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For strongly singular higher-order linear differential equations together with two-point
conjugate and right-focal boundary conditions, we provide easily verifiable best possible
conditions which guarantee the existence of a unique solution.
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1. Statement of the main results

1.1. Statement of the problems and the basic notation. Consider the differential equa-
tion

W = 3 p 0 4 (1) (1.1)
i=1

with the conjugate boundary conditions

u@a)=0 (i=1,...,m),

, (1.2)
W Db)y=0 (j=1,....,n—m)
or the right-focal boundary conditions
W Da)y=0 (i=1,...,m),
(1.3)

uli=D()=0 (j=m+1,..,n).

Here n > 2, m is the integer part of n/2, —c0 <a<b < +o0, p; € Lioc(]a,b]) (i=1,...,n),
q € Lioc(]a,b[), and by u=Y(a) (by u=(b)) is understood the right (the left) limit of
the function u~ (of the function u/~1) at the point a (at the point b).

Problems (1.1), (1.2) and (1.1), (1.3) are said to be singular if some or all coefficients
of (1.1) are non-integrable on [a, b], having singularities at the ends of this segment.

Hindawi Publishing Corporation
Boundary Value Problems

Volume 2006, Article ID 83910, Pages 1-32
DOI 10.1155/BVP/2006/83910


http://dx.doi.org/10.1155/S1687276204839102

2 Linear BVPs with strong singularities

The previous results on the unique solvability of the singular problems (1.1), (1.2) and
(1.1), (1.3) deal, respectively, with the cases where

b
j (t—a)" (b= )" [(~1)" " pr(1)], dt < +oo,

a

b
J (t—a)"™i(b— )2 | pit) |t < +00  (i=2,...,m), (1.4)

b
J (t— @)™ 12(b — Y"1 | g(1) |t < +oo,

a

b
[ty 11 o)) di < oo,

a

b
J (t—a)™i | pi()|dt < +00 (i=2,...,m), (1.5)

a

b
J (= a)™ ™12 | q(t) | dt < +oo0

(see [1, 2, 4, 3, 5, 6, 9—18], and the references therein).

The aim of the present paper is to investigate problem (1.1), (1.2) (problem (1.1),
(1.3)) in the case, where the functions p; (i = 1,...,n) and g have strong singularities
at the points a and b (at the point a) and do not satisfy conditions (1.4) (conditions
(1.5)).

Throughout the paper we use the following notation.

[x]+ is the positive part of a number x, that is,

~xt x|

[xle =——. (1.6)

Lioc(la,b[) (Lioc(]a,b])) is the space of functions y :]a,b[— R which are integrable on
[a+e,b—¢] (on [a+e,b]) for arbitrarily small € > 0.

Log(la,b) (Li’/j(]a,b[)) is the space of integrable (square integrable) with the weight
(t —a)*(b — t)P functions y:]a,b[— R with the norm

b b 1/2
¥l = | =@ 0] y(t)ldt<ll v, = (| «-are-0fyoma) )
(1.7)

L([a,b]) = Loo(]a,b[), L*([a,b]) = L§o(1a, b]).
L2 4(Ja,b[) (L2(]a,b])) is the space of functions y € Lic(]a,b[) (y € Lioc(la,b])) such
that y € Li7ﬂ(]a,b[), where y(t) = fcty(s)ds, c=(a+b)/2 (y € Li,(a,bl), where 5(t) =

17 y(s)ds).
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I| - ||izﬁ and || - ”Ig denote the norms in iﬁ)ﬁ(]a,b[) and ii(]a,b]), and are defined by
the equalities

; ; 2 1/2
yllzz, = max{ [L(s— a)a(L )’(T)d‘[> ds} ra<t< a;—b}

1/2

+ max h(b—s)ﬁ Sy(T)dT 2ds :a+bstsb , (1.8)
J, 0= (],yme) as| 5

1/2

Iylly, = max{ [Lt(s a)“(fy(r)dr)%s} ta<t< b}.

éﬂ);l(]a,b[) ((Njﬂ);l(]a,b])) is the space of functions y :]a,b[— R (y :]a,b] — R) which
are absolutely continuous together with y’,...,y""" on [a+¢&,b — €] (on [a+¢,b]) for
arbitrarily small € > 0.

Cr=bm(Ja,b[) (C=2m(]a,b))) is the space of functions y € C'.'(Ja, b[) (y € Cl-'(Ja,

b])) such that

b
J |y (s) | *ds < +oo. (1.9)

In what follows, when problem (1.1), (1.2) is discussed, we assume that in the case n = 2m
the conditions

pi € Lisc(la,b])  (i=1,...,m) (1.10)

are fulfilled, and in the case n = 2m + 1 along with (1.10) the condition

t
limsup‘(b—t)z'”*lJ' pi1(s)ds| <+o0, c=-"—— (1.11)
t—b c

is also satisfied.
As for problem (1.1), (1.3), it is investigated under the assumptions

pi € Lisc(Ja,b])  (i=1,...,m). (1.12)

A solution of problem (1.1), (1.2) (of problem (1.1), (1.3)) is sought in the space
Cr=bm(]a,b[) (in the space C""1(]a,b])).

By h; :]a,b[x]a,b[— [0,+][ (i = 1,...,m) we understand the functions defined by the
equalities

t
hi(t,7) = I (s—a)" " [(=1)""pi(s)],ds

>

(1.13)

t
hi(t, 1) = J (s—a)" > p;(s)ds

(i=2,...,m).
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1.2. Fredholm type theorems. Along with (1.1), we consider the homogeneous equation
m .
um = Zpi(t)u(’_l). (1.1p)
i=1

From [10, Corollary 1.1] it follows that if

PiELn—m,m(]a’b[) (Z: ].,...,}’I’l),

1.14
(91 € Lomo(JasbD) (i = 1oooom)) (114

and the homogeneous problem (1.1y), (1.2) (problem (1.1¢), (1.3)) has only a trivial solu-

~ ~

tion in the space Cf"*(]a, b[) (in the space C/'.'(]a,b])), then for every g € Ly,—mm(la, b[)

loc

(q € Ly—myo(]a,b[)) problem (1.1), (1.2) (problem (1.1), (1.3)) is uniquely solvable in the

~ ~

space C"'(]a,b[) (in the space CJ'.'(]a,b])).

In the case where condition (1.14) is violated, the question on the presence of the
Fredholm property for problem (1.1), (1.2) (for problem (1.1), (1.3)) in some subspace
of the space (Nfﬁ);l(]a,b[) (of the space 61'(‘)21(]a,b])) remained so far open. This ques-
tion is answered in Theorem 1.3 (Theorem 1.5) formulated below which contains opti-
mal in a certain sense conditions guaranteeing the presence of the Fredholm property for
problem (1.1), (1.2) (for problem (1.1), (1.3)) in the space Cr=1m(]a,b]) (in the space

Cr=tm(1a,b])).

Definition 1.1. We say that problem (1.1), (1.2) (problem (1.1), (1.3)) has the Fredholm
property in the space 6”‘1’m(]a, bl) (in the space (NI”‘l’m(]a,b] )) if the unique solvability
of the corresponding homogeneous problem (1.1y), (1.2) (problem (1.1p), (1.3)) in this
space implies the unique solvability of problem (1.1), (1.2) (problem (1.1), (1.3)) in the
space C"""(]a,b[) (in the space C"~1"(]a,b])) for every qe T’%n—Zm—Z,Zm—Z(]a’b[) (for
every q € L3,_»m_»(1a,b])) and for its solution the following estimate

[ <rlgly, L, (Wl <rlgl, ) (L.15)

is valid, where r is a positive constant independent of g.

