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We study positive C!(Q) solutions to classes of boundary value problems of the form
—Apu =g(x,u,c) in Q, u = 0 on 00, where A, denotes the p-Laplacian operator defined
by Apz := div(|Vz|P2Vz); p>1, ¢>0is a parameter, () is a bounded domain in RN
N > 2 with 9Q of class C? and connected (if N = 1, we assume that Q is a bounded open
interval), and g(x,0,¢) < 0 for some x € Q (semipositone problems). In particular, we first
study the case when g(x,u,¢) = Af(u) — c where A > 0 is a parameter and f isa C'([0, 00))
function such that f(0) =0, f(u) >0 for 0 <u<rand f(u) <0 for u > r. We establish
positive constants ¢o(Q,7) and A*(Q,r,c) such that the above equation has a positive
solution when ¢ < ¢y and A > A*. Next we study the case when g(x,u,c) = a(x)u?~! —
w1 — ch(x) (logistic equation with constant yield harvesting) where y > p and a is a
C'(Q) function that is allowed to be negative near the boundary of Q. Here his a C'(Q)
function satisfying h(x) > 0 for x € Q, h(x) # 0, and max,cnh(x) = 1. We establish a
positive constant ¢; (2, a) such that the above equation has a positive solution when ¢ < ¢;.
Our proofs are based on subsuper solution techniques.

Copyright © 2006 S. Oruganti and R. Shivaji. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, dis-
tribution, and reproduction in any medium, provided the original work is properly cited.

1. Introduction

We consider weak solutions to classes of boundary value problems of the form

—Apu=g(x,u,c) inQ,

1.1

u=0 onodQ, (1.1)
where A, denotes the p-Laplacian operator defined by Apz = div(] Vz|P2Vz)p>1,¢>
0 is a parameter, Q) is a bounded domain in RV; N > 2 with 9Q of class C? and connected
(if N = 1, we assume that Q) is a bounded open interval) and g(x,0,c¢) < 0 for some x € Q
(semipositone problems). By a weak solution to (1.1), we mean a function u € W&’p (Q)
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that satisfies

J |VulP2Vu - Vwdx = J g, u,c)wdx, Vwe Cy(Q). (1.2)
Q Q

However in this paper, we in fact study the existence of C'(Q2) solutions that are strictly
positive in Q.
We first study the case when g(x,u,c) = Af(u) — c where A >0 is a parameter and f
satisfies:
(A1) f € CY([0,)), f(0) =0, f(u) >0 for 0<u<rand f(u) <0 for u > r for some
r>0.
When ¢ = 0 it is easy to establish the existence of a positive solution for large A > 0. Here
we consider the challenging semipositone case ¢ > 0. Semipositone problems have been of
great interest during the past two decades, and continue to pose mathematically difficult
problems in the study of positive solutions (see [1-3, 10-12]). Also most of the results
established to date are for the case when p = 2. Here we establish an existence result for
p > 1foraclass of nonlinearities satisfying (A1). Namely, we prove the following theorem.

TaEOREM 1.1. There exist positive constants ¢y = co(Q,1) and A* = A*(Q,r,¢) such that
(1.1) has a positive solution for ¢ < ¢y and A = A*.

Remark 1.2. Refer to [2] where the authors study such a problem in the case when p = 2.
In particular, when ¢ is very small they establish an existence of a positive solution for
X near the first eigenvalue A, and then extend the existence for A > X. In this paper, we
establish the existence of a positive solution directly for A large. Our proof is new even in
the case p = 2.

Remark 1.3. The case when g(x,u,c) = A[ f (1) — c] with h(u) = f(u) — ¢ of the form

h(u)

has been studied for the case when p = 2 in [6]. For p # 2 this remains a challenging
semipositone problem for existence of positive solutions for large A.

We next study the case when g(x,u,c) = a(x)uf~! —u’~! — ch(x) (Logistic equation
with constant yield harvesting) where y > p, a is a C'(Q) function that is allowed to be
negative near the boundary of Q, and h is a C'(Q) function satisfying h(x) > 0 for x € Q,
h(x) # 0 and max,cq h(x) = 1. Again for ¢ > 0 this is a semipositone problem. In order to
precisely state our result for this problem we introduce the region where we allow a(x) to
be negative. Let A, be the first eigenvalue of the —A,, with Dirichlet boundary conditions
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and ¢; € C'(Q)) be a corresponding eigenfunction such that ¢; >0 in Q, d¢/dn < 0 on
0Q and ||¢;lc = 1. Let m >0, 8 >0, and ¢ > 0 be such that

|V¢1|p—ll¢f >m onQy,

_ 1.3
¢1=0 onQ\Qy, (13)

where Qs := {x € Q | d(x,0Q) < 8}. Further assume that there exists a constant ay > 0
such that

a(x)=ay inQ\Qs (1.4)
and let ¢ > 0 be such that
a(x) = —p in Qs. (1.5)

Then we prove the following theorem.

