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1 Introduction

Boundary value problems in nonsmooth domains have been studied in differential
aspects. Up to now, elliptic boundary value problems in domains with point singulari-
ties have been thoroughly investigated (see, e.g, [1,2] and the extensive bibliography in
this book). We are concerned with initial boundary value problems for hyperbolic
equations and systems in domains with conical points. These problems with the
Dirichlet boundary conditions were investigated in [3-5] in which the unique existence,
the regularity and the asymptotic behaviour near the conical points of the solutions are
established. The Neumann boundary problem for general second-order hyperbolic sys-
tems with the coefficients independent of time in domains with conical points was stu-
died in [6]. In the present paper we consider the Cauchy-Neumann (the second initial)
boundary value problem for higher-order strongly hyperbolic systems in domains with
conical points.

Our paper is organized as follows. Section 2 is devoted to some notations and the
formulation of the problem. In Section 3 we present the results on the unique exis-
tence and the regularity in time of the generalized solution. The global regularity of
the solution is dealt with in Section 4.

2 Notations and the formulation of the problem
Let Q be a bounded domain in R”, # > 2, with the boundary 0Q. We suppose that 0Q
is an infinitely differentiable surface everywhere except the origin, in a neighborhood
of which Q coincides with the cone K = {x : x/|x| € G}, where G is a smooth domain
on the unit sphere S”*. For each t, 0 <t < o, denote Q, = Q x (0, t), Q, = Q x {t}.
Especially, we set Q = Q..,, I' = 9Q\{0}, S = T x [0, +0).
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For each multi-index p = (py,..., p,) € N”, we use notations |p| = p; + ... + p,,

olrl
DP = . For a complex-valued vector function u = (i1 ,..., u;) defined on Q,
ax ..oy
. . . 1
du du u s
wedenoteDP:<DP ...Dp> wj= o=, ) = uil?)2 -
u ul’ ’ us ) %y aﬂ (aﬂr raﬂ )rl | (leljl)

Let us introduce the following functional spaces used in this paper. Let / denote a
nonnegative integer.
H' (Q) - the usual Sobolev space of vector functions u defined in Q with the norm

1

2
ol ey = /}:m%ﬁn <.
Q

Ipl=l

Hl—2 (F)— the space of traces of vector functions from H (Q) on I' with the norm

a1, = inf {1l v e HI(R), e = u}.
H 2

H" (Q, 7) (y € R)- the weighted Sobolev space of vector functions u defined in Q
with the norm

lulloq,y) = / Z |DPul*e ?"'dxdt | < oo.
Qppl=t

Especially, we set L,(Q, 7) = H(Q, 7).
H"' (Q, y) (ye R)- the weighted Sobolev space of vector functions u defined in Q
with the norm

2
Il () = / D I ul + ug ) | e dxde | < oo,
Q\pi=t

Vé,a(Q)' the closure of C°(£2\{0}) with respect to the norm

2
”u”vé/d(g) = Z/ r2(0t+|P|—l)|Dﬂu|2dx ,
Ipi<t”

1
where . _ x| = (ZL x,%) 2.
HL(Q) (a € R) -the weighted Sobolev space of vector functions u defined in Q with

the norm

2, 2
Il ey = | Y | PIDul’dx
pl<1 %
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1 1
If [ > 1, then Vi*z (F),H(l;z (I denote the spaces consisting of traces of functions

from respective spaces Vé/a(Q), H!,(22) on the boundary I with the respective norms

Ly = inf {1Vl (o) v € V3l (@),r = u},
5 ,
(r)
lul 1 =inf {IWligye) v e Hy(@),vlr = u).
2(r)

H(’;l(Q, v) (a, ¥ € R) - the weighted Sobolev space of vector functions u defined in Q

with the norm

lull g,y = / Z 2% DPul? + [ )? | e dx dt | < oo.
AV

From the definitions it follows the continuous imbeddings

v}, (Q) € HY(R) (2.1)
and
Vi (@) C Vi () (2:2)

for arbitrary nonnegative integers /, k and real number . It is also well known (see

[[2], Th. 7.1.1]) that if @ < —Z ora>I— ;’ then
V3, (Q) = H,(Q) (2.3)

with the norms being equivalent.
Now we introduce the differential operator

Lu=L(xt,Du= Y (=1)"D"(ay,D),
[pl1ql<m
where a,, = a,, (x, t) are the s x s matrices with the bounded complex-valued com-
ponents in Q. We assume that ap; = (—1)""*""(1;1, for all |p|, |g| < m, where ay, is the

transposed conjugate matrix to a,,. This means the differential operator L is formally
self-adjoint. We assume further that there exists a positive constant y such that