Remark 1.2. If

q EL%n—Zm,Zm(]an[) (q EL%n—Zm,O(]a)b[)) (1-16)

or

q ELn—m—l/Z,m—l/Z(]a’b[) (q ELn—m—l/Z,O(]a>b[))) (1-17)

then

q € T‘%n—Zm—Z,Zm—Z(]aJ?[) (q € T‘%n—Zm—Z(]a’b])) (118)
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and from estimate (1.15) there respectively follow the estimates

™|z < rollgllig, (16 < rollqli, ., ) (1.19)

||u(m)||Lz = rOHq”Lnfm—l/z,m—l/z (HM(M)”LZ = rOHqHL"*m*VZvO)’

where 7 is a positive constant independent of g.

TueoREM 1.3. Let there exist ag €]a, b, by €]ao, b[ and nonnegative numbers €y;, €; (i =
1,...,m) such that

(t—a)*" 'hi(t,t) < € fora<t<rt<a,

. 1.20
(b—t)"hi(t,7) <€y forby<t<t<b(i=1,...,m), ( )
(2m — §)2n—i*l ' P
Z (am—2i +1)”€1,<(2n 2m— 1),
Z (2m—1i)2"~ 1+1€ < (2n—2m— 1)1 (1.21)
< (2m—2i+ 1)1

where 2n —2i— 1)!l = 1.3-+-(2n —2i — 1). Then problem (1.1), (1.2) has the Fredholm
property in the space C"~2"(]a, b|).

COROLLARY 1.4. Let there exist nonnegative numbers Ay, Ay (i = 1,...,m) and functions
Poi € Lu—ipm—i(1a,b]) (i = 1,...,m) such that the inequalities

n—m /\11 /121
D0 = (t—a)y " (t—a)y=2m(b—t)m +por(t), (1)
|pi(t)] < hi e — 4 () (i=2,...,m) '
! T (t—a)ritl o (t—a)n-2m(p — t)2m-itl ! A
hold almost everywhere on ]a,b[, and
i on—i+l 3 ( )
—————A;<2n-2m-1)!,
< (m-2i+n™
m B (1.23)
on i+1

Z m/\zt <(2n-2m-—1).

1

Then problem (1.1), (1.2) has the Fredholm property in the space 6”’1’”“(]61,17[).

THEOREM 1.5. Let there exist ap €]a, b[ and nonnegative numbers €; (i = 1,...,m) such that

(t—a)*'hi(t,t) <& fora<t<t<ag(i=1,..,m), (1.24)

i (2m _ i)zn—iﬂ

o~ 21+1)”€ (2n—2m— 1)L (1.25)

Then problem (1.1), (1.3) has the Fredholm property in the space én’l’m(]a,b] ).
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COROLLARY 1.6. Let there exist nonnegative numbers A; (i = 1,...,m) and functions py; €
Ly-io(]a,bl) (i = 1,...,m) such that the inequalities

A
(1) py(f) < (t_la)n + poi (1),
P (1.26)
Ipit)| < (= a1 +poi(t) (i=2,...,m)
hold almost everywhere on ]a,b[, and
m on— i+1
> . 2l+1)” <@n-2m-1). (1.27)

1:1

Then problem (1.1), (1.3) has the Fredholm property in the space (NT”‘l’m(]a,b]).

In connection with the above-mentioned Corollary 1.1 from [10], there naturally
arises the problem of finding the conditions under which the unique solvability of prob-
lem (1.1), (1.2) (of problem (1.1), (1.3)) in the space Cr- Lm(1a,b[) (in the space
crb M(1a,b] )) guarantees the unique solvability of that problem in the space CloC (Ja,bl)

(in the space Cloc (a,b])).
The following theorem is valid.

THEOREM 1.7. If

Pi € Lu—ipm-i(la,bl) (i=1,...,m),

(pi € Luio(abl) (= 1)), (1.28)

and problem (1.1), (1.2) (problem (1.1), (1.3)) is uniquely solvable in the space 6”’1”"(]61,
bl) (in the space Crb ™ (]a,b])), then this problem is uniquely solvable in the space (N?l’(‘,;l (]a,
bl) (in the space CIOC (a,b])) as well.

If condition (1.28) is violated, then, as it is clear from the example below, problem
(1.1), (1.2) (problem (1.1), (1.3)) may be uniquely solvable in the space (NI"‘L’”(]a,b[)
(in the space Cr=1m(]a,b])) and this problem may have an infinite set of solutions in the
space (Nfl'(’);l(]a,b[) (in the space éﬁ);l(]a,b])).

Example 1.8. Suppose
G(x)=x(x—1)---(x—n+1). (1.29)

Then

(=) (m—%)=2_”(2m—1)!!(2n—2m—1)!!, (1.30)

g;l(m—%>=0 for n=2m, gé(m—%)gn<m—%><0 forn=2m+1, (1.31)

(-)" g, (k— %) > (—1)”*”‘gn<m— %) fork € {0,...,n} and m — k is even. (1.32)
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If

o - 2 P =0 (i=2,...,n), (1.33)

t—a)®’

and q(t) = (g.(v) = AM)t"™", where A # 0, v >0, then (1.1) and (1.1¢) have the forms

- o _)‘a)nm (g - ) (t—a)™", (134)
um = 7 _’\a)n (1.34¢)
First we consider the case where
)L=gn(m—%>. (1.35)
Then from (1.31) and (1.32) it easily follows that the characteristic equation
gn(x) =2 (1.36)
has only real roots x; (i = 1,...,n) such that
X1 =x2:l forn=2,
x1>--->xm,1>m—%=xm=xm+1>--->x2m forn =2m, (1.37)

1
x1>--->xm>m—5>xm+1>--->x2m+1 forn=2m+1.

Hence it is evident that for n = 2 (1.34¢) does not have a solution belonging to the space
C"!(]a,b[), and for n > 2 solutions of that equation from the space C"~""(]a,b[) consti-
tute an (n — m — 1)-dimensional subspace with the basis

(t—a)",...,(t—a)*r. (1.38)

Thus problem (1.34y), (1.2) (problem (1.34y), (1.3)) has only a trivial solution in the
space 6"‘1””(]a,b[). We show that nevertheless problem (1.34), (1.2) (problem (1.34),
(1.3)) does not have a solution in the space én‘l’m(]a,b[). Indeed, if n = 2, then (1.34)
has the unique solution u(t) = (t — a)” in the space CY!(]a,b]), and this solution does not
satisfy conditions (1.2). If n > 2, then an arbitrary solution of (1.34) from Cr=bm(la,b)
has the form

n—m-—1

u(t) = Z ci(t—a)+(t—a), (1.39)

i=1
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and this solution satisfies the boundary conditions (1.2) (the boundary conditions (1.3))
ifand only if ¢y,...,cp—m-1 are solutions of the system of linear algebraic equations

-1

g (x)(b—a)ici=—g(W(b—-a) (k=0,.,n—m—1)

1

n—

3

1

» (1.40)

( g (xi)(b—a)ici=—g(»(b—a) (k=m,...,n—1)),

i=1

3
S

where go(x) = 1, gk(x) =x(x — 1) - - - (x — k+ 1) for x = 1. However, this system does not
have a solution for large ».

