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Abstract

Given Q) bounded open regular set of R? and X1, X2, ., Xm € Q, we give a sufficient
condition for the problem

—div (*Vu) = p*f(u)

to have a positive weak solution in Q with u = 0 on &), which is singular at each x;
as the parameters p, A > 0 tend to 0 and where f(u) is dominated exponential
nonlinearities functions.
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1 Introduction and statement of the results
We consider the following problem

—div(a(u)Vu) = p*f(u) in Q 1)

u = 0 on 0%,

where V is the gradient and Q is an open smooth bounded subset of R? The func-

tion a is assumed to be positive and smooth. In the following, we take a(x) = ¢** and f
() = (" + ™), for L > 0 and v € (0, 1), then problem (1) take the form

—Au—AlVul? = p?(e*+e")in QCR? 2
u = 0 on 0dQ.
Using the following transformation
w= ()LpZeu))Ll
then the function w satisfies the following problem
s y—1
—Aw=w r +Qw)n in QC'RZ (3)
w=(rp?)" on 3.
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with p = (4p%)'*. So when A — 07, the exponent g = ’\Xl tends to infinity while the

exponent V;1 tends to -eo. For p = 0, problem (3) has been studied by Ren and Wei in
[1]. See also [2].
We denote by ¢ the smallest positive parameter satisfying

2
2 8¢

B (1 +82)2-

(4)

Remark that p ~ ¢ as ¢ & 0. We will suppose in the following
(A)) : If 0<e<i then A"2¢% 50 as A — 0, foranys € (0, 1).

In particular, if we take A = O(¢%3), then the condition (4,) is satisfied. Under the

assumption (A,), we can treat equation (2) as a perturbation of the following:
—Au=p*(e"+e") inQcR?

for ye (0, 1).

Our question is: Does there exist v,; a sequence of solutions of (2) which converges
to some singular function as the parameters ¢ and 4 tend to 0?

In [3], Baraket et al. gave a positive answer to the above question for the following
problem

—Au — A|Vu)? = p2etin Q
{ [Vul* = p 5)

u=0 on 092,

with a regular bounded domain Q of R* They give a sufficient condition for the pro-
blem (5) to have a weak solution in Q which is singular at some points (x;)1<;<,, as p
and A a small parameters satisfying (A,), where the presence of the gradient term
seems to have significant influence on the existence of such solutions, as well as on
their asymptotic behavior.

In case A = 0 the authors in [4] gave also a positive answer for the following problem

—Au=p?(e*+e’)in Q C R? ©)
u=0 on 0%2,
for ye (0, 1) as p tends to 0. When A = 0 and y = 0, problem (2) reduce to
—Au=p?e*in Q C R? @)
u=0 onoadS.

The study of this problem goes back to 1853 when Liouville derived a representation
formula for all solutions of (7) which are defined in R?, see [5]. It turns out that, beside
the applications in geometry, elliptic equations with exponential nonlinearity also arise
in modeling many physical phenomenon, such as thermionic emission, isothermal gas
sphere, gas combustion, and gauge theory [6]. When p tends to 0, the asymptotic
behavior of nontrivial branches of solutions of (7) is well understood thanks to the pio-
neer work of Suzuki [7] which characterizes the possible limit of nontrivial branches of
solutions of (7). His result has been generalized in [8] to (6) with y < }‘, and finally by
Ye in [9] to any exponentially dominated nonlinearity flzz). The existence of nontrivial
branches of solutions with single singularity was first proved by Weston [10] and then
a general result has been obtained by Baraket and Pacard [11]. These results were also
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extended, applying to the Chern-Simons vortex theory in mind, by Esposito et al. [12]
and Del Pino et al. [13] to handle equations of the form -Au = p?V(x)e” where V is a
nonconstant positive potential. See also [14-16] wherever this rule is applicable. where
the Laplacian is replaced by a more general divergence operator and some new phe-
nomena occur. Let us also mention that the construction of nontrivial branches of
solutions of semilinear equations with exponential nonlinearities allowed Wente to
provide counter examples to a conjecture of Hopf [17] concerning the existence of
compact (immersed) constant mean curvature surfaces in Euclidean space. Another
related problem is the higher dimension problem with exponential nonlinearity. For
example, the 4-dimensional semilinear elliptic problem with bi-Laplacian is treated in
[18] and the problem with an additional singular source term given by Dirac masses is
treated in [19] in the radial case. The results in [18,19] are generalized to noncritical

points of the reduced function, see [20].
We introduce now the Green’s function G(x, x") defined on Q x Q, to be solution of

{ —AG(x,x') =878y in Q C R?