Z apg(x, )ngny = 1 Z |’713|2 (2.4)
[pl=lgl=m [pl=m
for all n, e C%, |p| = m, and all (x,t) € Q.
Let v be the unit exterior normal to S. It is well known that (see, e.g., [[7], Th. 9.47])
there are boundary operators N; = N; (%, t, D), j = 1, 2,..., m on S such that integration
equality

Gl 11/
/Luvdx ||%: /aqu"uDPvdx+ / Nju gyi-1 ds (2.5)
pligl=m

holds for all u, v € C*°(2) and for all £ € [0, ). The order of the operator N; is 2m -
jforj=1,2,.., m.
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In this paper, we consider the following problem:

ug+Lu= f inQ, (2.6)
Nu= 0 onS,j=1,...,m, (2.7)
Ulz0 = Uli=0 =0 on Q. (2.8)

A complex vector-valued function u € H™'(Q, 7) is called a generalized solution of
problem (2.6)-(2.8) if and only if u|, - ¢ = 0 and the equality

/ U7y dx dt + Z / apgDTuDPy dx dt = / fidx de (2.9)
Q ol lal<m*' Q Q
holds for all n(x, £) e H™'(Q) satisfying n(x, t) = 0 for all £ > T for some positive real

number 7.

3 The unique solvability and the regularity in time
First, we introduce some notations which will be used in the proof of Theorems 3.3
and 3.4. For each vector function u,v defined in QO and each nonnegative integer £,

1
2
[ulie = /XIID"uI2 x| (u,v)g=/u17dx.
Q

2 jpl=k

For vector functions u# and v defined in Q and 7 > 0, we set

1
|u|k,Q,:(/0 |u(~,t)|i,9dt)2, g, = (s Dl (@ 0)e, = ()00 7))es

ak T
Ba(t, 1, v) = Z / Adpq (-, ) Du(-, t)DPu(-, t) dx, Bl (uv) = / Bi(t, u,v) dt.
Q 0

k
Il lgl=m o

Especially, we set
B(t,u,v) =Bo(t,u,v) and B"(u,v) =B (uv).
From the formally self-adjointness of the operator L, we see that
B(t,u,v) = B(t, v, u). (3.1)

Next, we introduce the following Gronwall-Bellman and interpolation inequalities as
two fundamental tools to establish the theorems on the unique existence and the regu-
larity in time.

Lemma 3.1 ([8], Lemma 3.1) Assume u, o, 3 are real-valued continuous on an inter-
val [a, b], B is nonnegative and integrable on |a, b], o is nondecreasing satisfying

u(r) <a(r) + /rﬂ(t)u(t) dt foralla <t <b.
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Then
u(t) < a(r) exp </r B(1) dt) foralla<rt <b. 3.2)

From [[9], Th. 4.14], we have the following lemma.

Lemma 3.2. For each positive real number ¢ and each integer j, 0 <j <m, there exists
a positive real number C = C (Q, m, &) which is dependent on only Q, m and ¢ such
that the inequality

luliq < eluly,q + Clulgg (3.3)
holds for all u e H"(Q).
Now we state and prove the main theorems of this section.
Theorem 3.3. Let h be a nonnegative integer. Assume that all the coefficients a,,
together with their derivatives with respect to t are bounded on Q. Then there exists a
positive real number Yy, such that for each y >y, if f€ L,(Q, 0) for some nonnegative

real number o, the problem (2.6)-(2.8) has a unique generalized solution u in the space

H™ Q, v+ 0) and
14l (o) = CIF 1L 00 (3.4)

where C is a constant independent of u and f.

Proof. The uniqueness is proved by similar way as in [[4], Th. 3.2]. We omit the
detail here. Now we prove the existence by Galerkin approximating method. Suppose
{or};2; is an orthogonal basis of H(€2) which is orthonormal in L,(Q). Put

N
N 1) = Dy (D),
k=1

where (¢ ()}, are the solution of the system of the following ordinary differential

equations of second order:
W, o0e, + Bt uN, @) = (f,o)e., 1=1,...,N, (3.5)
with the initial conditions
ANO)=0, “d(0)=0, k=1,...,N. (3.6)

Let us multiply (3.5) by d'(1) 3, take the sum with respect to / from 1 to N, and inte-

grate the obtained equality with respect to ¢ from 0 to 7 (0 <7 < ) to receive
(g up Do, + B u®, ) = (F ) )g- (3.7)