THEOREM 1.4. Let y < m(p/(p —1))P~' and ag > (p/(p — 1))P~'Ay. Then there exists a
positive constant ¢ = ¢1(Q, y,ag) such that (1.1) has a positive solution for ¢ < cy.

Remark 1.5. Refer to [7] where they studied the case when ¢ = 0 and a(x) is a positive
function throughout .

We establish Theorems 1.1 and 1.4 by the method of sub- and super-solutions. By a
super-solution ¢ of (1.1) we mean a function in W?(Q) N C(Q) such that ¢ = 0 on 9Q
and

J |V¢|P*2V¢>-dexzj gx, ¢, 0)wdx, VweWw, (1.6)
Q Q

where W = {v € C’(Q) | v = 0 in Q}. And by a subsolution ¥ of (1.1) we mean a func-
tion in WH?(Q) N C(Q) such that y = 0 on 9Q) and

J |VI//|P_ZVI// - Vwdx < J gy, 0wdx, Ywe W, (1.7)
Q Q

where W is as defined before. Then if there exist sub- and super-solutions y and ¢ re-
spectively such that y < ¢ in Q then (1.1) hasa C'(Q) solution u such that y < u < ¢ (see
(7, 8]).

In semipositone problems it is well documented that finding a nonnegative subsolu-
tion is nontrivial. Recently in [4] an anti-maximum principle by [5, 8, 9] was used to
create a crucial subsolution in the study of the problem when g(x,u,c) = )Lf(u) — c where
fN satisfies f(O) =0, f(u) > 0andlim,_« (f(u)/ u) = 0. Namely, the authors exploited the
C'(Q)) solution of

-1 .
—Apza—oczg =—-1 inQ,

1.8
Ze =0 onodQ, (18)
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which is positive in Q) by the anti-maximum principle for & € (A;,A; +v) for some v >0
where A; is the first eigenvalue of the —A, with Dirichlet boundary conditions. How-
ever this requires a further restriction on f namely: there exists m > 0 such that f(v) >
VPl —mP~laP=2 4+ (c/a), Vv € [0,mallz4]l ). Moreover they obtain a positive a solution
for A near the first eigenvalue A;. In proving Theorem 1.1 we avoid the use of the anti-
maximum principle in creating a crucial subsolution. Thus we avoid this above restriction
on f for small 4 which seems unnatural when we look for positive solutions for large A.
In Theorem 1.1 we establish a subsolution by analyzing an appropriate power of the first
eigenfunction of the —A,, with Dirichlet boundary conditions.

Also recently in [13] the Logistic equation with constant yield harvesting was studied
via an anti-maximum principle in the case when a(x) is a positive constant equal to A,
(> A1) throughout Q. But in the case of Theorem 1.4, since we allow a(x) to be negative
near the boundary, the idea in [13] fails. Again we use an appropriate power of the eigen-
function to create the crucial subsolution needed to establish Theorem 1.4. We will prove
Theorem 1.1 in Section 2 and Theorem 1.4 in Section 3.

2. Proof of Theorem 1.1

Here note that g(x,u,c) = A f(u) — c where f satisfies (A1). Let Ay, ¢1, §, m, 0, and Qs be
as described in Section 1.
We now construct our positive subsolution. Let v := ((p — 1)/p)r¢?! et (Note that

lyllw <7.) Then Vy = r¢}/"’*”v¢1 and v will be a subsolution if
J V[P 2Vy - Viwdx < J Af(y) = clwdx, Vwe W. 2.1)
Q Q
But

J |V1//|P’2V1//-dex:rpflj |V¢1|‘D_2¢>1V¢>1-dex
Q Q
=r1’_1[J |V¢1|P72V¢1'V(¢1w)dx—J |V¢1|pwdx]
Q Q

=rp! J;) [/\1(/){) — | V¢ |P]wdx.
(2.2)