Note that in the case under consideration the functions p; (i = 1,...,m) in view of con-
ditions (1.30) and (1.32) satisfy inequalities (1.22) (inequalities (1.26)), where A; = [A],
Mi=An=2Ai=0G=2,....om) M =[ALAi=0(G=2,...,m)), poi(t) =0 (i = 1,...,m),
and

on= i+1

;m/\ =02n-2m-1!

" 2’1 i+1
(Z(ZmZH—l)” =(2n- 2m—1)||>

Therefore we showed that in Theorems 1.3, 1.5 and their corollaries none of strict in-
equalities (1.21), (1.23), (1.25), and (1.27) can be replaced by nonstrict ones, and in this
sense the above-given conditions on the presence of the Fredholm property for problems
(1.1), (1.2) and (1.1), (1.3) are the best possible.

Now we consider the case, where

(1.41)

1
O<(—1)”””/1<(—1)"’mgn(m—E). (1.42)
Then, in view of (1.30) and (1.33), the functions p; (i = 1,...,m) satisfy all the conditions
of Corollaries 1.4 and 1.6, but condition (1.28) in Theorem 1.7 is violated. On the other
hand, according to conditions (1.31) and (1.32), the characteristic equation (1.36) has
simple real roots x,...,x, such that

1
x1>--->xn,m>m—5>xn7m+1>"'>xn> (143)
at that
Xpomi1 >m— 1. (1.44)

So, the set of solutions of (1.34¢) from C"~1"(]a,b[) constitutes an (1 — m)-dimensional
subspace with the basis

(t—a)",...,(t—a)mm, (1.45)
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and consequently, both problem (1.34y), (1.2) and problem (1.34¢), (1.3) in the men-

tioned space have only trivial solutions. Hence in view of Corollaries 1.4 and 1.6 the

unique solvability of problems (1.34), (1.2) and (1.34), (1.3) follows in én’l’m(]a, b[). Let
n—1

us show that these problems in (Nfloc (]a, b]) have infinite sets of solutions. Indeed, for any
¢eR(i=1,..,n—m+1),the function

n—m+1

u(t)= > clt—a)+(t—a) (1.46)

i=1
is a solution of (1.34) from 61’:);1 (la, b)), satisfying the conditions

WDa)y=0 (i=1,...,m). (1.47)
This function satisfies the boundary conditions (1.2) (the boundary conditions (1.3)) if

and only if ¢y,...,¢,—m are solutions of the system of algebraic equations

n—m

> gi(x) (b - a)c; =

i=1

— &k (Xneme1) (b —a)" "y — g (M)(b—a)"(k=0,...,n—m—1)

s (1.48)
( Z gk (xi)(b—a)ic; =

i=1

— 8k (xn—m+1) (b - a)xnimﬂcn—erl —gk(V)(b - a)y(k =n—m,... )m))

for any ¢,—m+1 € R. However, this system has a unique solution for an arbitrarily fixed
Cn—m+1- Thus problem (1.34), (1.2) (problem (1.34), (1.3)) has a one-parameter family of
solutions in the space Cl'.'(]a, b]).
1.3. Existence and uniqueness theorems.
THEOREM 1.9. Let there exist ty €]a,b[ and nonnegative numbers €, €3; (i = 1,...,m) such
that along with (1.21) the conditions

(t—a)™ hi(t,7) <, fora<t<t<ty

. 1.49
(b - l’)zmilhi(f,‘[) < & fOT’ th<T<t<b ( )

hold. Then for every q € z%n_z,,,_z)m_z(]a,b[) problem (1.1), (1.2) is uniquely solvable in
the space C"~(]a, b|).

CoRrOLLARY 1.10. Let there exist ty €|a,b[ and nonnegative numbers M, Ay (i=1,...,m)
such that conditions (1.23) are fulfilled, the inequalities

(=D ™Mt —a)"pi(t) < i, (t—a)" M pt)| <Ay (i=2,...,m) (1.50)
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hold almost everywhere on ]a,t,[, and the inequalities

(=1t = a)"=2(b— )" py (8) < Moy,
B i . (1.51)
(t—a)™2"(b— )= py(t) | <Xy (i=2,...,m)

hold almost everywhere on |ty,b[. Then for every q € i%n—Zm—Z,mez(]a’b[) problem (1.1),
(1.2) is uniquely solvable in the space CNJ”‘l’m(]a, bl).

THEOREM 1.11. Let there exist nonnegative numbers €; (i = 1,...,m) such that along with
(1.25) the conditions

(t—a)*™ 'hi(t,r) <& fora<t<t<b(i=1,...,m) (1.52)

hold. Then for every q € i%n_m_z(]a,b]) problem (1.1), (1.3) is uniquely solvable in the
space C"~1m(]a,b)).

CoROLLARY 1.12. Let there exist nonnegative numbers A; (i = 1,...,m) such that condition
(1.27) holds, and the inequalities

(—l)nim(t—a)npl(t) <A, (t—a)”*i+1|pi(t)| <A (i=2,...,m) (1.53)

are fulfilled almost everywhere on a,b[. Then for every q € 13, om_2(a,b]) problem (1.1),
(1.3) is uniquely solvable in the space (NI”‘l’m(]a, b]).

Remark 1.13. The above-given conditions on the unique solvability of problems (1.1),
(1.2) and (1.1), (1.3) are optimal since, as Example 1.8 shows, in Theorems 1.9, 1.11 and
Corollaries 1.10, 1.12 none of strict inequalities (1.21), (1.23), (1.25), and (1.27) can be
replaced by nonstrict ones.

Remark 1.14. If along with the conditions of Theorem 1.9 (of Theorem 1.11) condi-
tions (1.28) are satisfied as well, then for every q € Bn,m,%m,z(]a,b[) (for every g €
f%n,Zm,z(]a,b])) problem (1.1), (1.2) (problem (1.1), (1.3)) is uniquely solvable in the
space éﬁ);l(]a,b[) (in the space C1(la,b))).

loc

Remark 1.15. Corollaries 1.10 and 1.12 are more general than the results of paper [7]
concerning unique solvability of problems (1.1), (1.2) and (1.1), (1.3).
2. Auxiliary statements

2.1. Lemmas on integral inequalities. Throughout this section, we assume that —oco <
to < t; < 400, and for any function u :]ty,t;[— R, by u(ty) and u(#;) we understand the
right and the left limits of that function at the points ¢, and t;.

LEmMMA 2.1. Letu € (NJIOC(]to,tl]) and

3|
L (t — o) U (t)dt < +o, (2.1)

0
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where o # — 1. If, moreover, either

a>—1, u(t;) =0 (2.2)
or
a<—1, u(ty) =0, (2.3)
then
L; (t=0) w00t = sy L; (t— 1) ™2 (t)dt. (2.4)

Proof. According to the formula of integration by parts, we have

J (- to) 2 (Ddt = —— [(t = t0) "2 (1) — (s — 1) "12(9) ]

s 1+0; t . (2.5)
T ltal, (t—to) U (H)dt forty<s<t.
However,
_L(t— t0)1+0£u(l')u’(t) = (_ L(t— t0)1+tx/2u/(t)> ((t— t())u/zu(t))
1+« 1+a o)
L _ at2 2 1 _ ) :
= (1+a)2(t fo)” "u (t)+2(t to) u*(¢).
Thus identity (2.5) implies
ty
J (t—to) “u(t)dt < L[(tl — to)”"‘u2(t1) ~(s— to)1+au2(s)]
s 1+«
4 (" 2 (2.7)
- _ ot )
+(1+0£)2 L (t tO) u (t)dt for to <s< ty.

