THEOREM 2.1 (non-degeneracy). Let Qo,Q be two bounded domains in RN, N > 2,
strictly star-shaped with respect to the origin and satisfying Q1 C Qq. Let u € C*(Q) N
C°(Q) be a classical solution to problem (1.1), bounded by its boundary values as in (1.3).
Suppose that f(x,u,Du) is locally Lipschitz continuous in (u, Du), locally uniformly in x. If
[ also possesses property (1.2), then u satisfies (1.4).

Proof. From [7, Theorem 2.1] it follows that ¢(x) = x - Du(x) < 0 in Q. To complete the
proof we have to check that such inequality is indeed strict. This is done by means of the
maximum principle, after having constructed a suitable elliptic inequality in the weak
form (namely, inequality (2.8) below) satisfied by ¢. The argument is the following.

Since the Laplacian of u evaluated at sx is given by Au(sx) = f(sx,u(sx), Du(sx)), as-
sumption (1.2) on f implies that

s2Au(sx) — Au(x) N f (x,u(sx),sDu(sx)) — f (x,u(x), Du(x)) 21
s—1 - s—1 ’

fors<1,x € Q= Qn(1/s)Q. What happens when s — 172 Let us consider for first the
left-hand side. Choose a non-negative test function v € Cg’(Q). Observe that supp v C Q°
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for s close to 1. Multiplication by v, followed by integration by parts, yields:

s?Au(sx) — Au(x) sDu(sx) — Du(x)
Lfggiingiw@):_J‘444i744*'DWW)j:?-iLD¢@%Dwu)

(2.2)

Let us now turn to examine the right-hand side R(x) of (2.1). In order to obtain
a more suitable expression, let us introduce the vector-valued functions 17§ : Q) — RN,

. ij .
i=0,...,N, whose components 1151 are given as follows:

(2.3)

ij uj(x), ifl <j<i
s (x) = . .
suj(sx), ifi<j<N,

where uj = du/0x;. In particular, we have #?(x) = sDu(sx) and 7N (x) = Du(x). With such
notation, we may write:

f (e, u(sx),n?(x)) — f (x,u(x),72(x)) . i £ ulx),ni 1 (x)) — f (x,u(x),ni(x)) .

Ri(x) = s_1 < 1
(2.4)
Define the functions b’ : Q — R, i = 0,...,N, by setting
BO(x) = f (e, u(sx), 79 (x)) — f (x,u(x), 79 (x))
s x) - >
u(sx) — u(x) (2.5)
bi(x) = ACTICN/ANCI) —f(x,u(x),né(x))) fori=1,...,N,

sui(sx) — ui(x)

whenever x € Q° and the denominator does not vanish; let bi(x) = 0 for all x € Q not
matching the previous conditions. Now expression (2.4) may be rewritten as:

sui(sx) — ui(x)

- (2.6)

o, u(sx) —u(x) N ;
R(x) = 00 = 4 3 bi()
i=1

For each compact subset K C Q there exists ex > 0 such that if s € I[x = [1 — ek, 1] then
K c QF. By the local Lipschitz continuity of f, the functions b(x) are bounded in K, uni-
formly with respect to s € Ix. Now let K invade Q. Using the Banach-Alaoglu-Bourbaki
theorem, and by standard diagonal process, we conclude that there exist locally bounded
functions b’ € Lj>.(Q) and a sequence {s,}en such thats, ~ 1 as n — +oo and bf;n con-
verges to b in the weak-* topology o(L*(K),L'(K)) for every compact K C Q and for
eachi=0,...,N. This is denoted by b} loi; bi.