Now adding this equality to its complex conjugate, then using (3.1) and the integra-
tion by parts, we obtain

|“tN|3,Q, + B(z,u™,uN) = BT (uN, uM) + 2Re(f, ul)q, . (3.8)
With noting that, for some positive real number p,

pluMlg g, = 2Re p(u, u)o,,

Page 5 of 18
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we can rewrite (3.8) as follows
N2 N N 2 N N
[u; o, +Bol(z, u,u™) + pluly g = Bi(u",u")

_ > apgDTuNDPuN dx + 2Re p(uN, uy) o +2 Re(f, 1) . (3.9)

bl lgl = m '
lpl +1q] < 2m —1

By (2.4), the left-hand side of (3.9) is greater than
2
|uf](-, T)|(§/Q + wluN(, t)|rzn/ﬂ +p ”“(" T)”o,sz :

We denote by I, II, III, IV the terms from the first, second, third, and forth, respec-
tively, of the right-hand sides of (3.9). We will give estimations for these terms. Firstly,
we separate [ into two terms

/ 1 N o g de v 3 / Y400 N Do g de = 1y + 1
ot t '

[pl=lql=m =< [l lgl=m = <%
Ipl+lal<2m—1

Put
dapq /
p=sup{l ", (o0l c fpl =gl =m (x)eQ  and m'=} 1.
[pl=m
Then, by the Cauchy inequality, we have
1
L = Z 2(|unN|%,Q, +IDPUNIS 0,) < ' luNlg o,
Ipl=lql=m
By the Cauchy inequality and the interpolation inequality (3.3), for an arbitrary posi-
tive number &;, we have

N2 N2
I, <é&ilu |mrQr + Cilu |01Qr’

where C; = Ci(¢;) is a nonnegative constant independent of ul, fand 7. Now using
again the Cauchy and interpolation inequalities, for an arbitrary positive number &,
with &, <y, it holds that

II < 82|HN(-, r)|,2n,Q + C2|uN(-, r)|§,g,

where C, = C,(g,) is a nonnegative constant independent of uN,fand 7. For the
terms /Il and IV, by the Cauchy inequality, we have

m'uy + €1

(n — &2)p?
I < W3 o, +

13
t 10,Q.
m'y + &1 n— & Q

and

1
N2 2
IV < eslu; [5, + 6 Iflo.q.-
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where ¢3 > 0, arbitrary. Combining the above estimations we get from (3.9) that
' (2 Dl + (1 = 22) (D)l + (p = CON (L T)lgq < (M + 1) w5,
(1 —&2)p? m + &1 1 (3.10)
+ (Cl + |”N|3,Qr + he +&3 |”i\]|(2),Qr *, 130, -
- 3

muy + &1 2

Now fix &;, & and consider the function

_ 2
Ci+ (M/ €2)p
mu +¢
gey= T forp= G
We have
p2 —2Cyp 1 2
d —2Cp — _
8 _ A with A = (M/ £2)p"
dp A(p — Cy) muy + €&

We see that the function g has a unique minimum at

C
Po = po(e1, &2) = C2+\/C% + Al-

We put

1 m/,ul +£&1

= inf , .

vo=, inf max{ h— ) 8(po)} (3.11)
Now we take real numbers ¥, 7; arbitrarily satisfying ¥ < <¥. Then there are posi-

tive real numbers ¢y, &, (&2 <u), p (p >Cy(ey, &) and &3 such that

(n— &2)p?
Ci(e1,82) +
m'iy + &1 i(e12) m'py + € (3.12)
+6&3 <2y; and < 2y1.
W — &) p —Ci(e1,62)

From now to the end of the present proof, we fix such constants ¢1, &5, €3 and p. Let
[|luN (-, 7)3|| stand for the left-hand side of (3.10). It follows from (3.10) and (3.12) that

T

N C )G < 2y1/ u( DI dt+C/ f( 0)I5q de forallT <0, (3.13)
0 0

1
where C = . By the Gronwall-Bellman inequality (3.2), we receive from (3.13) that
€3

T
NN G < Ce%/ (. 0)lgq di forallr > 0. (3.14)
0

We see that

T

/ f( )5 0dt = €7 / e f( D)5 q dt < &7 / le™'f (-, )15, dt.
0 0 0
Hence, it follows from (3.14) that