G(x,x)=0 on 92

and let H(x, ") = G(x, ') + 4log |x - &’|, its regular part. Let m € N, we set

m
Fx1, .00, %m) = ZH(xj, x) + Z G(xi, x7) (8)
j=1 i
which is well defined in (Q)"” for x; # «; for i # j. Our main result is the following
Theorem 1 Given B e (0, 1). Let Q an open smooth bounded set of R?, A > O satisfy-
ing the condition (A;), ye (0, 1) and S = {xy, ... x,,} © Q be a nonempty set. Assume
that, the point (x1, ..., x,,) is a nondegenerate critical point of the function

m
Flxr .. xm) = Y H(x,x) + Y Glxi,x5)  in ()",
=1 i
then there exist &y > 0, Lo > 0 and {v&l}gjij%afamily of solutions of (2), such that
m
lim ves = ) Glx,-) in Col (@ = {x1, . %)),
A—=0 ]‘:1

One of the purpose of the present paper is to present a rather efficient method: non-
linear Cauchy-data matching method to solve such singularly problems. This method
has already been used successfully in geometric context (constant mean curvature sur-
faces, constant scalar curvature metrics, extremal Kihler metrics, manifolds with spe-
cial holonomy, ...) and appeared in the study [18] in the context of partial differential
equations.

2 Construction of the approximate solution
We first describe the rotationally symmetric approximate solutions of

—Au—A|Vu? = p(e" + ') )
in R* which will play a central role in our analysis. Given & > 0, we define

ug (x) := 2log(1 + &%) — 2log(&? + |x|?) (10)
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which is clearly a solution of
—Au = pZet. (11)

in R% Let us notice that equations (11) is invariant under dilation in the following
sense: If v is a solution of (11) and if z > 0, then v(z -) + 2logz is also a solution of (11).
With this observation in mind, we define for all 7 > 0

U - (x) == 2log(1 + &%) + 2log T — 2log(e” + |tx|?). (12)

2.1 A linearized operator on R?
For all ¢, 7, A > 0, we set

Rep:=tr.,/e  where 1., := max(e207) 792 /), /e). (13)

for 6 € (0, 1). We define the linear second order elliptic operator

8

L:=—-A-— )
(1 +1x]?)

(14)

which corresponds to the linearization of (11) about the solution #; (= u, - , - 1)
given by (10) which has been defined in the previous section. We are interested in the
classification of bounded solutions of [_w = 0 in R*. Some solutions are easy to find.
For example, we can define

T 1—12
¢o(x) = 28,141(x) +1=2 ey
where r = |x|. Clearly L¢p = 0 and this reflects the fact that (11) is invariant under
the group of dilations 7 — u(z -) + 2 logz. We also define, for i = 1, 2

2x;
1+ |x)2

Pi(x) == —0yu1(x) =

which are also solutions of L¢; = 0. Since, these solutions correspond to the invar-
iance of the equation under the group of translations a — u(- + a). We recall the fol-
lowing result which classifies all bounded solutions of | w = 0 which are defined in R*.

Lemma 1 [11]Any bounded solution of | w = Odefined in R* is a linear combination
of ; fori =0, 1, 2.

Let B, denote the ball of radius r centered at the origin in R>

Definition 1 Given ke N, fe (0, 1) and u € R, we introduce the Holder weighted

spaces Clli'ﬂ (R?) as the space of functions w € Cl’:)f (R?) for which the following norm
—u/2
01l oy = 10lrags,y +sup (1 +2) " lwr Nigws s, )
r>1

is finite.
We define also

k,B
Crad, o

(R?) = {f € Ck#(R?); such that f(x) = f(Ix]), Vx € R?}.

As a consequence of the result of Lemma 1, we recall the surjectivity result of [L
given in [11].
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Proposition 1 [11]
(i) Assume that p > 1 and p & N, then

L.:CGP(RY) - (R

w — Lw
is surjective.
(ii) Assume that 0 > 0 and 6 ¢ N then

.28 2 0.8
L5 : Crad,é(lR ) - C’rad,572

w — Lw

R2)

is surjective.

We set 1_3’{ = By — {0}, we define

Definition 2 Given ke N, f e (0, 1) and pu € R, we introduce the Holder weighted
spaces C/]i/ﬂ (B%) as the space of functions in Cif (B%) for which the following norm

= —H . -
||u||C:i'ﬁ(B’l‘) TSSL}% (T ||U(T )||Ck'ﬂ(Bszl)) ’

is finite.