If conditions (2.2) are fulfilled, then in view of (2.1), (2.7) results in (2.4).
It remains to consider the case when conditions (2.3) hold. Then due to (2.1) we have

3]
j ' ()| dt < +oo,
11

0

lu(s)| < f |u/ () |dt = JS (t—to) Nt —t0) "W (1) | dt

fo

s L, N2 , 12 (2.8)
< (J (t—t) " dt> (J (t—to) +“u'2(t)dt)

to to

v (* 2 2
<[1+a| V2 (s— l‘o)_(wr ) (I (t—ty) +0‘14'2(1‘)611‘> forty <s<t
to
and, consequently,
lim (s — o)™ 42(s) = 0. (2.9)

s—1y
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On the other hand, from (2.7) we have

3]
J (t—to) W2 (H)dt < 2 (s—to) U (s)
s |1+ «f (2.10)
4 h at2 ’
+— t—t "2(t)dt for t, t.
(1+a)2L (t—to)" "u'*(t)dt fortg<s<t
If in this inequality we pass to the limit as s — #j, then we get inequality (2.4). O
LEMMA 2.2. Letu € éloc(]to,tl]) and
h +1)/2
J (t—1to) ™V (1) | dt < +oo, (2.11)
)
where a # —1. If, moreover, either conditions (2.2) or conditions (2.3) hold, then
h a 1 h (a+1)/2 2
J (t—to) “u?(t)dt < (J (t—to) |u'(t)|dt> ) (2.12)
to | I+ (X| to

Proof. If conditions (2.2) hold, then from identity (2.5) we find

Jtl (t—to)"u* (n)dt < ijtl (t—10) " Ju/ ()| | u(t) | dt
:LJtl(t—to e \Hhu(r dr|d
o) 2 () | (Ltl (1 — 1) 17972 u’(1)|d1)dt

t 2
:L(J (T—to)(1+a)/2|u’(‘[)|d‘[) forty <t < t.

IA
‘N
@ =~
—
~
|
—

(2.13)

Consequently, inequality (2.12) is valid.
Now we consider the case where conditions (2.3) hold. Then, taking into account
(2.11), we obtain

lus) | sj |u’(t)|dts(s—to)_(”“)/zj (t—to) "2 ()| dt forto <s<t.
to to
(2.14)
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Hence it is obvious that u satisfies equality (2.9). On the other hand, (2.5) yields

Jtl (t— to) U2 (D)dt < —— (s — 1) "u2(s)

s [1+«f
Itl (t _ to)(1+a)/2 | M’(t) | (Jt (T B to)(1+a)/2 | u,(T) | dT) dt
s to

2
[T+ «f
1 I+a 9
< — 1
|1+a|(5 o) u(s)

+

t 2
(14+a)/2 ,
— 1 d) fortg <s<t.
|1+0¢|(L) (r—t) |u'(1)|dr oriy<s<t

(2.15)

If in this inequality we pass to the limit as s — £, then we obtain inequality (2.12). O

LEMMA 2.3. Leta > —1 and
y € Lino(ltosti]) (¥ € Lasayo(lto,ta])). (2.16)

Then y € T12(1to,t]) and

2 -
Il = oyl (19l = Q)™ 2y, ,,,)- (2.17)

Proof. By Lemma 2.1 (Lemma 2.2) and conditions (2.16), we have

r (t— to)“(fy(r)dr)zdt <4 Js (t—10)*y2(t)dt forty<s<t

fo (I+a)? Jy
< s a § 2 1 s (14+a)/2 2
j (t=to) (j y(T)dT) dtﬁ—(J (t—to) |y(t)|dt> fort035§t1>,
to t 1+a fo
(2.18)
which guarantees the validity of inequality (2.17). O

The following lemma easily follows from Lemma 2.3.

LemMma 2.4. Leta>—1, B> —1, and
y € Lispn(Jto,ti]) (v € Laranaspa(ltoti])). (2.19)

Then y € L2 4(]to,t1[) and

Iy, =iy, (202, = V1Y) (2.20)

) 5 N2, 5\ 2
= — —_— +—
y 1+0€(t1—t0> 1+ﬁ<t1—to>

(Y=(1+oc)1/2(%)(“[;”2_‘_(1_‘_@1/2( ) )(1+tx)/2>'

1—to t— 1o

where

(2.21)
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LemMa 2.5. Letu € C"~'(1to, 1),

5]
WD (8) =0 (i=1,...,m), J |4 (£)] 2dt < +oo. (2.22)
1

0

Then

h 2 m 2
J (tu:t))zmdtS ((Zmz—l)u) I [ u™(2)| dt. (2.23)
fo (£ —1o ) Jg

Proof. By virtue of Lemma 2.1 and conditions (2.22), we have

t i- 2 h ' ’
J Ol . J WO gt cre (i=1,m). 220)

. (t_to)zm—2i+2 - (2m—2i+1)2 o (t_tO)Zm—Zi

The inequality (2.23) is now immediate. O
Remark 2.6. Inequality (2.23) cannot be replaced by the inequality

t Mz(t) om 2
I, (nom) ]

no matter how small ¢ > 0. Indeed, choose § €]0,1[ so small that

Jtl | (1) 2dt (2.25)

to

m - . _ om
22 E(z:—l—é) 25 (W) —e (2.26)

Then the function u(t) = (t — a)™ (1792 satisfies conditions (2.22) but inequality (2.25)
is violated.

From Lemma 2.5, by the change of variable, we obtain the following lemma.

LEMMA 2.5". Letu € 6{3;1(]1?0,1‘1[),
. i 2
W) =0 (i=1,...,m), I [ ™ (t)]“dt < +oo. (2.27)
to

Then

EELACENR 2\ o 2
L) (t—tl)zmdt_ ((Zm—l)!!) L, | @] "dt. (2.28)

LEMMA 2.7. Let u € 5{g’g1(]t0,t1[) be a function satisfying conditions (2.22), and p €
Lioc(]to,t1]) be such that

(1) ‘ fl p(x)dr

<{ fOT <t <t (229)
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where j € {1,...,m} and €y > 0. Then
(2m _ j)22m—j+l

<& [p(t) + m-Diem=2j+ 1)”p(tl)] forty<t<t,
(2.30)

‘ tlp(s)u(s)u(j*”(s)ds

where
t
p() = [ [um )| ds (231)
to
Proof. In view of the formula of integration by parts, we have

t t 1 t t
p()u(s)uli~D(s)ds = u(t)u(j_l)(t)J p(r)dr+ ZJ ( p(‘r)d‘r) U (5)ul 0 (5)ds.

t t isodt s
(2.32)

On the other hand, by conditions (2.22), the Schwartz inequality, and Lemma 2.5, it fol-
lows that

i— 1 ' m—i
0] = gy | ] e oo
: 0
< (t- to)m7i+l/2p1/2(t) forto<t<t (i=1,...,m), (2.33)
f |u(l 1) S)| gm—itl " ‘
Jto (S_a)zm 2i+2 s= (zm 2i+ 1)”:0 (tl) (1 = 1,...,7’7’1).

If along with this we take into account inequality (2.29), we obtain

3]

p(s)u(s)u(j_l) (s)ds
t

L ot . )
< Lp(t)+ & Z L (s—to)" | u® (5)ul=k(s) | ds

) 2.34
< lop(t) + 6y Z 8 u®(s) Pds\ (R Pds (234
0P ¢ (s—a)2m—2k ¢ (s— a)2mt2k=2j
1 )
22m j
< €op(t) +Lop(t1) Z k= D)im—2j+ 2k~ 1)1 forty<t<t.
Therefore, estimate (2.30) is valid. O

The following lemma can be proved similarly to Lemma 2.7.