Define B(x) = (b'(x),...,bN(x)). Since u € C*(Q), the difference quotients in (2.6)
converge uniformly on compact subsets of Q. This and the boundedness of the coeffi-
cients bi(x), which has been noticed before, imply

R, % b°¢ +B - Dg. (2.7)
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Hence, if we replace s by s, in (2.1), then, after multiplication by y > 0 and integration
over (), we can pass to the limit for n — +o0. Taking into account (2.2), we obtain:

- JQDq)(x) -Dy(x) > JQ (B°(x)@(x) + B(x) - Do(x)) y(x) (2.8)

for every non-negative y € Cy’(Q). Since we already know that ¢ < 0, we may also write
the positive part (b°)* in place of b°. By the strong maximum principle for weak solutions
of elliptic inequalities (see, for instance, [6, Section 8.7]), and since ¢ is continuous, we
must have either ¢ <0 in Q or ¢ =0 in Q. Since ay < ay, the last case is impossible and
the conclusion follows. O

3. Boundary values

This section deals with the boundary values of the function Q. Since u is continuous in
Q, and by (1.8), Q; is defined not only in G; but in the whole closed set F; given by

Fo={(x,y) | x,y,5z€Q} (3.1)

for every s < 1 such that F, # @. Of course, we have G, C F;. However, such inclusion is
not an equality, in general, and a counter-example may be constructed by letting Q, O,
be two rectangles with parallel edges. The exceptional set F; \ G, can be characterized as
follows.

LemMma 3.1 (exceptional set). Let Q = Qg \ Q; be a convex ring. Fors € (s, 1], define F; as
above and G as in (1.6). If there exists (xo, yo) € Fs \ G, then s(xo + y0)/2 € 0Q, both x,
and yy lie on 0Q), and at least one of the last two points lies on 0.

Proof. If at least one point among xo, yo,szo were interior to (), then it would be possible
to move the other two points slightly, one after the other, and reach points x, y,sz that are
all interior to Q. This is equivalent to say that (x, y) € G;, and therefore (xy, o) is a cluster
point for G;, contrary to the assumptions. Hence, all the three points xy, ¥, 52y belong to
0Q.

To complete the proof, observe that if x, y9,5z0 € 9Q (or, alternatively, € 0Q);), then
we have Axj,Ay,Aszy € Q for every A <1 (resp., A > 1) such that | — 1] is sufficiently
small. Hence this case is excluded by the same argument as before.

In particular, szy cannot be on 0dQ, because this would imply that (s = 1 and) also
X0, Yo € 0Q. Similarly, it is not possible that both xy and yy are on 0Q;. The proof is
complete. O

The behaviour of ming, Q, with respect to s is clarified by the following lemma.

LeEMMaA 3.2 (continuity of the minimum). Let QO = Qg \ Q, be a convex ring. Let u €
CH(Q) N C*(Q) satisfy (1.4) and attain the boundary values u = ay on 9Qq and u = a, > ag
on 0Q. Then the minimum

ms = min Qs (3.2)

s

is strictly decreasing and continuous in s € (s',1], and tends to a; —ag ass \ s,
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Proof. To prove monotonicity, take s, t satisfying s’ < s <t < 1. Since () is a convex ring, if
x, y,sz € Q then tz € Q. Hence, G; C G;. By (1.4), it follows that

Qi(x,y) = Qilx, y) = u(sz) — u(tz) >0 (3.3)

in the closure G;, which immediately implies that m; > m,. Hence mj is strictly decreasing
ins.

Limit as s\ s'. Observe that if s is sufficiently small then for every (x, y) € G; the point
sz must lie near 0Q);, while z, together with x and y, stays close to 0Q). Thus, the bound-
ary conditions on u imply that Q;(x, y) approaches a, — ay, uniformly in (x, y), hence

limms = a; — ao. (3.4)
s\’

Continuity. Let us prove that m; is continuous from the left with respect to s. If this is
not the case at some sy € (s',1], then my, <lim, s, m; =: my, . The minimum my, of Q,
may, in principle, be attained on the boundary dG;,. However, we may take an approxi-
mating, interior (xo, yo) € G, such that Qg (xo, yo) < my; . Since u is continuous, we still
have Qs(xo, yo) < mg, for every s < sy and sufficiently close to sy. Hence m; < mg;, which
contradicts monotonicity.