NN, IIE < Cez(’”‘*")’/ le™ " f (-, )13, dt < Ce*n*) | fort <0. (3.15)
0

T oo

Page 7 of 18
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-2(y+o)t

Now multiplying both sides of this inequality by e , then integrating them with

respect to 7 from 0 to oo, we arrive at
o 2
N1 20 1= / e 2N, D)113dT < CfIL g0 - (3.16)
0

It is clear that |[|.]||g 0 is @ norm in H™(Q, ¥ + 0) which is equivalent to the norm
I-lm1(Q,y +o)- Thus, it follows from (3.16) that

2
[ 5010y = € W (3.17)

From this inequality, by standard weakly convergent arguments (see, e.g., [[10], Ch.
71), we can conclude that the sequence {uN}3 | possesses a subsequence convergent to
a vector function z € H™(Q, ¥ + o) which is a generalized solution of problem (2.6)-
(2.8). Moreover, it follows from (3.17) that the inequality (3.4) holds. O

Theorem 3.4. Let h be a nonnegative integer. Assume that all the coefficients a,,
together with their derivatives with respect to t up to the order h are bounded on Q. Let
Yo be the number as in Theorem 3.3 which was defined by formula (3.11). Let the vector
function f satisfy the following conditions for some nonnegative real number ¢

() fr € Ly(Q kyo + o), k < h,
(ii) f(x,0)=0,0<k<h—1

Then for an arbitrary real number vy satisfying v >Y, the generalized solution u in the
space H™'(Q, v + ©) of the problem (3.6)- (3.7) has derivatives with respect to t up to
the order h with uy € H"'(Q, (k+ 1)y + o) for k = 0, 1,.., h and

h h
kZ et W a1y v0r) < Ckz 172 T (3.18)
=0 =0

where C is a constant independent of u and f.
Proof. From the assumptions on the regularities of the coefficients a,, and of the
function f it follows that the solution (c} (t))N , of the system (3.5), (3.6) has general-

ized derivatives with respect to ¢t up to the order % + 2. Now take an arbitrary real
number y; satisfying % <y <¥. We will prove by induction that

k
[ o) gy = CEE S sy fOTT > O (3.19)

j=0
and for k = 0,..., h, where the constant C is independent of N, fand z. From (3.15) it
follows that (3.19) holds for k = 0 since the norm |||-||| is equivalent to the norm
I-llim(@). Assuming by induction that (3.19) holds for k = & - 1, we will show it to be
true for k = 4. To this end we differentiate / times both sides of (3.5) with respect to ¢

to receive the following equality

h

h
(uﬁ\h],,z,(pl)gl + E (k) Bth—k(t, ug, (pl) = (ﬁh,gl)l)gl, I=1,...,N. (3.20)
k=0

Page 8 of 18
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From these equalities together with the initial (3.6) and the assumption (ii), we can
show by induction on / that

ullo=0 fork=0,...,h+1. (3.21)

Now multiplying both sides of (3.20) by 4" j¢h+1, then taking sum with respect to [
from 1 to N, we get

h
h
(“fh]m uf}fq)szt + Z (k) By (t, uf}f, ufh]ﬂ) = (fp, ufh]ﬂ )a,- (3.22)
k=0
Adding the equality (3.22) to its complex conjugate, we have
9 STNE
ar |u§f+1 |(2),sz, + Z <k> [atB,H(t, uﬁ;’, ufh’ — By (8, ult\k’, uﬁ}f } = 2Re(fyn, uﬁ}fﬂ e,
k=0

Integrating both sides of this equality with respect to ¢ from 0 to a positive real 7
with using the integration by parts and (3.21), we arrive at

h—1
h
B Bt -5 )+ 3 (1) B )
L (3.23)

h
_ Z (k) By (T, uly, ull) + 2Re(f, ull,1 ), -

k=0

This equality has the form (3.8) with #" replaced by uﬂ and the last term of the
righthand side of (3.8) replaced by the following expression

h—1 h—1

h h
Z (k) B (uﬁ}f, uﬁf) — Z (k) B (7, ufk], uﬁ)f) + 2Re(f, uﬁ)fﬂ )o, -
k=0 k=0

Since the coefficients 4, together with their derivatives with respect to ¢ up to the
order /1 are bounded, by the Cauchy and interpolation inequalities and the induction

assumption, we see that

h-1 h—1
h
> (k)Bthfk(r,uii, W) < (1) )20 + Y DRg) + CY Wl (D)o,
k=0 k=0
k 2
< (W W+ B V) + G S I
=0
h—1 h h—1 )
30 () B 60 = (i, + )+ € I
k=0 k=0