LEMMA 2.6'. Let u € 6{’;{1(]1‘0,&[) be a function satisfying conditions (2.27), and p €
Lioc([to,t1[) be such that

) t
(tl—t)zm_]'J p(r)dr| <6 forto<t<n, (2.35)
to



16  Linear BVPs with strong singularities

where j € {1,...,m} and €y > 0. Then

t . 2m— i 22m7j+1
top(s)u(s)u(rl)(s)ds <& [p(t) + (Zm(—rln)!!(é)m T3+ 1)”p(to)} forty <t<t,
(2.36)
where
pt) = f | (5) | ds. (237)

2.2. A lemma on the properties of functions from the space 6“’1””(]54, b[). In this sec-
tion, as above, we assume that m is the integral part of the number n/2.

LemMA 2.8. Let

n—mn—m

w(t) = > > c®u" P Hu (), (2.38)

i=1 k=i

where u € (NI”‘l’m(]a,b[), and each ci : [a,b] — R is an (n — k — i+ 1)-times continuously
differentiable function. If, moreover,

| cii(t) |

W a)y=0 (i=1,...,m), lir?qs:pm <+o00 (i=1,...,n—m), (2.39)
then
lirtrliunf [w(t)| =0, (2.40)
and if
W)y =0 (i=1,....,n—m), (2.41)
then
lirtrlibnf [w(t)| =0. (2.42)

The proof of this lemma is given in [12].

2.3. Lemmas on the sequences of solutions of auxiliary problems. Suppose

a<toe<tik<b (k=1,2,...), lim fto = a, lim t1, = b. (2.43)

—+00 k—+oo

For the differential equation

u =S pi(Hul + ge(t) (2.44)
i=1
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we consider the auxiliary boundary conditions

u V() =0 (i=1,...,m), U V() =0 (i=1,...,n—m), (2.45)
u V() =0 (i=1,...,m), u=Vb)=0 (i=1,...,n—m), (2.46)

for every natural k.
Throughout this section, when problems (1.1), (1.2) and (2.44), (2.45) are discussed,
we assume that

Pi S L]OC(]a)b[) (l = 1,...,1’7’1), q4>9k S T’%n—2m72,2mf2(]a)b[)r (247)

and in the case n = 2m + 1 in addition we assume the conditions

t
pi(s)ds
t

Pid:efsup{(b_t)Zm—i :tOSt<b}<+°° (i=1,...,m), (2.48)

where t; = (a+b)/2.
As for problems (1.1), (1.3) and (2.44), (2.46), they are considered in the case, where

pi€Lic(labl) (i=1,...,m),  qqk € L3, smn0(labl). (2.49)

LEMMA 2.9. Let for every natural k, problem (2.44), (2.45) have a solution uy € éﬁzl(]a,
b[), and there exist a nonnegative constant ro such that

bk
J (1) Pdt<rd (k=1,2,...). (2.50)
tok
Let, moreover,
kliIPm ||qk B q| z%anmfz,Zm—z = 0’ (251)

and the homogeneous problem (1.1y), (1.2) have only a trivial solution in the space
C=bm(]a,b). Then problem (1.1), (1.2) has a unique solution u such that

™}, < ro, (2.52)

lim ul V(t) = u V() (i =1,...,n) uniformly in |a,b. (2.53)

k—+co
(That is, uniformly on [a+ 8,b — 8] for an arbitrarily small § > 0).

Proof. For an arbitrary (m — 1)-times continuously differentiable function v :]a,b[— R,
we set

m

AW)(E) =D pie)v (). (2.54)

i=1

Suppose ti,...,t, are the numbers such that

(a+b)2=t1<---<t,<b, (2.55)
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and g;(t) (i = 1,...,n) are the polynomials of (n — 1)th degree, satisfying the conditions
g,‘(t,') =1, g,‘(l’]') =0 (l?/:], i,j: 1,...,1’!). (2.56)

Then for every natural k, the representation

n i .
R MURRICSERPAREY IO
Jj= ! (2.57)

t
+mj1nﬁ“‘”““Awwﬁﬂﬂavms

is valid.
For an arbitrary 6 €]0, (b — a)/2[, we have

t
(- )" (qi(s) — q(s))ds
Jt](t—s)”’i’1<th (qe(r) - q(T))dT)ds
t . t
< nLﬂs(s —a)" (s —a)r ! L (qr(t) —q(1))dr|ds

t ) 172 t
< n(J (S_a)Zm—szs) (J (5_a)2n—2m—2
a+d a+d

; 1/2
2m—2i+1 _9i
‘ (tl a) 82m 2i+1 ‘

=(n—i)

, 12
ds)

Ll (qr(t) —q(7))dr

lax—all,_,,, ...
fora+d<t<ti(i=1,...,n—1),

’ (b- tl)ln*Zm*ZiH _ §2n—2m=2it1 ) 12

<n lge=allz, .. ... ,

t
IREDRCICEB)L?
forty<t<b-6(i=1,...,n—1).
(2.58)
Hence, by condition (2.51), we find
t

lim | (t—s)""(qk(s)—q(s))ds=0 (i=1,...,n) uniformly in ]a,b[. (2.59)

k—+o0 J

Analogously we can show that if ¢, €]a, b[, then

t

lim [ (s—to)(gk(s) —q(s))ds = 0 uniformly on I(t), (2.60)

k—+00 Jt,

where I(ty) = [to,(a+D)/2] for ty < (a+b)/2 and I(ty) = [(a+b)/2,t0] for to > (a+Db)/2.
In view of inequalities (2.50), the identities

1
(m—i)! tik

uy () = C(e— sy u™(s)ds (j=0,1;i=1,..,mk=12,.) (2.61)
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yield
V)| <nft—a)b-0]""""? forty<t<ty(i=1,...,mk=12,.), (2.62)

where

2 m—i+1/2
ri = @2m=-2i+1)" VZ(—) (i=1,...,m). (2.63)

(m i)! b—a

By virtue of the Arzela-Ascoli lemma and conditions (2.50), (2.62), the sequence (ux);%
contains a subsequence (u, )72 such that (uk 1))Z°°1 (i=1,...,m) are uniformly converg-
ing on ]a, b[. Suppose

hm uk, (t) = u(t). (2.64)

+00

Then u:]a,b[— R is (m — 1)-times continuously differentiable and
l1m u V@) =uI() (i=1,...,m) uniformly on ]a,bl. (2.65)

If along with this we take into account conditions (2.43) and (2.59), then from (2.57) and
(2.62) we find

u(t) = . (u(tj) - ﬁ Jj (t;—5)"" (Au)(s) +q(s))ds>gj(t)

b

j=1 t (2.66)
; ﬁ L(t — 9" L (AW)(s) +q(s)ds fora<t<b,
i@ | <nlt—a)b-0]"""" fora<t<b(i=1,..,m), (2.67)
ue Cloc (Ja,b]), and
hm u (t) =y V(@) (i=1,...,n—-1) uniformly in ]a, b[. (2.68)

On the other hand, for any #, €]a,b[ and a natural ¢, we have

t
(t—to)ug " (6) = w2 (1) — u™ 2’(to)+j(sfto)(A(ukz><s>+qke<s))ds. (2.69)

to

Hence, due to (2.60) and (2.68), we get

lim u,((j V() = ut=V(p) uniformly in ]a, bl. (2.70)
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By (2.68) and (2.70), (2.50) results in (2.52). Therefore, u € (NI”‘l’m([a,b[). On the other
hand, from (2.66) it is obvious that u is a solution of (1.1). In the case, where n = 2m,
from (2.67) equalities (1.2) follow, that is, u is a solution of problem (1.1), (1.2).