To check that m; is also continuous from the right with respect to s, it suffices to show
that my, < mg for an arbitrary s, € (s',1). Let {t,},en be a decreasing sequence in the
interval (so, 1), approaching sy as n — +o0. For each n € N, let (x,,, y,) be a point in Gy,
such that

Q1, (x> yu) = my, < mg, < ay — ao. (3.5)

By compactness, (x,, y,) converges (up to a subsequence) to some (X, ¥ ) € Q X Q such
that spze € Q, where zo = (Xw + y)/2. In the notation of (3.1), we have (xw, yx) € F,
but we do not know, for the moment, whether (xw, yo) € 650. To check this, let us pass
to the limit in the inequality above and find

Qsy (Xoos Yoo ) = Mgz < Mg, < ay — dg. (3.6)

This and the boundary values of u show that it is impossible to have spz.. € 0Q); and
Xe (0T ys) on 0Qp. By Lemma 3.1, we deduce that (X, y«) € G,, and therefore m;, =
mingm Qs < Qg (X, Yoo ) = myg;, as claimed. O

We can finally prove that any non-positive minimum of Q; must be interior, provided
thats< 1.

LeEMMA 3.3 (non-positive minima are interior). Let Q and u be as in Lemma 3.2. If for
some s < 1 we have ming, Qs = m, < 0, then Qs > mg on the boundary 0G;.

Proof. Observe, firstly, that since u is non-degenerate, then it is bounded as in (1.3). The
study of an arbitrary (xo, y9) € dG; reduces to the following three cases:

(1) Atleast one of xo, yo is on 0Q. In this case, since u = ay on 0, we have min(u(xy),
u(yo)) = ao. By convexity, the point zg = (xo + yp)/2 is in Q. Since s < 1, the point sz is
interior to ), and therefore u(szy) > a. Hence, Q;(xo, yo) > 0.
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(2) The point szj is on 0€;. Since s < 1, the points xy, yy cannot lie both on 0Q);. By a
similar argument as before, and since u < a; in Q, we still see that Q;(xo, yo) > 0.

(3) At least one of xo, yo is on dQ;. This is the less immediate case. Assume, without
loss of generality, that xy € 0Q);. Suppose, further, that sz, & 0Q);, otherwise we are in
the previous case. Since (), is convex, we have yy ¢ 0Q; and therefore u(yy) < a;. Hence,
min(u(xo),u(y)) = u(yo) < u(xp). Let y: [0, T) — Q be a maximal integral curve of the
continuous field —Du starting from szy. By (1.4), the modulus |y(#)| increases in t. Fur-
thermore, since y is maximal, the distance dist(y(t),0Q) approaches 0 as t — T. Now
keep yy fixed and let x(¢) be such that

x(t) + yo
2

s = y(t). (3.7)
In particular, we have x(0) = xo € 0Q);. As t increases, the corresponding x(#) must reach
(passing through ), if necessary), some x; = x(#;) which is interior to Q but still so
close to 0Q); that the inequality u(yo) < u(x;) is satisfied. Since u(szo) > u(y(t1)), we have

Qs(xO)yO) > Qs(xla)/o) > M. O

4, Interior extremal condition

If Q; attained an interior minimum at (x, y) € G, with u(x) < u(y), then by differentiation
in y we would find 0 = D, Q(x, y) = sDu(sz)/2, but this is impossible if u satisfies (1.4).
Therefore, in the search for an interior minimum of Q,, we are led to restrict our at-
tention from the set G, to the (2N — 1)-dimensional manifold M; defined in (1.9). Let
(%, 7) be a point of M;, and define Z = (X + 7)/2. Assuming that Du(szZ) is neither orthog-
onal to Du(X) nor to Du(y), let us construct convenient local coordinates on M; in a
neighborhood of (%, 7). Let (ey,...,ex) be an orthonormal frame in RY such that

Du(sz) = | Du(sz) | en. (4.1)

The derivatives of u with respect to such frame are denoted by subscripts. Let &,% be
two variables in RN~!, and let ¢ be a scalar one. Since uy (%), un( 7) # 0, by the implicit
function theorem there exist smooth functions o(&,t),¢(%,¢) vanishing at (0,0) and such
that

N-1
”(’” > fi€i+0(f,t)eN> = u(%)+1,
- (4.2)

N-1
u<?+ > 7’]iei+§(f7:t)eN> =u(y)+t

i=1

for all (&,1),(5,t) in a conveniently small neighborhood of the origin. Now the mapping