Then, we define the subspace of radial functions in Cg’g s(B}) by
ClB ((BY) = {f € Gy (R?); such that f(x) = f(Ix), Vx € B}
We would like to find a solution u of
Au+A|Vul? + p?(e" +e") = 0 (15)

in By, ,. By using the transformation, v(x) = u(‘x) + 4loge — 2log (t(1 +£°)/2), then
Eq. (15) is equivalent to

(16)

22(1-y) g4(1-y)
Av+A|Vv|2+2(e”+ ¢ .

((1+ sz)r)z(lf}’) ¢

in BRM' We look for a solution of (16) of the form v(x) = u;(x) + h(x), this amounts
to solve
8e4(1-7)

Lh = 9(h) = (1)) a2)

L (" —h— e+ AV (u+h)1* (17)

8
(1 +1x1?)

In Bg,,. We will need the following:
Definition 3 Given 7 > 1, ke o, Be (0, 1) and u € R, the weighted space Cﬁ'ﬂ (B;) is
defined to be the space of functions w € C*P(B:) endowed with the norm

llgroy = lwllcroqsy + sup (r (e, -,
1<r<r

For all 0 = 1, we denote by £, : (,’2"3 ( BU) — Cg'ﬂ (R?) the extension operator defined by

f(x) for |x| <o
&0 (f)(x) = X(le)f<a Iil) for W <o, (18)

(o2
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where t a y(¢) is a smooth non-negative cutoff function identically equal to 1 for ¢ <
1 and identically equal to O for ¢ > 2. It is easy to check that there exists a constant ¢

= ¢(u) > 0, independent of ¢ > 1, such that
|lex (W)”Cﬁ:ﬂ([Rz) = C”w”Cﬁlﬂ(Bg)- (19)

We fix 0 € (0, 1) and denote by Gs to be a right inverse of s provided by Proposi-
tion 1. To find a solution of (17), it is enough to find a fixed point %, in a small ball of

Crza,g,é R?), solution of
I = 8(h) = Gs 0 & o N(h). (20)

We have

884(1_7)

N(0) = A|Vu;|?> — .
© Y ()02 )

This implies that given x > 0, there exist ¢, >0 (only depend on k), such that for ¢ €

(0,1) and |x| = r, we have

P23 90(0) 720 (v 2 ety
sup < sup r° Uy~ +
r<Re; r<R.; ((1+82)1)*I(1 + |x]2)*

<G (A + max{g?177), g2+3y 20 }) .

Making use of Proposition 1 together with (19), we conclude that

||h||ci{g,5(w) < 2CKT§,A- (21)

Now, let 43, hy such that [|hi]] < ZCKrflA in Crza’dﬁa([Rz), then for 6 € (0, 1 - r] we have

sup 278 |9 (hy) — R(h)|

T=Re,.

<cesup P01+ x2) 2 e — e by — hz‘ +Ceh sup 20|V (uy + o) 2 = |V(up + hp)?)
T=Re T=Rq

+6, sup r2770(1 + |x\2)’2”\e’/}” — e’
<R

4(1—- 248 ,.—2-8
< max{e ( y)/ e Ten }||h2 - hlllcigyg([}?z) + CK)"HhZ - hlllc’zﬂvgﬁ(RZJ

4(1— 2 -2
+¢ max{e? "), ¢ o i —hlllczarga([RZ).

Similarly, making use of Proposition 1 together with condition (4,) and (19), we con-
clude that given x > 0, there exist ¢, > 0, 1,, > 0 and ¢, > 0 (only depend on k) such

that

||R(h2) - N(hl)”Crza'g,s(Rz) = Exff,xﬂhz - h1||crza'§,5(kz)' (22)

Reducing A, > 0 and ¢, > 0 if necessary, we can assume that, ¢, T;A < ; forall A e
(0, 1,) and ¢ € (0, &,). Then, (21) and (22) are enough to show that # —» X is a con-
traction from {h Ecé’dﬁ'a(ﬂ?z) F Rl gy = 2¢,12,} into itself and hence has a
unique fixed point % in this set. This fixed point is solution of (20) in BRM. We sum-

marize this in the:
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Proposition 2 Given 6 € (0, 1 - Y] and k > 1, then there exist ¢, > O (independent of
¢ and A) and a unique h € Cé{’ga([Rz) with “h“Cfa'fa([Rz) < 2¢c1?, such that

v(x) = uq(x) + h(x)
solves (16) in Bg_,.
2.2 Analysis of the Laplace operator in weighted spaces

In this section, we study the mapping properties of the Laplace operator in weighted
Holder spaces. Given xy, ..., x,,, € Q, we define x := (x1, ..., x,,,)

Q*(x) = Q@ — {x1, ... %},

and we choose 7y > 0 so that the balls B;,(x;) of center x; and radius ry are mutually
disjoint and included in Q. For all r € (0, rp), we define

Q(x) == Q — U, B,(x:).