Let us show that u is a solution of that problem in the case n = 2m+ 1 as well. In view

of (2.67), it suffices to prove that 4" (b) = 0. First we find an estimate for the sequence
(m+1)\+
(14 )

|- For this, without loss of generality we assume that
t<tie (k=1,2,...). (2.71)

By (2.51), (2.57), and (2.62), we have

m+ 1 t " 1
01 2ot g ] e a0

forti <t <ty (k= 1,2,...),

(t )" qr(s)ds

(2.72)
B <o (=120, (2.73)

|4«

where py is a positive constant independent on k. On the other hand, it is evident that

J (t =)™ A (ug) (
t

ol=5 10

J f om0l ds|.  74)
If m > 1, then in view of (2.48) we find

‘J (t=s)""1pi(s) (l Y(s)ds
t

L [(t_s)m 1u§{i)(s) _ (m _ 1)(t_s)m—2u;€i—l)(s)] ( : pi(‘[)d‘l’)ds

<pi| [=9 a1+ 0m = 1o- 972 a7 0)| Jds

1

; ) 12 ¢ |u,((i)(s)|2ds 1/2 p |u,(f71)(5)|2ds 1/2
SPi(Ll(b_S) zdS) [(L(b_s)zmz> +(m—1)<L(b_s)zmzi+z> ]

forti <t <ty (i=1,...,m).
(2.75)

However, by Lemma 2.5" and conditions (2.50),

t () 2 313
JM<I T ds <2222 fort <t<ty(j=0,..,m). (2.76)
t t

1(b_5)2m72j - 1 (tlk—S

Thus

t
‘ I (t—)""A(ug) (s)ds| <p(b—1t)"V* forty <t <ty, (2.77)
51
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where

p=m2"r Zp,-. (2.78)

i=1

And if m = 1, then due to (2.48) and (2.50) we obtain

f (£ 5" A () (s)ds
t

= ‘ J:l P1(s)uk(s)ds

wi (1) j: pr(r)dr — f ( 5 pl(r)dr) ,(s)ds

t t

<p <(b —1)! J:]k | up.(s) | ds+ Lj(b =) Hu(s)| ds)

<p [(b 0 -0 ( [ i) o o[ 1 s ”2}

< 2p1r0(b - t)_l/z for t <t <t
(2.79)

that is, again estimate (2.77) is valid.
For m > 1, due to condition (2.73) we have

=(m-1)

J:(t " gu(s)ds

J:(t—s)m2< :1 qk(r)dr>ds

t s
<(m- 1)L (b—s)m’2<L qu(T)IdT>dS (2.80)
<m-1D0-"llgllp_, .

(m—1)po(b—t)""? fort; <t<b.

IA

And for m = 1, we have

b T
J qr(s)ds|dt < (b—l‘)l/zllqllzﬁO Spo(b—l‘)l/2 fort; <t<b. (2.81)
t f L
Evidently,
t
w0 = [ ", (2.82)
ik

since u;{m)(tlk) = 0. If m > 1, then from (2.82), on account of inequalities (2.72), (2.77),
and (2.80), we get

tik
|u,§m>(t)|sL [po+ (p+po)(b—s)"2ds<p*(b—1)"2 forty <t<ty, (2.83)
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where p* = po(b— 11)2+2(p+ po). If m = 1, then by virtue of inequalities (2.72), (2.77),
and (2.81), from (2.82) we find

tik
|u,((m)(t)| SJ [po +p(b—s) 2+
t

S qr(t)dt ]ds
h (2.84)

< [po(b— t1)1/2+2p +p0](b— t)l/z fort; <t <ty

that is, again estimate (2.83) is valid.
By virtue of (2.43), (2.68) and (2.70), (2.83) implies

lum ()| <p*(b-t)"? fort; <t<b, (2.85)

and consequently, (™ (b) = 0. Thus we proved that u is a solution of problem (1.1), (1.2)
also in the case n = 2m + 1. In the space Cr=1m(]a,b[) problem (1.1), (1.2) does not have
another solution since in that space the homogeneous problem (1.15), (1.2) has only a
trivial solution.

To complete the proof of the lemma, it remains to show that condition (2.53) is sat-
isfied. Assume the contrary. Then there exist § €]0,(b — a)/2[, € >0, and an increasing
sequence of natural numbers (k,);2 such that

max{z |u§c’;1)(t) —u V()| ca+d<t<b —8} >e (£=1,2,...). (2.86)
i-1

By virtue of the Arzela-Ascoli lemma and condition (2.50), the sequences (u,((';l) pae|

(i=1,...,m), without loss of generality, can be assumed to be uniformly converging on
]a,b[. Then, in view of what we have shown above, conditions (2.68) and (2.70) hold.
But this contradicts condition (2.86). The obtained contradiction proves the validity of
the lemma. O

Analogously we can prove the following lemma.

LeEMMaA 2.10. Let for every natural k, problem (2.44), (2.46) have a solution uy € CNII’Z;I (]a,
b]), and there exist a nonnegative constant ro such that inequalities (2.50) are fulfilled. Let,
moreover,

=0, (2.87)

Jim |lgx — ql
—+00

T2
LZn—Zm—Z,O

and the homogeneous problem (1.1y), (1.3) in the space én’l’m(]a,b]) have only a trivial
solution. Then problem (1.1), (1.3) in the space (Nf”‘l’m(]a,b]) has a unique solution u, sat-
isfying estimate (2.52) and

lim ul V() = uD(t)  (i=1,...,n) uniformly in ]a,b). (2.88)

k—+o
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2.4. Lemmas on a priori estimates.

LemMA 2.11. Let conditions (1.20) and (1.21) be fulfilled, where h; (i = 1,...,m) are func-
tions given by equalities (1.13), ag €]a,b[, by €lao,b(, and y;, €2 (i = 1,...,m) are non-
negative numbers. Then there exists a positive constant 1y such that for any ty €la,aol,
t1 €]bo, b, and q € z%n—Zm—Z,Zm—Z(]aJ?D an arbitrary solution u € G loc la,b[) of (1.1),
satisfying the conditions

0 ..
o 0 (2.89)

satisfies also the condition

J | ™ (1) | dt<r0(

To prove Lemma 2.11, we need the following lemma.

b()
)21 b (O u D () u(t)dt

2
+ ||q||z%n2m2,2m2) ’ (2‘90)

Lemma 2.12. Ifu € C'.'(1a,b), then for any s and t €)a,b| the equality

(—1)nm Jt(r — @)y () u(r)dT = Wi (E) — W) + i Jt lum(r)2dr (2.91)
is valid, where

2m+1
2 b

Uom = I, Hom+1 =

wam (1) = D (= 1) D ()u(t),

j=1
Wamen (£) = D (=)™ (£ = apum - 6) — julm D )]l D(e) - 52 [ (1)

(2.92)

This lemma is a particular case of Lemma 4.1 in [8].