=1 ..
~e (Wfq + o) +CY [ IG5, a
k=0 *0
k ) .
< e (g, + 10 + €Y Il gppery [ 7" a
j=0

k
=¢ (lult\”IlszlrQr + |u£;]|éer) + G2t Z ||fﬂ Hi(Q,jyoﬂr) )
j=0

Page 9 of 18



Hung et al. Boundary Value Problems 2011, 2011:17
http://www.boundaryvalueproblems.com/content/2011/1/17

and

2
|2R€(f[h, ui\"]“)Qtl = 8'”{\;{»,1 |§,QI +C ”fth ”Lz(Q)

2
= 8'“?‘]“'1 |3,Qz + Cez(hVHG)I’ Hfth ||L2(Q,hy0+o) !

Thus, repeating the arguments which were used to get (3.15) from (3.8), we can
obtain (3.19) for k = & from (3.23).

Now we multiply both sides of (3.19) by e 2((**V7*9)7 then integrate them with
respect to 7 from 0 to oo to get

k
N2 3 -

Hutk HH""I(Q,(k+1)y+O') =C Z ”fﬂ HLZ(Q,]'VU+U) k=0,...,h (324)

j=0
From this inequality, by again standard weakly convergent arguments, we can con-
clude that the sequence {uﬁf }X-1 possesses a subsequence convergent to a vector func-
tion u® e H™NQ, (k +1)y +0), moreover, u® is the kth generalized derivative in ¢ of
the generalized solution u of problem (2.6)-(2.8). The estimation (3.18) follows from

(3.24) by passing the weak convergences. O

4 The global regularity
First, we introduce the operator pencil associated with the problem. See [11] for more
detail. For convenience we rewrite the operators L(x, ¢, D), N; (, t, D) in the form

L=L(xtd)= Y ax1)D’

[pl<2m

Nj=Nj(x,t,D)= > by(xt)D, j=1,...,m.
lpl<2m—j

Let Lo(x, t, D), Ny; (%, t, D), be the principal homogeneous parts of L(x, ¢, D), N; (x, t,
D). It can be directly verified that the derivative D can be written in the form

||

D* =11y " Py p(@, D) (1D, Y,
p=0

where P, , (w, d,,) are differential operators of order < |o| - p with smooth coeffi-

. - . . . ; 0
cients on Q, 7 = |x|,  is an arbitrary local coordinate system on $*!, D, = e
®

D, = 88 . Thus we can write Lo(0, ¢, D) and Ny; (0, £, D) in the form
T

Lo(0,t,D) = r 2" L(w,t, Dy, rD;),
No,j(0,t,D) = r 2™ Ni(w, t, D,, D;).

The operator pencil associated with the problem is defined by

U, £) = (L(@, t, Duy, 1), Ni(@, t, D, 1)), & € C, t € (0, +00).

Page 10 of 18
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For every fixed A € C and ¢ € (0, ), the operator U(X, t) continuously maps

H™(G) into Ly(G) x [ [H 2(3G).
-1

For some fixed ¢ € (0, ), a complex number A, is called an eigenvalue of U(A, t) if
there exists ¢ € H>™(G) such that ¢ = 0 and U (Ao, t)@o = 0. It is well known that
the spectrum of the operator U(Ao,t) for each t € (0, =), is an enumerable set of
eigenvalues (see [[2], Th. 5.2.1]).

Now let us give the main theorem of this section:

Theorem 4.1. Suppose that all the assumptions of Theorem 3.4 hold for a given posi-
tive integer h. Assume further that the strip

n n
m—e— <Rel<2m—o — (4.1)
2 2
does not contain any eigenvalue of U(A, t) for all t € (0, +o) and for some real num-

e 1. n . )
bers ¢ and o satisfying 0 < e <m+¢& 0 <e < ) ifm> 26md n is even, otherwise ¢ =