With these notations, we have:
Definition 4 Given ke R, B € (0,1) and v € R, we introduce the Holder weighted

space Cf’ﬁ(Q*(X)) as the space of functions w € Clif (Q*(x)) for with the following norm

m
0l ey = W0llctnqay )+ D sup (7 (i + )l ks s
i-1 0<r=<r9p2

is finite.

When k > 2, we denote by [Cllf’ﬂ(ﬁ*(x))]o be the subspace of functions
we C"f'ﬁ(Q*(x)) satisfying w = 0 on Q. We recall the

Proposition 3 [21]Assume that v < 0 and v ¢ 7, then

Lo [GH@@) — CAH(QX)
w — Aw

is surjective. Denote by G a right inverse of L,.

Remark 1 Observe that, when v < 0, v & Z, the right inverse even though is not
unique and can be chosen to depend smoothly on the points x1, ..., x,, at least locally.
Once a right inverse is fixed for some choice of the points xy, ..., X, a right inverse
which depends smoothly on some points Xy, ..., %y close to x4, ..., x,, can be obtained
using a simple perturbation argument. This argument will be used later in the non-
linear exterior problem, since we will move a little bit the points (x;).

2.3 Harmonic extensions
We study the properties of interior and exterior harmonic extensions. Given
@ € C¥P(S') and define H' (=H' (¢; -)) to be the solution of

i_ .
{AH =01in B; (23)

H' = ¢ on 8B,

We denote by e, e, the coordinate functions on st

Page 7 of 17
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Lemma 2 [21]If we assume that
/ @dvgt =0 and / peidvg =0 for £=1,2 (24)
st st

then there exists ¢ > 0 such that
H (9 2o iy < € llgllcansny.

Given ¢ € C?#(S'), we define H(= H?(¢; -)) to be the solution of

(25)

AH¢=0in R? — B,
H® = ¢ on dB;

which decays at infinity.
Definition 5 Given ke N, B e (0,1) and v e R, we define the space C\’f"f’([R2 —By)as
the space of functions w e C** (R? — By) for which the following norm

loc
—v
||w||C€’ﬂ(IR2fBl) = Sr1>111) (T ||w(r.)||C5'ﬂ(B2fBl)> ’

is finite.

Lemma 3 [21]If we assume that
/ @dvgt = 0. (26)
Sl

Then there exists ¢ > 0 such that
IH(, 5 Mle2sga_p,y < cll @llcass-

If F < L*(SY) is a space of functions defined on S', we define the space F, to be the
subspace of functions F of which are L*(S") -orthogonal to the functions 1, ej,e;. We
will need the:

Lemma 4 [21]The mapping

P CH(SY), - CY(SY),
" > 9.H — §,H°

where H(= H' (y; -)) and H® = H(y; -), is an isomorphism.

3 The nonlinear interior problem
We are interested in studying equations of type

Aw + A|Vw|? +2(e" +e’") = 0. (27)

In BR@,A'

Given ¢ € C*#(S!) satisfying (24), we define
Vi= U+ Hi((p, /Re2) + h.

Then, we look for a solution of (27) of the form w = v + v and using the fact that H'

is harmonic, this amounts to solve
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Lv:=6(v) = 8 zeh (e”i(“’"/RM)*” —v— l) + 8 ) (eh — 1) v
(1+72) (1+712)

+ M V[up + H (@, -[Rey) + h+ V]| — AV (uy + h)|? (28)
854(177)

vh ( yH (@, [Rep)+yv _
TR L ).

We fix u € (1,2) and denote by G, to be a right inverse of L, provided by Proposi-
tion 1. To find a solution of (28), it is sufficient to find y ¢ Cﬁ'ﬁ ((R?)) solution of

v=G,0&, 06(). (29)

We denote by N (= N;,z,) the nonlinear operator appearing on the right-hand side
of equation (29).

Given k > 0 (whose value will be fixed later on), we further assume that the func-
tions ¢ satisfy

llpllcansy < kT2, . (30)

Then, we have the following result
Lemma 5 Given > 0. There exist ¢, > 0, A, > 0, ¢, > 0 and ¢, > O(only depend on
k) such that for all A € (0, A,)) and ¢ € (0, &)

IIN(O)IICE,ﬁ(BRM) <6l
and

2
||N(U2) - N(Ul)”Ciﬂ(BRE/;L) = Ce 7‘s,}\“Uz — U “Ci’ﬁ(BRg,x)

provided vy, v, € CoP (R2)satisfying ||Vill c26 (gey < 2672 .