N-1
x(E1) =x+ > &ei+a(E ey,
i-1

N-1
y(,t) =7+ > niei+(n,then

i=1

(4.3)
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provides a local coordinate system on the manifold M;. Define
2 m,1) = Qs(x(&,0), y(,1)). (4.4)
Since u(x(&,t)) = u(x) +t = u(y(n,t)), we have:
95(&,n,t) = u(sz) —u(x) — t, (4.5)

where z is given by

+ ,t) +¢(n,t
Z_Z+ZE, i, , & )29(17 e (4.6)
In particular, 9, is smooth with respect to (&,#,t). In order to characterize a minimum of
95, let us compute its derivatives with respect to such coordinates. By differentiation of
(4.5) we find:

%%S(f,ﬂ,t) = %ui(sz) + %uN(sz)o,-(E,t),

2 (4.7)
2 G = Sun(s2) (00 +alnt) - L

The expression of 02,/9y; is analogous to the first one. The derivatives 0; = do/9&;, 0 =
d0/0t, ¢; = d¢/dt, which occur above, can be computed by differentiating (4.2). We obtain:

ui(x(£>t)) +un (X(f, t))O'i(f,t) = 0:

4.8
ux (&) or(E,1) = 1. (48
With this replacement, (4.7) become:
a& S0 = Sus2) — Sun(s2) =3 (4.9)
D s 1 1
y(f,n,t) = zuN(sz)<uN(x) + MN()/)) 1. (4.10)

We can now characterize an interior minimum of Q,. When s = 1, the following lemma
reduces to corresponding results of [2, 4, 10].

LEmMmA 4.1 (interior extremal condition) Let Q be a domain in RN, N = 2. Lets € (s, 1],
and let u be a function in the class C'(Q) satisfying Du # 0 in Q. Suppose that Q; attains
a local minimum at (X,y) € G, and let Z = (X + y)/2. Then u(x) = u(y) and the vectors
Du(x), Du(y), Du(sz) are parallel, have the same orientation, and their moduli are related
as follows:

S 1 1 1
E< | Du(x) | " | Du(y)| ) " | Du(sz)| (4.11)
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Proof. The equality u(x) = u(y) has been already noticed. To complete the proof, observe
that Du(sz) is neither orthogonal to Du(x) nor to Du(y): indeed, if Du(x) were orthog-
onal to Du(sz) then the plane tangent at X to the level surface u = u(x) would contain
the direction of Du(sz). Hence we could pass from X to a neighbor point x such that
u(x) = u(x) and u(sz) < u(sz), thus contradicting the minimality of Qs(%, 7).

We can, therefore, use the local coordinates (&,7,t) introduced before and let (%, 7) =
(%, ). Since the derivatives of 9 must vanish there, by (4.1)—(4.9) we deduce that Du(x)
is parallel to Du(sz). The same conclusion holds for Du( ). Furthermore, equality (4.11)
follows from (4.10).

Now if Du(%) were opposite to Du(sz), then we could move X to a close x = X + eDu(x)
and contradict the minimality of Q,(%,y). Hence Du(x) has the same orientation of
Du(sz). Interchanging the role of X and y we see that Du(y) and Du(sz) also have the
same orientation, and the proof is complete. O

5. An elliptic inequality

The purpose of this section is to construct the elliptic inequality (5.4) below, which is
satisfied by 9, in a neighborhood of a given (X, ) € M, s < 1, provided that

Du(x) - Du(sz), Du(y) - Du(sz) > 0. (5.1)

Denote by (X, ¥) an arbitrary point of Mj, so close to (%, ) that Du(%) - Du(sz), Du(y) -
Du(sz) > 0, by continuity. By rotating the frame in RY, we may assume that (4.1) holds.
Note that assumptions (1.2)—(1.5) are preserved under rotations. Consider the local co-
ordinates (&,7,t) introduced in Section 4, and let L be the degenerate elliptic operator
whose characteristic matrix A at (%, ) is:

. o’ afl 0
o B 2
A®Y) = s| Du(sz) | (aéﬂ /501 (1))’ (52)

where

_ 1 _ |Du(sZ) | B 1 B |Du(sz) |
=@ " Du® DuGd’ P uG) " Du)-pucn’ P

and I stands for the identity matrix of order N — 1.