0. Then u,. € Him’l(Q, (k+2)y +o)ork=0,1,.,h-1and

h—1 h

2
Z ”utk ||12[‘Igm'l(Q,(k+2)y+a) = CZ ||ftk ||L2(Q,k]/()+0') ’ (4.2)
k=0 k=0

where C is a constant independent of u and f.
To prove Theorem 4.1 we need to establish some following lemmas.
Lemma 4.2. Let [ be a nonnegative integer, to be a fixed number in [0, o), and let

ue Hl*zm(Q\{O})) N Vg,aflfzm(ﬂ) be a solution of the following elliptic boundary value

loc

problem
L(x,to,D)u=f inQ, (4.3)
Nj(x, to,D)Ju=g onTl, j=1,...,m, (4.4)
1
where ke Then u € Vé’j’"(ﬂ)and the following estimate

feVh (Q).8 €V, 2(T)

lj—

m
ey < C{ I+ 2o gl 1 My | g (4.5)
j=1

Vye 2(I)

holds with the constant C independent of u, f, g and t,.
Proof. Without generality we assume that the domain Q coincides with the cone K in
the unit ball. Set Q° = {x e Q: |x| > 27"},

Qf =(xxe 27 < x| <27, k=1,2,...,

and T* = 9Q n 90K, k = 0, 1 ... According to well known results on the regularity of
solutions of elliptic boundary problems in smooth domains (see, e.g., [12]), we have
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”U||2H1+2m(92) = C(Hfulzil(ﬂ‘usﬁusp)
2 2
+ ”g] ” 1 + ||u”L2(QIUQZUQ3))

I+j—
w2 (ruraurs)

with the constant C independent of u, f, g; and f,. By making change of variable x =
2%« for a positive integer k, we get from (4.3), (4.4) that

Z apDz,u+ Z 2('p'_2m)kaﬂDZ,u= 272mkfin Q,

4.6
lpl=2m lpl<2m—1 (4.6)
Z bjpDZru + Z 2(|p\72m+]')kb]_pDz,u= 2*(2m7]')kg]- onl', j=1,...,m. (4.7)
Ipl=2m—j lpl<2m—j—1 '
Similarly as above, from (4.6), (4.7), we have
—2mk
12y < C (Hz f HW o)
(4.8)

2m—j)k 2
Hz (2m-—) gH +ul? groaum

w2 (rwuraurs)

with the constant C independent of 4, f, g, t, and k. Let g; € Vi*i(]“) be arbitrary
extensions of g; to Q, j = 1,.., m. Then we have from (4.8) that

u +2m ()2 < C H2 ’ ”
” ”Wl ( ) ( Wl(Ql Q2 Q%)
(4.9)

H 5—(2m nkg

+ 1ullf, o1u02u0s
WI*I(QIUQZUQ3) LZ(Q uQuQ ) '

Returning to variable x with noting that, in Q**%, 2% < r < 2! from (4.9) we have

2(p+Ipl—1— zm)u” <C H 2(p+Ipl—1) H
Z H L(Qk+2) Z f L(Q’”‘UQ}“ZUQP‘”)

lpI<l+2m Il

2
. Z H 2peipl-1)g, H ”rz(pflfzm)u
Wi+ (Qk+ 1yQk+2yQk+3 ) L, (Qk+ 1yQk+2 UQk+3)
Ipl<l+j

(4.10)

Taking sum both sides of these inequalities with respect to k from 1 to o, we have
m
2 2 ~ 12
gy < C | I, 0 + 21: 180y + Mull%e, 0 |- (4.11)
j=

a+|p|—I— 2
Here it is noted that 2 ”Tz( i 2m)u”L(QO) can be estimated by the right-hand

|p|<l+2m

side of (4.11). It follows from (4.11) that

||u||€-/£+§m(ﬂ) |f||VI (Q) + Z ”g] || ]. + ”u”ég,zx—l—hn(g)

l+] —

.2

with the constant C independent of u, f;, g; and £,. ©
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Lemma 4.3. Let t, be a fixed number in [0, «), u € H2™(Q\{0}) N H™(Q) be a gener-

alized solution of the following elliptic boundary value problem

loc

L(x,to,D)u=f inQ, (4.12)
Ni(x,to,D)u=g; onl, j=1,...,m, (4.13)
1
where f € HY, (2 ), 1 (F) = 1,.., m, ¢ is defined as in Theorem 4.1. Then
i € Hini

ue HM (Q). Moreover, the followmg inequalities

Il o) = C| I 1oy * ZH&H 1l | (4.14)

j=1
Hm+s (F)

holds with the constant C independent of u, and f, g, and t.

n
Proof. Firstly, since m+e >j+1— ) for j = 1,..., m, by (2.3), it holds that

) 1 1
H],Zig(Q) V];;HS(Q), and therefore, f* Moreover, it is obvious
m+8 (F) 2 m+5(r)
l
that HY. . (Q) = \%3 0 e (). Hence, f € ng+s(§2) and (F) forj=1,...,m
2 m+e