Proof. The proof of the first estimate follows from the asymptotic behavior of H'
together with the assumption on the norm of boundary data ¢ given by (30). Indeed,
let ¢, be a constant depending only on x (provided ¢ and A are chosen small enough)
it follows from the estimate of H', given by lemma 2, that

i -2 2
||Hl( . /Rs,k)”cgrﬁ(ng) = CKRg'A_ llollcas < cce”.

Since for each x € Br. ,, we have

s

e1+)/2 5 0asetendsto 0, forr,, = /e,
Ih(x)| < cer2?e™ < § 212670 — 0 as A tends to 0 by (A;), forr; = VA,
g2077) — 0 as e tends to 0, for 7, = e2(177)=9/2,

where 6 € (0, 1 - 7). Then

H(l A1) 72 (eHi(w/Rg,k) _ 1) 2

< Cc€”.
0.8 (7 — K
Cu—z(BRs,A)

On the other hand, using the condition (A;), we have
A sup 27|V +Hi(go, /Re;) +h]I* < c,crf,l,
<R,

A sup *H|V[ug +h]1? < cerl,
T<R;,
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and
4(1- .
H 8e(17v) erh (eVH‘Ww/Rs,ﬂ -1
2(1- 2
((1 +¢&?)7) ( y)(l +1x|2) v cgfz(Bngl)

< gt <2,

Making use of Proposition 1 together with (20), we get
2
||N(O)||Cﬁ"’(BRE,A) < Ty (31)

In order to derive the second estimate, we use the fact that, for y;,v, € Cﬁ'ﬂ(l]?z)
satisfying |[villc26 g2y < 2¢,12, for i = 1,2, y € (1,2) and the condition (A,), then there

exist ¢, >0 (only depend on «) such that

sup 27 |S(v2) — &(vy)]

T=<Re,.
2 2
< Gelgyllva — Vl”(jirﬂ([Rz) + e va — vl”c‘i'ﬂ([RZ) + 6Ty, V2 — Ul”Cﬁ'ﬁ([RZ)'

Similarly, making use of Proposition 1 together with (19), we conclude that there

exists ¢, > O (only depend on x) such that
||N(V2) - N(Ul)Hci'ﬁ(BRE,A) <G T‘ZI)L [lv2 — Ul”Cﬁ'ﬂ(BRM)' (32)

[}

Reducing A, > 0 and ¢, > 0 if necessary, we can assume that, ¢, rik < ; forall A e
(0, A,.) and ¢ € (0, ¢,). Then, (31) and (32) are enough to show that v~ AN (v) is a
contraction from {v € Ci’ﬁ(ﬂ?z) : ||v||clz‘,ﬁ([Rz) < ZCKr;A} into itself and hence has a

unique fixed point v(= ¥s,,) in this set. This fixed point is solution of (20) in R> We
summarize this in the following:

Proposition 4 Given r >0, there exist ¢,, >0, A, >0 and c,, >0 (only depending on k)
such that for all ¢ € (0, ¢, ), L € (0, A,.) satisfying (A), for all t in some fixed compact
subset of [t -, "] € (0, ) and for a given ¢ satisfying (24)-(30), then there exists a
unique V(:= Vg r o )solution of (29) such that

w:=up + Hi(tp, JRep) + h+ Ve r g
Solve (27) in BRM. In addition,
||v||Cﬁ'ﬁ([R2) <2¢ rf[)b-

Observe that the function v(:= v, ) being obtained as a fixed point for contraction

mappings, it depends continuously on the parameter 7.

4 The nonlinear exterior problem
Recall that G(-, X) denote the unique solution of
—AG(-,X) = 87 &3
in Q, with G(+,X) = 0 on 0Q. In addition, the following decomposition holds

G(x, x) = —4 log|x — x| + H(x, X)
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where x — H(x, X) is a smooth function. Here, we give an estimate of the gradient of
H(x, ) without proof (see [14], Lemma 2.1), there exists a constant ¢ >0, so that

[IVH(-, %)|loo < cd(%,02)7".

Let X := (X1,...,%n) close enough to x := (%1, .., %,,), 7 := (7',

.., @™) € (C*¥P(S))™ satisfying (26). We define

m
V=) (1+0)G(E
i=1

.., ™) € R™ close to
0 and ¢ := (¢!, .