THEOREM 5.1 (an elliptic inequality). Let Q be a domain in RN, N > 2, and let u € C*(Q)
be a solution to the equation in (1.1) such that Du # 0 in Q. Suppose that the nonlinearity f
satisfies all the assumptions of Theorem 1.1. Denote by M the manifold (1.9) for s € (s',1],
wheres' isasin (1.7). If (5.1) holds at some (X, y) € M, then at every (%, y) € M; sufficiently
close to (%, y), the function 9 given by (4.5) satisfies the inequality

L9 < bd;+B- DY, (5.4)

where L is as above and the coefficients b, B are bounded with respect to (X, y).
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Proof. In order to compute L9 we need some entries of the Hessian matrix of 9; at (%, ).
Before proceeding further, observe that by (4.1) and (4.7) we have

2 09

9(0,0) = sun(sz) 0&;

7 (0,0,0), (5.5)

and similarly for ¢. From now on, we will collect terms in the first derivatives of 9, since
they are not relevant for Hopf’s lemma provided that their coefficients remain bounded.
This will simplify the next computations. For instance, by differentiating (4.9) we may
write:

uzt(x) yxy QZ
UN( L og;
for a suitable by which is bounded with respect to (%, ) near (%, ). The expression of
6i(0,0) is analogous. By (4.9) we also find 04(0,0) = —a’uny(%) and ¢(0,0) =
—Bunn (7). Making use of such expressions, and differentiating (4.7), we find that the
second derivatives of 9 at (0,0,0) are as follows:

0ii(0,0) = *(0,0,0), (5.6)

2 2
D 0.0.0) = Julsr) - S (D) +b G
0?9, s 09, 09,
s 4 0,9 5.7
afiam(O ,0,0) = 1 —u;i(s2) + ci— % +d; o, (5.7)
029, s? s 5 ;
55 (0,0,0) = (a+p) unn(s2) - EuN(SZ)(Of unn (%) + BPunn (§)),

where the coefficients b;, ¢;,d; are bounded with respect to (%, ). The expression of 9?2/
(91;)* is similar to the first one above, with x replaced by y and a replaced by . Therefore
we obtain:

Au sZ) (x3Au(5c)+[33Au()7)
un(sz 2

L9 oc+/3 +B - D9, (5.8)

where the vector B is bounded with respect to (X, 7). By (4.10) we have:

1 s 1892

and therefore, slightly changing the value of B, we may write:

3 3 3
L915=52(“2iﬁ> Au(sz) - LRUE ;/3 Auy) L p.po. (5.10)

Define the vectors X, Y, Z as follows:

-1
X =a ey, Y =f""en, 7 = <7) en. (5.11)
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Let us express Du(X) in terms of X. Since X; = 0 fori = 1,...,N — 1, and by (4.9), we have:

2uy(X) 025 .
i~ - , =1,...,N—1,
sun(sz) 9¢; ! (5.12)
uy (%) = Xy.

ui(x) =

A similar representation holds for Du( 7). Furthermore, by (4.10) we have sDu(sz) = (1 +
09,/0t)Z. Since f(x,u,Du) is Lipschitz continuous in Du, and by redefining suitably the
vector B, we arrive at:

3
L9, = ¢ (#) F(sz,u(s2),2/5)

o f(x%u,X)+ L f(3,i,Y)
- 2
where @ = u(x) = u(y). By (1.2) we have s*f(sz,u(s2),Z/s) < f(2,u(sz),Z). Since f is
Lipschitz continuous in u, and since 24(0,0,0) = u(sz) — &, we also have f(Z,u(sz2),Z) =
f(Z,4,Z) + b, where the coefficient b is bounded with respect to (%, 7). Recalling the
definition of X, Y, Z we finally obtain:

L9, < (063/3)3(5)&,%/#)

(5.13)

+B-D9,,

(5.14)
3405 7 3L(5
— @ f(x’ b eN/(x) —;[)) f(y’ % eN/[))) + bgls + B - DQJS)
and the conclusion follows from assumption (1.5). O

Remark 5.2. L is an operator with continuous coefficients in the local coordinates
(&',n',t") centred at (%, 7). Indeed, since Du € C!(Q), the frame field (ey,...,ex) may be
chosen of class C! with respect to (%, 7). By the implicit function theorem, the Jacobian
and the Hessian of the change of variables @ : (&,%,t) — (§',7',t") depend continuously
on (%, ). This implies the claim.