If m< ;l, then H"(Q) = H' () = V5, (R2) C Vgﬁm(Q) by (2.3) and (2.2). Thus the

assertion of the lemma follows from Lemma 4.2 with noting that the space V37 (<)

is continuously imbedded in Hzm (2) according to (2.1).

m+e
n n
Now consider the case m > 2. Let £ = [2] be the greatest integer not exceeding )
n n
Then we have ¢ — ) <e<l+1-— > According to [[2], Th. 7.1.1], the function u

which belongs to H"(2) C H'(2) has the representation

u(x) = Z Cax® +v(x),

la| <m——1
m
where v € V3 (R), and

1
Cy = lim /D"‘u w, T)dw
A cu(w,7)

a! r—0
with the following estimates
Ivllvy @) = Cllullgn(g), (4.15)
lcal < Cllullgmqy, le] <m—£—1. (4.16)
Here || =/da), and C is a constant independent of u and ¢,. Put
Q

_ o
w= Z X" From (4.16) we see easily that w € H2" () and

m+e
|| <m—E—1

lwlpzn (@) < Cllullgn (),

Page 13 of 18
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where C is a constant independent of u and £,. From this we have

m+ée

L(x, tO/D)w € HY (Q) = ng+s(9)’
1 1

) )
Nj(x,to, D)w € Hpz (I') = V, 4. ().

,m+e

Hence, it follows from (4.12) and (4.13) that

L(x, to, D)v =f =f—L(x,to, D)w € V:(z),m+s(9)' (4.17)

1

- J7y . (4.18)
Nj(x, to, D)v = gj := gj — Nj(x, to, D)w € V2,m+e(F)’ j=1,...,m.

Now we can apply Lemma 4.2 to conclude from (4.17) and (4.18) that v € V2" (2).

2,m+e

Therefore, u = v+w e H",

(2) with the estimate (4.14). The lemma is completely
proved.
Proof of Theorem 4.1: First, we show by induction on / that

up(-, t) € H"(Q\{0}) forae. te (0,00) andallk<h— 1. (4.19)

loc

According to Theorem 3.4 it holds that u, € H™!(Q, (k+ 1)y + &), k < h. In particu-
lar, u, € Ly(Q, 2y + 0). Thus, from the equality (2.9) it follows that

B(t,u,n) = (f(-, t) — uu(-, 1), m) (4.20)

for all n € H"(Q) and a.e. t € (0, «). Since f (-, t) - uy(-, t) € Ly(Q) for ae. t e (O,
), according to results for elliptic boundary value problem in domains with smooth
boundaries, it follows from (4.20) that u(-, t) € HZ"(Q\{0}) for a.e. £ € (0, =), more-

loc

over, the function u satisfies the following equalities:
L(x,t,D)u=f—uy
for a.e. (x, £) € Q and
Nj(x,t,D)Ju=0 onS
in the trace sense. Thus, the assertion (4.19) holds for # = 1, and by (2.5) we also
have
(L(x,t, D)u, n) = B(t, u,n) (4.21)

for all n € C3°(22\{0}) and a.e. £ € (0, ). Assume now (4.19) holds for & - 2. It fol-
lows from (4.20) that

h—2

B(t, up-1,1) = (fpr (-, ), n) — (upr (-, 2), ) — Z (h ; 1 > B (t, ug, ) (4.22)

k=0

for all n € H"(Q), ae. t e (0, «). Since uu € HZ"(2\{0}), by the induction assump-
tion, we have from (4.21) that

(Lpr-e(x, t, D), ) = Bpra(t,u,n) (k< h — 2) (4.23)
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for all n € C5°(2\{0}) and a.e. £ € (0, «). Combining (4.22) and (4.23) we obtain
B(t/ uth’ll 77) = (Fhfl('r t)/ n) (424‘)

for all C°(2\{0}) and a.e. £ € (0, =), where

h—2
Fpy = for (1) =t () = D h— TkLi-is (-, )t € L joc(2\{0}).
k=0

Similarly as above, it follows from (4.24) that uu (-, t) € H2"(Q\{0}) for a.e. £ € (0,
o), and therefore, (4.19) holds for / - 1.