)+ D (- = F)H@ (- = )/e,0)- (33)
i=1

where Xr, is a cutoff function identically equal to 1 in By,/2 and identically equal to 0
outside By,
We would like to find a solution of
Av+ AV + p?(e’ +e"") =0 (34)

in Q. (%) := Q —U",B,,, (%) which is a perturbation of . Writing v = ¥ + 7. This
amounts to solve

— AT = p2(e™ + V) L AV (T + D)) + AT
We need to define some auxiliary weighted spaces:
Definition 6 Let 7 € (0,19/2), k€ R, B € (0, 1) and v e R, we define the Holder

weighted space Cff'ﬂ({zF (x)) as the set of functions w € C*F(Q;(x)) for which the follow-
ing norm

m
||W||C:jﬂ(§2?(x)) = ||W||C}z,ﬂ(Qr0/2 (X)) + Z Sup <1‘7U ||w(x1- +r')||c}"ﬂ(32*31)> .
i-1 re(r,r0/2)

is finite

Forall o e (0, ro/2) and all Y = (yy, .., y,,) € Q" such that ||X - Y || < ro/2, where X
= (%1, ..., %,,), we denote by

oy 1 O (0 (V) = CYF(QF(Y)),

the extension operator defined by &, y(f) = f in Q, (Y)

Eox () (i +) = X ('ﬁ')f@ e |i|>

for each i = 1, .., m and Sgly(f) = 0 in each By (y;), where t — j(t) is a cutoff func-
tion identically equal to 1 for ¢ > 1 and identically equal to O for ¢ < 1/2. It is easy to
check that there exists a constant ¢ = ¢(v) >0 only depending on v such that
10,y (W)lleor (@ (vy) = € 1Wlleor (@, vy

(35)
We fix

ve(-1,0)

and denote by G, : Cgfz(ﬁ*(fg)) — CFP($*(%)) a right inverse of A provided by Pro-
position 3 with Q*(%) = Q — (%1,

,%m}. Clearly, it is enough to find § e C2* (Q*(%))
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solution of

=G ol x (p2 (ev+a " eﬁw") FAVE D) + A\?) =G, o0&, soW(D). (36)
where

5i(7) = p (eM . emﬂ) LAV + D)2 + AT
We denote by N(= /\78,1?5(,@) the nonlinear operator which appears on the right hand

side of Eq.(36). Given k > 0 (whose value will be fixed later on), we assume that the

points X=(%y,...,%,), the functions ¢=(§',...,¢") and the parameters
=" ..., 7™) to satisfy

|Xi — xi] < KTe, (37)

1§ lc2(sy < & T2y (38)
and

17 <«rl,. (39)

Then, the following result holds
Lemma 6 Given k >0, there exist ¢, >0, A, >0, ¢, >0 and ¢, > O(depending on k)
such that for all e € (0, ¢, ), L € (0, 1,)

N (0)lg26 6z < G Ton
and
||N(f/2) — ./\7(171)| |Cfﬁ(Q*(i)) < ¢ 7';)L | |172 - 1~/1 | |Cfﬂ(§z*(i))

provided 1,7, € CF* ($*(X))and satisfy Wil 02 (e )y < 26 2
Proof: Recall that N(#) = G, o (7)), we will estimate A/(0) in different subregions of
O (R).
* In By, (X;), we have x;,(x — %) = 1, A¥ = 0 and
|H (@i (x — Xi)fre)| < k20! (40)

so that

m
9(0)] < cee?lx — & M) [T o — & 40
0=1,6i
. m
v lr— &[0T TT fx— & =704 4 2 v
=104
< cee2r ) (1 + 7)Yt + (14 7)) IVH(x, B)| + |VHE(G (- — %)/1:0)] |2
< el ) Lo A (L+ 7Y + (1+7) logr + rszlkr_z)z.
Hence, for ve (- 1, 0) and for 7! small enough, we get

||§)~i(0)||co,ﬁ (B () S Sup rzf"liﬁ(O)| < c,((szr;k2 + G
v Tep <T<10/2
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* In Q — By, (%;), we have x,(x — X%;) = 1 and A¥ = 0. Thus

m
IR0)| < cee? l_[e(“;’[)c(x"?‘) +eh((L+7)r "+ (1+7") logr + rf/xr_z)z.
=1

So, for ve (- 1, 0), we have

T 2—v 5 2
IRCONleos, @-up ey = SUPT™IR(O)] = €™ + G

* In By, (%) — Bryj2(%i), using the estimat (40), then we have

9?(0)’ < g2 1) ch((l + ﬁ“)r_1 +(1+ ﬁi) logr + rf,xr_z)2

Ay (6 = ) H (G (x = Xi)/1e))
i=1

§CK(82+CKA((1+ﬁi)r +(1+7)]logr +1? 25T 2)2+r_1r§,l,

where
[A, xrJw = Awxr, + WA Xy, + 2VW - V.
Then

T 2—v N 2
IIE}t(O)IICSﬂ(Uml(BrU(xl) BpG)y) S SUP T IN(0)] < cerg; +Ceh

T0/2<r=r0
So,
IR0 leos, (o, )y = G Ton (41)
Making use of Proposition 3 together with (34), we conclude that
IV (0)ll 2 (g < CeTon (42)