6. Proof of Theorem 1.1

The non-degeneracy of u was proved in Theorem 2.1. The remainder of the proof is di-
vided into two parts.

Part 1. The level surfaces of u are convex. Assume, contrary to the claim, that u(z) <
min(u(x),u(y)) at some (x, ¥) in G;. By Lemmas 3.2 and 3.3, there exists s < 1 such that
the function Qs(x, y) = u(sz) — min(u(x),u(y)) attains an interior, vanishing minimum
at (x,7) € G, with x # j.

By Lemma 4.1 we have u(x) = u(y) and Du(x) - Du(z), Du(x) - Du(z) > 0. Hence, in-
equality (5.4) holds in a neighborhood of (%, 7). Since Q; = 0, we may also write the
positive part b* in place of b, and Hopf’s lemma for degenerate operators holds (see [14,
page 67, Remark (iv)]).

By Lemma 3.3, all vanishing minima are far from the boundary 9dG;, and therefore we
may assume that # = u(%) is the maximum of u(x) for all (x, y) € G; such that Q;(x, y) = 0.
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Hence, if we take any couple (x, y) € G; such that u(x) = u(y) > @ then Qs(x,y) >0. Asa
consequence, in the local coordinates (&,#,t) centred at (X, y) we have 2,(&,7,t) >0 for
t >0,and 2,(0,0,0) = 0. The outer normal n = (0,0,—1) to the domain {¢ >0} at (0,0,0)
does not belong to the kernel of the matrix A(%, y). Hence, Hopf’s lemma applies and we
find a contradiction with the fact that the gradient of 9 vanishes at (0,0,0). This proves
that the level surfaces of u are convex.

Part 2. The intersection of any level surface (apart from the boundary) with any tan-
gent hyperplane has an empty interior. Assume, contrary to the claim, that for some
i1 € (ag,ay) the intersection F between the level surface 2 = {x | u(x) = @t} and some tan-
gent hyperplane contains an interior point y. Pick X € F as far as possible from j, that
is,

|% — yI =I}C1€a}gc|x—y|- (6.1)

The segment xy lies on F, hence Q; (X, ¥) = 0. By Part 1, Q;(x,y) = 0 for all (x,y) € G;.
Thus, Q, attains its minimum at (%, y).

The local coordinates (4.3), centred at (X, ), map an open neighborhood U C
of the origin onto a subset of the manifold M;. To reach a contradiction with Hopf’s
lemma, we construct a ball B C U such that: (1) 2, is positive in B; (2) (0,0,0) € dB; (3)
the outer normal # to dB at (0,0,0) does not belong to the kernel of the matrix A(X, ).

By rotating the coordinate frame if necessary, we may assume that y — X = |y — xle;.
Consider the point ¢ = (x, ) € M; where x, = x(§,0), & = (-r,0,...,0) € RN, and
r >0 is so small that the ball B = B(¢,r) ¢ R2N"1,

RZNfl

Ble,r) = {(Emt) | |E=&|" +InP+£ <2}, (6.2)

is contained in U. Since ¥ # 7 and y is interior to F, we may also assume that for every
(&,1,t) € B the inequality x(&,t) # y(n,t) holds, and y(#,0) is interior to F.

We have Q;(x,7) = 21(&:,0,0) > 0: indeed, if we had Q;(x,, ) = 0 then the segment
x.y would lie on the (convex) surface ¥ and would pass through X, contradicting (6.1).
By continuity, we still have 2; > 0 in the ball B(c,¢) whose radius € < r is maximal in the
sense that there exists P = ({p,%p,tp) € dB(c,¢) such that 2,(P) = 0.

Let us check that ¢ = » and P = (0,0,0). Define xp = x(&p,tp) and yp = y(yp,tp). If
tp were different from zero, then the outer normal #n at P would have a non-vanishing
component in the direction of 9/9¢, hence n could not belong to the kernel of A(xp, yp)
and we would contradict Hopf’s lemma. Hence, tp = 0 and xp, yp lie on the level surface
>. Since 9 (P) = 0, the whole segment xp yp lies on X. Furthermore, since |#p| < e <7,
and since r has been chosen small enough, the point yp = y(#p,0) is interior to F. Hence,
xp belongs to F. By (6.1) and by the definition of x,, the point of F closest to x is X. Since
|&| = r, this and (6.2) imply € = 7, xp = %, and yp = ¥, as claimed.