Now rp’l[/\l(p‘i7 —|V¢1|P] < —mrP~! in Q5. Hence if ¢ < ¢g = mrP~! then rP’l[)tlgbf -
[V |P] < [Af(t_p) —¢] in Qs, since f(y) =0
Next in Q — Qg, 27 [A1¢) — |V, [P] < A, 727! while

Af(y)—c=Ada—c, (2.3)

wherea =inf{f(s) | ((p — 1)/p)ra?/ P~V <s < ((p—1)/p)r}. Henceif A > 1* = (A;rP~! +
¢)/a then in Q — Qs,

P gl = Ve ] <Af(y)—c (2.4)

Hence if ¢ < ¢y and A = A* then (2.1) is satisfied and v is a subsolution.
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We next construct a super-solution ¢ such that ¢ > y. Let ¢ := Mg, where ¢ € C'(Q)
is the solution of

—-A =1 inQ,
oo (2.5)
¢o=0 onoQ.
Now ¢ will be a super-solution if
J |V¢|P*2V¢-dexzj [Af(¢) —clwdx, VYwe W. (2.6)
Q Q

But [oIV$IF2Ve - Vwdx = MP~! [ywdx > [o[Af(¢) — c]wdx, provided MP~! > A
supyo, f(s) := M(A) (say). That is, if M > (M(L))Y(-1) 1 then (2.6) is satisfied and ¢ is
a super-solution. Since ¢y > 0 in Q and d¢/dn < 0 on 9, we can choose M large enough
so that ¢ > y is also satisfied. Hence Theorem 1.1 is proven.

Remark 2.1. We have, in the proof of Theorem 1.1, an explicit expression for both ¢, (Q, )
and A*(Q,r,c¢).

3. Proof of Theorem 1.4

Here note that g(x,u,c) = a(x)u?~! —u’~! — ch(x). Let Ay, ¢1, m, 0, 8, ag, 4, and Qs be as
described in Section 1.

Let y = s¢P P~ \here ¢ will be chosen small enough later. (Note that |yl < e.)
Then y will be a subsolution if

J |Vy|P2Vy - Vwdx < J [a(x)y? ! =y’ ! —ch(x)wdx, VweW. (3.1)
Q Q

Using a calculation similar to the one in the proof of Theorem 1.1, we have

_ o P p P
L)WI//V’ Vy - Vwdx = ¢? 1(F> JQ [/11951 AL ]wdx. (3.2)

Hence inequality (3.1) will be satisfied if both

p-1
eP! (%) (—m) < —ue' — &' —¢ (considering Qs), (3.3)

p-1
spfl<%> Mol < age? '¢? —e'! — ¢ (considering Q \ Q) (3.4)

are satisfied. Note that since u < m(p/(p —1))?~! inequality (3.3) will be satisfied if

(y-p)

£<a1—{m(ﬁ)p_l—//l){ >

. (3.5)
csa(e):epl{m<ﬁ) —y—eyp}.
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Note that ¢ (¢) > 0. Similarly, since ag > (p/(p — 1))?~ A, inequality (3.4) will be satisfied

if
_ 1/(y=p)
(2N L
ssaz[{ao (p—l) A1}0:| >
P\
CSEz(S):SP_l[{ao—<ﬁ> /\1}01’—6)’_1’].

Note that &;(¢) > 0. Choose a = min{a;,a,} and ¢ = a/2. Then simplifying, both ¢ (¢)
and ¢, (¢) are greater than (a/2)?"![2Y7F — 1]. Hence if ¢ < (a/2)Y1[2Y7P —1] = ¢1(Q, a9, )
then v is a subsolution.

We next construct a super-solution ¢ such that ¢ > y. Let ¢ := M¢, where ¢y € C'(Q)
is the solution of (2.5). Now ¢ will be a super-solution if

(3.6)

JQ IVoIP2V - Vwdx > J;) [a(x)p?P~ ! — ¢ 1 —ch(x)|wdx, VweW. (3.7)

But [ VP2V - Vwdx = MP~! [ wdx > [ [a(x)pP~! — ¢?~! — ch(x)]wdx, provided
MP1> SUp[o4] [lallwsP™t = s771] := M, (say) where k = ||a||l§(y"’). Thatis, if M zMi/(Pfl)
then (3.7) is satisfied and ¢ is a super-solution. Since ¢y >0 in Q and d¢y/0n < 0 on
0Q), we can choose M large enough so that ¢ > v is also satisfied. Hence Theorem 1.4 is
proven.

Remark 3.1. We have, in the proof of Theorem 1.4, an explicit expression for c; (€2, a, ).
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