For the proof of the second estimate, let 7; and 7, € Cf/s(fz*(i)) satisfying
1Bill c26 (- (zy) < 26cT2; for i = 1,2, we have
IR(D2)=R(01)| < cee?e” e —e" |+cee?e?¥ e —e" T |+ [|[V(F + )2 — V(¥ + 171)|2‘ .
Then for ye (0,1), we get
R(y) — R(@)| < ceelx — x| 72 |5y — 51| + AV (5 — 1) I(IV (B2 + 51)| + 2| V)
< 6eer M 5y — 5| 4 6 AV (B — 0)|(IV (B2 + 1) + 2 V).

So, for 7' small enough and using the estimate (35), there exist ¢, (depending on & ),
such that:
IN(52) = N (00)lle26 (00 < G T | 92 = 1l 260 (43)
o
Reducing A,, > 0 and ¢ ,. > 0 if necessary, we can assume that, ¢, “ 1 for all A
(0, A.) and ¢ € (0, ¢,). Then, (42) and (43) are enough to show that 7 j\/(v) is a

contraction from {V € Cf’ﬁ(ﬂ?z) : IIﬁllcg,ﬁ(Rz) < 2¢r “} into itself and hence has a
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unique fixed point U(= Vs,r,) in this set. This fixed point is solution of (35). We sum-
marize this in the following

Proposition 5 Given k >0, there exists ¢, > 0 and A,. > 0 (depending on k) such that
forall e e (0, &,) and A € (0, A,.), for all set of parameter jisatisfying (39) and function
@ satisfying (26), there exists a unique V(= U 5%) solution of (36) such that

5 = 2
||U||C§,ﬂ(9*(x)) < 2CK rg,)‘,'

As in the previous section, observe that the function v(:= 7,5 %) being obtained as a
fixed point for contraction mapping, depends smoothly on the parameters 77 and the

points x.

5 The nonlinear Cauchy-data matching

Keeping the notations of the previous sections, we gather the results of Proposition 4
and 5. Assume that X := (X1,...,%,) € Q" e Q" are given close to x := (xy, ..., x,,) and
satisfy (37). Assume also that 7 := (7, ..., 7,,,) € [t ,, T ']” € (0, =)™ are given (the
values of 7 and 7 * will be fixed shortly). First, we consider some set of boundary data
@ = (¢l ....9™) € (C*P(S!))™ satisfying (24). We set

R;A = TiTe 5 /€.
According to the result of Proposition 4, we can find v/, a solution of

Av+ AV + p?(e" +e"") =0 (44)
in each B;,, (¥;) that can be decomposed as

Ving (%) = Ve, (1= %) + (R, ; (x—5)/1e,0) + H' (' (1= %)/ Te1) + Do, 0 (R (= i) [ 7,2),
where the function v = 7, i satisfies

11l 2 ey < 266725 (45)

Similarly, given some boundary data ¢ = (¢?,...,@™) € (C*#(S!))™ satisfying (26),
some parameters 7j := (7!,...,7™) € R" satisfying (38), provide ¢ € (0, ¢,) and A € (0,
A.), we use the result of Proposition 5, to find a solution v,,, of (43) which can be
decomposed as

m m
Ver = D (14 7)G(o %) + D o (- = ) HA(G'; (- = i) [1e) + Deig
i=1

i=1
in Q,, , where, the function i(:= 7, 7z 5) € CHP(§%(%)) satisfies
||'~}||c§rﬁ(§2*(§)) < 2¢ rgzl)\,' (46)

It remains to determine the parameters and the functions in such a way that the
function which is equal to v/ in U, B, (X;) and that is equal to vey in Q; (X)) is a
smooth function. This amounts to find the boundary data and the parameters so that,
foreachi=1.,m

Vine = Vext  and 9V = Orlext, (47)
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on 3B, (X;). Assuming we have already done so, this provides for each ¢ and A small
i

enough a function v,; € C*# (which is obtained by patching together the functions v} ,

and the function vey) solution of -Av - 4 |Vv|? = p* (e + €") and elliptic regularity
theory implies that this solution is in fact smooth. This will complete the proof of our
result since, as ¢ and A tend to 0, the sequence of solutions we have obtained satisfies
the required properties, namely, away from the points x; the sequence v,; converges to
> G(-, x;). Before we proceed, the following remarks are due. First, it will be conveni-

ent to observe that the function Ve, can be expanded as

e21?
Ve, (x) = —2logt; — 4log x| + O | |’2 (48)
x
near 9B, ,. The function
m
> (1 +i)Glx &)
=1

which appear in the expression of v,,, can be expanded as

m
D (1 +i")Glx+ &, %) = —4(1 +77') log x| + Fi(%: %) + VF(%: %) -x + O(r2,) (49)

£=1

Near 9B, , (X;). Here, we have defined

Fil%;+) = H(Xi, ) + Y G(Ee, ).