We have thus proved that 2; >0 in the ball B(c,7), and we know that 2,(0,0,0) = 0.
The components of the outer normal # at P = (0,0,0) are (e},0,0), where ¢] is the first
element of the canonical frame in R¥~!. Since n does not belong to the kernel of the ma-
trix A(X, 7), we reach again a contradiction with Hopf’s lemma. Hence, the intersection
of any level surface £ with any tangent hyperplane must have an empty interior.
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Appendix

When the nonlinearity f does not have a full dependence on (x, %, Du), condition (1.5)
admits some alternative formulations, which are found in the literature. For instance, in
the paper [11], Korevaar considered a C? function f = f(u,|Dul) such that

S (1)

t2

is convex in ¢ > 0 for each u. (A1)

In [1], Acker considered f = f(x,u) >0 such that

is concave in x for each u. (A.2)
fxu)

The next lemma puts into evidence the relation between such assumptions and (1.5).
Condition (1.5) has been used in [3] for the special case f = f(x,u,|Dul).

LemMA A.1. If f has the form f = f(u,|Dul) and is continuous, then (1.5) is equivalent to
(A.1). If, instead, f is positive and does not depend on Du, then (1.5) is equivalent to (A.2).

Proof. In the first case, condition (1.5) reduces to

(Asl+(1—)t)52)3f( )sAs§f(u,r/sl)+(1—A)sgf(u,r/52) (A3)

DL
’ASl +(1 —/1)52

for every s1,55 > 0,1 € (0,1), u € (ag,a1), T = 0. Define 01 = 1/s; and 0, = 1/s. Since the
mapping s — s~ ! is strictly monotone, for each A € (0,1) there exists u € (0,1) such that

(Asi+(1=N)s2) ™" = oy + (1 o, (A4)
More precisely, if s; # s, then p is unique and by an elementary computation we see that

)
U= (yol+(1—y)az)a—l,

1-1
1—p=(uoy + (1 —p)or) o

(A5)

If s; = s, then we take y = A, so that the equalities above continue to hold. Inequality
(A.3), after multiplication by o, + (1 — y) s, and by (A.4), becomes

f(u, (poy + (1 — p)oy) 1) A f(u017) . 1-Af(u,001

< (;401+(1—11)02)<01

)). (A.6)

(poy + (1 —y)(fz)z ot 02 03
Using (A.5), this can be rewritten as
> 1- > >
f ot (L -wo)r) | flwor) | fwon)
(o + (1 — o) 0 03

which expresses the convexity of f(u,07)/0? with respect to o > 0 for every fixed u €
(ag,a1), T = 0. Choosing 7 = 1 we deduce (A.1) from (1.5). If, instead, we know that
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fu,t)/ £? is convex in t > 0, then, letting ¢ = o7, we get that for every T > 0 the function
772 f(u,07)/0? is convex in ¢ > 0. Thus we arrive at (A.7) for 7 > 0. To prove (A.7) also
for T = 0 we have just to check that f(u,0) = 0. But if this were not the case, then, since f
is continuous, (A.1) would cease to hold for t — 0. This proves the first claim.

Suppose, now, that f is positive and does not depend on Du. After a straightforward
computation we find that the concavity of 1/,/ f (x,u) with respect to the first variable is
expressed by the inequality

FOx+1-Dyu) < fowfGhw) . (A.8)
(W o+ =)y f (o)

Condition (1.5), instead, is expressed by

Asif (e u)+ (1 =N)s3 f(y,u)
A - ANy,u) < R A9
fQx+(1=1)y,u) s (1 1)s,)’ (A9)

which must hold for all positive s1,s,. Minimizing with respect to s;,s, we find that the
right-hand side of the inequality above (which is homogeneous in (s1,s,)) takes its mini-

mum for s1/s; =/ f(y,u)/ f (x,u), and the least value equals the right-hand side of (A.8).

The second claim follows and the proof is complete. O
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