Proof of Lemma 2.11. By virtue of inequalities (1.21), there exists y €]0,1[ such that

g 2m _ i)22m—i+1

am—2it Dliam = Do <#n =y (G=12). (2.93)

1:1

Put

o= 22m+2(1 +bh— a)2y72. (2_94)
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Assume now that for some ty €]a,ay[, t; €]by,b[, and q € z%n_m_z’m_z(]a,b[) problem

(1.1), (2.89) has a solution u. Multiplying (1.1) by (—1)"~"(t — a)"~*"u(t) and then inte-
grating from , to t;, by Lemma 2.12 we obtain

to —

L1t (1) | +#th |t () | *dt
- 2’"2[ (-0 D unde (295)

(—pyram J (t = a)" 2" g(Du(t)dt.

to
According to Lemmas 2.7, 2.6’, and conditions (1.20), we have

ao

(—D“""Jao(t—a)"‘z’"pl(t)uz(t)u(t)dtsJ (t— @) 2" [(—1)" " py ()], (1)dt

to to

(2m—1)22m o a2
] St eULO ) (£ 2dt,

Jao (t—q)r2m p,-(t)u“‘”(t)u(t)dt'

to

dt (i=2,...,m),

(27’}’1 _ i)22m7i+1 ap (m) )
< m-1)Nm—2i+ 1)1!&’] (0]

3 31
(= (t—a)"_zmpl(f)uz(f)dféj (t=a)" 2" [(=1)" " pi(t)],u?(t)dt

bo

)

S CINGCIE

| :(t—a)”‘zmpi(t)u(i‘l’(t)u(t)dt‘

(zm ')22m—i+1 t m 2 )
= 2m-DN2m—2i+1) 'ez’Jo W@l (=2,..m).

(2.96)
If along with this we take into account inequalities (2.93), we find
yr-2m ZJ £— a)" 2" pu(0)ul D (Bt dt
)2 o (DU () u(t)dt
(2.97)

+ (tn =) (L | u™(t) | *dt + ﬂ |ut™ (1) ] 2dt)

t

+ (un—v) J [ ul™ (1) |2dt.

to

<

m p,
ZJ (t = @) 2" pu (DD (Byue)dt

i=1740
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On the other hand, if we put ¢ = (a+ b)/2, then again on the basis of Lemmas 2.7 and
2.6" we get

"t a)"*zmq(t)u(t)dt’
to

<

"t a)”_zmq(t)u(t)dt‘

r(t—a)”_zmq(t)u(t)dt‘ N

to

L: [(n = 2m)u(t) + (£ — @) 2w ()] ( J:q(s)ds) dt‘

+

[T 2mpute) + (- @y 0] [ q(oras)ate

< [(n—Zm)( ; (?1(2;42;>1/2+ (L: %)ln]
X ( J:(t — g)2n-2m2 ( LC‘I(S)ds)2dt> 12
+(b—a)[(n—2m)( :1 (ZZ_(tz;d;n>m+ (Lﬁ (;t’_z(tl;);:lntz)l/z]
X ( Jj (b—t)>m=2 ( J;t q(s)ds)zdt> -

c N f , A\
S2m+1(1+b—a)[< ™ (8) | dt) +(J o) dt) }nqnzg“mzw

to c
2 .
L2n72m72,2m72

h
= %J [ (@) |*de+22" (14 b - )’y g2
(2.98)

In view of inequalities (2.97), (2.98) and notation (2.94), equality (2.95) results in esti-
mate (2.90). (I

The proof of the following lemma is analogous to that of Lemma 2.11.

LemMa 2.13. Let conditions (1.12), (1.24), and (1.25) hold, where h; (i = 1,...,m) are func-
tions given by equalities (1.13), ay €]a,b[, and €; (i = 1,...,m) are nonnegative numbers.
Then there exists a positive constant ry such that for any ty €la,ao[ and q € i%n_m_z(]a, b)),
an arbitrary solution u € Cl'.*(1a,b]) of (1.1), satisfying the conditions

W (1) =0 (i=1..,m), uiV(B)=0 (j=m+1,...n), (2.99)

also satisfies the condition

b
lum(8) | dt < r0<

+||q|%%”m2). (2.100)

to

m b
Zj (t — @)™ 2" py( D (Byu(r)dt
=140
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LEmMA 2.14. Let conditions (1.10), (1.20), and (1.21) hold, and in the case, where n is
odd, in addition condition (1.11) be fulfilled, where h; (i = 1,...,m) are functions given by
equalities (1.13), ag €]a,bl, by €lag,bl, and €y;, & (i = 1,...,m) are nonnegative numbers.
Let, moreover, the homogeneous problem (1.1y), (1.2) in the space (NI"‘l’m(]a, bl) have only a
trivial solution. Then there exist § €]0,(b — a)/2[ and r > 0 such that for any ty €]a,a+ 6],
t1€[b—-46,bl, and q € f%n,Zm,2,2m,2(]a,b[) problem (1.1), (2.89) is uniquely solvable in
the space (N:ﬁ;1 (la,bl) and its solution admits the estimate

t 2 1/2
(J | (6)| dt) <rllql; . (2.101)
¢ n—-2m-2,2m—2

0

Proof. First note that for arbitrarily fixed ty €]a,a+ [, t; €]b - 3,b[, and g € L([to,11])
problem (1.1), (2.89) is regular and has the Fredholm property in the space Cr1 ([to,t1]).

Assume now that the lemma is not true. Then by virtue of the above-analysis, for an
arbitrary natural k there exist

tOke]a,a+%[, tlke]b—b_a,b[, (2.102)

and a function g € INJ%,,_Zm_Z,Z,n_Z(]a, b[) such that problem (2.44), (2.45) has a solution
ur € C"-'(Ja, b[) satisfying the inequality

tik (m) ) 172
(" 1 orar)  >Kadi, ., ., . (2.103)
0k
Suppose
By 2 2 By 2 iz
vk<t>=(jt @) w0, gor = ( j 0 dr)  gelo).
0k 0k
(2.104)

Then v is a solution of the problem

v = > i)Y + qor(8),
i:zlp 0 (2.105)

Vi () =0 (i=1,...,m), ViU () =0 (i=1,...,n—m).

Moreover,

tik m 1
L @ Fde=1 ol , L, < (k=1.2,0. (2.106)

k
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On the other hand, by Lemmas 2.9 and 2.11, we have

lim v,((i_l)(t) = 0 uniformly in Ja,b[ (i=1,...,n),

k—+o00

by i
1< r0< j (t—a)" 2" pi ()i (D) (1)t

m
=14

(2.107)

+k2) (k=1,2,...),

where ry is a positive constant independent of k. Thus if we pass to the limit in the last
inequality as k — +co, then we obtain the contradiction 1 < 0, which proves the lemma.
O

Analogously we can prove the following lemma if we apply Lemmas 2.10 and 2.13
instead of Lemmas 2.9 and 2.11.