]

Thus for x near 9B;, ,, we have

(Vipe — Vext) (%) = —2log 7; + 4ﬁi log |x — xi| + h(Ri% (x —Xi)/1e,2)
+ H'(¢'; (x = %i)/rep) — HO(@'; (x = %) /re0)

m 2_[_—2
— ((1 + OH(x, %) + Z (1+ ;IZ)G(x,J?g)) +0 (lj—lﬁmz) +0(r2,)

=1+

0=1,6i

= —2logt; + 47 log |x| — ((1 + 7 H (R, %) + 2’": (1+7")G( 562)) (50)

2.2

+O(|x — 5Ci|2) +0 (Ij—riiciP) + O(rflk)
=—2logti + a7 logr,, — Fi(Xi, X) + O(e) + O(rgzlx)

=—2logt; + 4ﬁi logr,, — Fi(Xi, X) + (’)(TEZA)

where X = (X1, ..., Xm).
Next, in (47), all functions are defined on 9By, , (X;), but it will be convenient to solve

the following equations

(vfm — Vext)(&i + 75 ) =0 and  3((V), — Vext) (& + 7o 1)) = 0 (51)

int

on S'. Here, all functions are considered as functions of y € S' and we have simply
used the change of variables x = X; + 1,3y to parameterize 9B, , ().

Since the boundary data, we have chosen satisfy (24) and (26), we can decompose

¢ =g+l + 9"t and ¢ = @)+ @)+ gt
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where ¢}, @) € Eg =R are constant functions on st @', @ belong to
£, = ker(Agi + 1) = Span{ey, e} and where ¢'L, gL are L*(SY) orthogonal to Eq and ;.
Projecting the equations (51) over [ will yield the system

{ —2logt; + 47’ log e 5 — Fi(%i, X) + O(rz,)=0

e 52
47+ O(2) = 0. (52)

Let us comment briefly on how these equations are obtained. They simply come
from (51) when expansions (48) and (49) are used, together with the expression of H
and H° given in Lemma 2 and Lemma 3, and also the estimates (45) and (46). The sys-
tem (52) can be readily simplified into

logr., [2log T + Fi(X,%)] = O(r2,) and 7' =O(12,).

We are now in a position to define 7 _and 7 * since, according to the above, as ¢ and 4
tend to 0 we expect that ¥; will converge to x; and that 7; will converge to 7" satisfying

2log 1 = —Fi(xi, x)
and hence, it is enough to choose 7 _ and 7 ™ in such a way that

2log(z-) < —sup Fi(xi, x) < —inf Fi(x;, x) < 2log(t™).

We now consider the L>-projection of (51) over E;. Given a smooth function f
defined in Q, we identify its gradient Vf = (8y,f, dx,f) with the element of [E;

2
V=) ofe
i=1
With these notations in mind, we obtain the equations
VFi(x;,%) = (’)(rgr}\) and ¢! = O(rgz/,\) (53)
Finally, we consider the L>-projection onto L*(S")". This yields the system

il ~il 2y _
{ 1) o+ O(rm) 0 (54)

O (H* —H )+ O(2;) = 0.
Thanks to the result of Lemma 4, this last system can be re-written as
€0i'L = O(T;A) and @i'l = O(Tsz,x)-
If we define the parameters t = (£;) € R” by

ti [2logt; + Fi(x;,x)], fori=1,---,m

B logr.,,
then, the system we have to solve reads
(t/ ﬁ/ ®o, (Z)Or P1/ (Z)ll 6*F.()’z’ X)’ (pJ_/ (‘ﬁl) = O(rg-,)»)’ (55)

where as usual, the terms O(rZ, ) depend nonlinearly on all the variables on the left
side, but is bounded (in the appropriate norm) by a constant (independent of ¢ and 1)
time nglk, provide ¢ € (0, ¢,) and A € (0, A,;). Then, the nonlinear mapping which
appears on the right-hand side of (55) is continuous and compact. In addition, redu-

cing ¢, and A, if necessary, this nonlinear mapping sends the ball of radius "rsz,,\ (for
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the natural product norm) into itself, provided « is fixed large enough. Applying

Schauder’s fixed Theorem in the ball of radius 72, in the product space where the

entries live yields the existence of a solution of Eq. (55) and this completes the proof
of our Theorem 1. O
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