Now we prove the assertion of the theorem by induction on /4. Let us consider first
the case i = 1. We rewrite (2.6), (2.7) in the form

Lix,t,D)u=fi:=f—uy inQ, (4.25)

Nj(x,t; D)u=0 onS, j=1,...,m. (4.26)

Since f,(-,t) € Ly(R) € HY(RQ) for a.e. £ € [0, ), by Lemma 4.3, it follows from
(4.25) and (4.26) that u(-,t) € H2" () for a.e. t € (0, =) and

m+e

uC- 1) ”12-172;16(52) =C (”fl(" 1) ”iz(g) + [uC. ) ||12L1m(9)>'
where C is a constant independent of 4, f; and t. Since the trip

n n
m—e— <Rel<2m-—a—
2 2

n
does not contain any eigenvalue of (A, t) for all £ € [0, +), and € + ) ¢{1,...,m}

by the definition of the number ¢, we can apply Theorem 7.2.4 and the note below
Theorem 7.3.5 of [2] to conclude from (4.25), (4.26) that u(-, t) € Hﬁm(Q) and

|u.©) ”ilgmm) = C<||f1(" t) ”iz(sz) +[uC. 0 ||2H’"(Q))’ (4.27)

where C is a constant independent of u, f; and t. Now multiplying both sides of
(4.27) with e2?7*9" then integrating with respect to ¢ from 0 to e and using estimates

from Theorem 3.4, we obtain

et g0y < €I Zs00) (4.28)

where C is a constant independent of u# and f. Hence, the theorem is valid for # = 1.
Assume that the theorem is true for some nonnegative /1 - 2. We will prove it for & -
1. Differentiating (% - 1) times both sides of (4.25), (4.26) with respect to ¢, we have

h—2

Lugs = 1= for =t — (h ; 1) Lp-iitig in Q, (4.29)
k=0
2
Niupr = gj 1= — Z ( K ) (Nj)prvupe on'S, j=1,...,m. (4.30)

k=0
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By the induction assumption, it holds that

up € H2"1(Q, (k+2)y +0) C H2"Y(Q,(h+ 1)y +0),k=0,...,h — 2.
Moreover,

for € Ly(Q (h= 1)y +0) C La(Q, (h+ 1)y +0)
by the assumption of the theorem and

upa € La(Q, (h+ 1)y +0)

1
by Theorem 3.4. Thus, for a.e. £ € (0, =), we have f(, t) e Hg(gz), 1) ng (r)
and
~ 2 2 2 =2 2
Hf(-, t)\ gy = CA W GO+ o 0 g + ; G ) ey ) -

h—2
- 2 2 :
1C a0l 1 = CZ Juge (- ) ”Hgm(sz)'] =L....m,
i= 2 k=0
Hy < (T)
where C is the constant independent of u, f and £. Now we can repeat the arguments

above to conclude that uu1 € Him'l(Q, (h+ 1)y + o) with the estimate (4.2) for k = &
-1. The proof is completed.

5 An example
In this section we apply the previous results to the Cauchy-Neumann problem for the

classical wave equation. We consider the following problem:

ug —Au= f inQ, (5.1)
d

v 0 onS, (5.2)
av
Uli=o = Utl=o= 0 on £, (5.3)

where A is the Laplace operator.
For problem (5.1)-(5.3) it can be directly verified that the constants y, ¢, and ¥, are
now defined by

w=1,u1=0 and yy=0.

The operator pencil associated with the problem (5.1)-(5.3) is now defined by (see
[[13], Sec. 2.3])

U Qu=U)u| = (Su+A(A +n — 2)u, d,ulyc), (5.4)

where ¢ is the Laplace-Beltrami operator on the unit sphere S”'. It is well known
that (see also [[13], Sec. 2.3]) the trip

2—n<Rel <0 (5.5)
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does not contains any eigenvalue of the operator pencil U(},t). We see that if 0 < o
<1 and n > 4 - 2¢, then the trip (4.1) with m = 1 is contained in the trip (5.5), since &
can be chosen as zero or an arbitrary small positive real number. Thus, we can apply
Theorem 4.1 to receive the following result.

Theorem 5.1. Let h be a nonnegative integer and o be a real number, 0 < o < 1.
Assume that the vector function f satisfy the following conditions for some nonnegative
real number ¢

(i)f € Ly(Q, o),k <h,
(ii)fs(x,0)=0,0 <k <h—1.

Assume further that n > 4 - 2o. Then for an arbitrary positive real number y the pro-
blem (5.1)-(5.3) has a unique generalized solution u in the space H"Y(Q, vy + 0) which
has derivatives with respect to t up to the order h with ux € H>'(Q, (k +2)y + o )for k
=0, 1,.,h-1,and

h

—_

— h
21 oy esaryomy < € D Wil
k=0 k=0

where C is a constant independent of u and f.
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