LemMa 2.15. Let conditions (1.12), (1.24), and (1.25) hold, where h; (i = 1,...,m) are func-
tions given by equalities (1.13), ay €]la,b[, and €; (i = 1,...,m) are nonnegative numbers.
Let, moreover, the homogeneous problem (1.1y), (1.3) in the space (Nf”‘l’”‘(]a, b]) have only a
trivial solution. Then there exist 6 €]0,b — al and r > 0 such that for any ty €la,a+ 8] and
q€e T,%H_Zm_z(]a, b]) problem (1.1), (2.99) is uniquely solvable in the space (Njﬁ)zl (la,b]) and
its solution admits the estimate

(2.108)

2n-2m-2"

b 5 1/2
( )| dt) <rlglly

3. Proof of the main results

Proof of Theorem 1.3 (Theorem 1.5). Suppose problem (1.1p), (1.2) (problem (1.1p),
(1.3)) has only a trivial solution, and r and § are the numbers appearing in Lemma 2.14
(in Lemma 2.15). Set

t0k=a+%, tk=b—- (k=1,2,..). (3.1)

By Lemma 2.14 (Lemma 2.15) for every natural k problem (1.1), (2.45) (problem (1.1),

~ ~

(2.46)) in the space C]”OZ1 (la,b[) (in the space C{;;l (la,b])) has a unique solution uy and

tix (m) X 1/2 b (m) X 1/2
(I lul™ ()| dt) <rligly ((J ™ ()| dt) Sr|q|z§“mz>.
tok i tok
(3.2)

Hence by Lemma 2.9 (by Lemma 2.10) it follows that problem (1.1), (1.2) (problem (1.1),
(1.3)) in the space 6”’1’”’(]61, b)) (in the space (N?”’l’m(]a, b])) is uniquely solvable and its
solution admits estimate (1.15). Therefore problem (1.1), (1.2) (problem (1.1), (1.3)) has
the Fredholm property since the constant » does not depend on q. O
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Proof of Corollary 1.4. By conditions (1.23), there exist positive constants £y;, £,; (i = 1,...,
m), satisfying inequalities (1.21), such that

A < (21’)’1 — i)€1i> Ay < (Zm — i)ezi (l =1,... ,m). (3.3)

Choose ay €]a,b[ and by €]ag, b so that

. ag _ 4\2m—i ag .
A +MJ (s—a) %+J (s—a)"ipp(s)ds < & (i=1,...,m),

m— i o (b—s)zm=itl
b 2m—i b (3.4)
Az (7 (b—s)"""ds J’ omeig o
Tm—i + Ay o 7(5 — + bo(b s) poi(s)ds <&y (i=1,...,m).

Then, according to (1.13), inequalities (1.22) yield inequalities (1.20). Therefore all the
conditions of Theorem 1.3 are fulfilled which guarantee the validity of Corollary 1.4. [

Analogously, Corollary 1.6 follows from Theorem 1.5 since conditions (1.26) and
(1.27) guarantee conditions (1.24) and (1.25) for some ag €]a,b[ and ¢; >0 (i = 1,...,m).

~

Proof of Theorem 1.7. Tt is sufficient to show that if u € C !

i -'(]a,bl) is a solution of prob-
lem (1.1¢), (1.2) (problem (1.1y), (1.3)), then

b
J|uWMan<+w. (3.5)

For an arbitrary #, €]a,b[ we have

j—m—1

U™ (t) = i (t—to)

Gom-prt )

j=m+1

t . (3.6)
+ —(n - n11 Y to(t — syl (;Pi(s)u(i_l)(s)>ds.

Hence, according to conditions (1.2) and (1.28) (conditions (1.3) and (1.28)), it is obvi-
ous that u™ e L([a,b]). Put

M

Il
—

p)=>t-a)""|pit)],

1

V(t)zrlu(’”)(S)ldS) w(ty) = i e

j=m+l (] —m- 1)!

i (3.7)

|V (1) |,

and choose tg €]a,b[ such that

to
p(o)ds < 3. (3.8)
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Then in view of (1.2), ((1.3)), and (3.5) we find

[u=V(t)| = <(t-a)"v(t) (i=1,...,m),

ja ™™ (5)ds

(m—Z)'
[ u™(t)| < w(t) J p(s)v(s fora<t<t,
v(t) < w(to)(t—a)+J ( § Mds)dr (3.9)
t"p(S)V(S)

=w(ty)(t—a)+(t—a) ds +J p(s)v(s)ds

t

fo p(s)v(s) s)v

<w(t)(t—a)+(t ) ds+§v(t) fora<t<t,

and, consequently,

tvi_t)<w(to)+2 Op(s)%ds fora<t<t. (3.10)

The last inequality, by the Gronwall-Bellman lemma, results in

v(t) < w(ty) exp <2 top(s)ds) <w(ty)exp(l) fora<t<t. (3.11)
t—a t

Due to this inequality, from (3.9) we get
[u™ ()] < (1+exp(1))w(ty) fora<t<t. (3.12)

Analogously we can show that 4™ is bounded in the neighborhood of the point b. There-
fore condition (3.5) is satisfied. O

Proof of Theorem 1.9. By Theorem 1.3, from inequalities (1.21) and (1.49) it follows that
problem (1.1), (1.2) has the Fredholm property. Thus to prove Theorem 1.9, it suffices to
show that the homogeneous problem (1.1y), (1.2) in the space 5”’1’”’(](1,19[) has only a
trivial solution.

Suppose u € (NI”‘l"”(]a,b[) is a solution of problem (1.1p), (1.2). Put

b b
pi(6) = [ 4@ ar, pott) = [ 1um@) Par, p= [ P 3.13)

Multiplying (1.1¢) by (—1)"~™(t — a)"~>"u(t) and then integrating from s to , by Lemma
2.12 we obtain

Wy (t) — wa(s) +Un Jt )H(m)(‘l') | zd‘l’
(3.14)
= (=" mZJ )2 pi(0)ul "V (1 u(r)dr fora<s<t<b,
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where y, and w, are the number and the function, respectively, given by equalities (2.92).
Moreover, it follows from Lemma 2.8,

liminf | w,(s)| =0, liminf | w,(t)| = 0. (3.15)

s—a t—b

By virtue of Lemmas 2.7, 2.6’, and conditions (1.49), we have

(1) Jt(f —a)" 2" pi(n)ul "V (T)u(r)dr

(Zm _ 1)22m i+1

) [Pl“)* (2m — D)l 2m - 21+1)”p1(t0)}€“

(zm 1)22m i+1
PO * G Diam = 2ix P2

(t )]82,- fora<s<ty<t<b (i=1,...,m).
(3.16)

Due to (1.21), the number y €]0,1[ can be chosen so that inequalities (2.93) would be
satisfied.
According to (2.93) and (3.16), (3.14) implies

Wi (t) — wiu(s) +Un It | “(m)(T) |2dT

(zeh)m(s <Z€21>Pz(f -) ) o) (317)

i=1 i=1

<Z€1,>p1(s <Z€21>Pz(f (n = y)p-

i=1 i=1

Hence, by equalities (3.15), we find

tnp < (tn — ) P> (3.18)

and consequently, p = 0. However,
lu(t)| < (m’_’ b= fora<t<b, (3.19)
and therefore, u(t) = 0. O

The proof of Theorem 1.11 is analogous to that of Theorem 1.9. The only difference
is that instead of Theorem 1.3, inequalities (1.21) and (1.49) Theorem 1.5, inequalities
(1.25) and (1.52) are applied.

To convince ourselves of the validity of Corollary 1.10 (Corollary 1.12), it suffices to
note that inequalities (1.23), (1.50), and (1.51) (inequalities (1.27) and (1.53)) guarantee
inequalities (1.21), (1.49) (inequalities (1.25), (1.52)), where

_ M _ A ( Y ) P
el’_Zm—i’ €2,—2m_i €1_2m—i (i=1,...,m). (3.20)
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Remark 3.1. From Lemmas 2.3 and 2.4 it follows that if either condition (1.16) or condi-
tion (1.17) is fulfilled, then condition (1.18) holds as well, and the inequalities

lqllzz, ., ..., <Vlalz, .. (IlqllngW2 < yllqlngwzm), (3.21)

gl o = ylal, e (lalz, = yllal, )

are valid, respectively, where y is a positive constant independent of g. Thus in those cases
estimate (1.15) yields estimates (1.19), where ry = yr. Therefore Remark 1.2 is valid.
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