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Abstract

By means of critical point and index theories, we obtain the existence and
multiplicity of sign-changing solutions for some elliptic problems with strong
resonance at infinity, under weaker conditions.
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1 Introduction
In this article, we consider the following equation,

{−�u = f (u),
u ∈ H1

0(�).
(1:1)

where Ω is a bounded domain in ℝn with smooth boundary ∂Ω. In order to explain

what we mean, a brief description is necessary. We suppose that f is asymptotically lin-

ear, i.e., lim
|u|→∞

f (u)
u

exists. If we set

α := lim
|u|→∞

f (u)
u

, (1:2)

then we can write

f (u) = αu − g(u)

with

g(u)
u

→ 0 as |u| → ∞.

We denote l1 < l2 < ... <lj < ... to be the distinct eigenvalues sequence of -Δ with

the Dirichlet boundary conditions. We state that problem (1.1) is resonant at infinity if

a in (1.2) is an eigenvalue lk. The situation

lim
|u|→∞

g(u) = 0 and lim
|u|→∞

∫ u

0
g(t)dt = β ∈ R

is what we call a strong resonance.
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Now we present some of the results of this article. We write (1.1) in the following

form:
{−�u − λku + g(u) = 0,
u ∈ H1

0(�).
(1:3)

We assume that g is a smooth function satisfying the following conditions.

(g1) g(t) · t ® 0 as |t| ® ∞.

(g2) the real function G(t) =
∫ t
0 g(s)ds is well defined and G(t) ® 0 as t ® +∞.

(g3) G(t) ≥ 0, ∀t Î ℝ.

Theorem 1.1 If (g1) - (g3) hold, then problem (1.1) has at least one solution.

Remark 1.1 Since 0 is a particular point, we cannot make sure those solutions are

nontrivial without more conditions.

Theorem 1.2 Let g(0) = 0, and suppose that (g1) - (g3) hold, and

g′(0) = sup{g′(t) : t ∈ R} (1:4)

then problem (1.3) has at least one sign-changing solution.

Theorem 1.3 Assume that (g1)(g3) hold, g is odd, and G(0) ≥ 0. Moreover, suppose

that there exists an eigenvalue lh < lk s.t.

g′(0) + λh − λk > 0.

Then, problem (1.3) possess at least m = dim(Mh ⊕ ... ⊕ Mk) - 1 distinct pairs of

sign-changing solutions (Mj denotes the eigenspace corresponding to lj).
Remark 1.2 In the article [1], they only show the existence of solutions to problem

(1.3), while we obtain its sign-changing solutions under the same conditions.

The resonance problem has been widely studied by many authors using various

methods–see [1-6] and the references therein. We will use critical point and pseudo-

index theories to obtain the sign-changing solutions for strong resonant problem (1.3).

We also allow the case in which resonance also occurs at zero.

In Section 2, we will give some preliminaries, which are fundamental for this article.

In Section 3, we will give some abstract critical point theorems, which are used to

prove above theorems in this article. In Section 3, we prove our main theorems, which

result in the existence and multiplicity of sign-changing solutions.

2 Preliminaries
We denote by X a real Banach space. BR denotes the closed ball in X centered at the

origin and with radius R >0. J is a continuously Frèchet differentiable map from X to

ℝ, i.e., J Î C1(X, ℝ).

In the literature, deformation theorems have been proved under the assumption that

J Î C1(X, ℝ) satisfies the well-known Palais-Smale condition. In problems which do

not have resonance at infinity, the (PS) condition is easy to verify. On the other hand,

a weaker condition than the condition (PS) is needed to study problems with strong

resonance at infinity.

Definition 2.1 We state that J Î C1(X, ℝ) satisfies the condition (C) in ]c1, c2[ (-∞ ≤

c1 < c2 ≤ +∞) if

(i) every bounded sequence {uk} ⊂ J-1 (]c1, c2[), for which {J(uk)} is bounded and J’(uk)

® 0, possesses a convergent subsequence, and
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(ii) ∀c Î] c1, c2[, ∃s, R, a >0 s.t. [c - s, c + s] ⊂] c1, c2[ and ∀u Î J-1([c - s, c + s]),
||u|| ≥ R : ||J’(u)|| ||u|| ≥ a.
In the article [1], they propose a deformation theorem under the condition (C). For c

Î ℝ, denote

Ac = {u ∈ X : J(u) ≤ c}, Kc = {u ∈ X : J′(u) = 0, J(u) = c}.

Proposition 2.2 [1] Let X be a real Banach space, and let J Î C1(X, ℝ) satisfy the

condition (C) in ]c1, c2[. If c Î]c1, c2[ and N is any neighborhood of Kc, then there

exists a bounded homeomorphism h of X onto X and constants ε̄ > ε > 0 , s.t.

[c − ε̄, c + ε̄] ⊂]c1, c2[ satisfying the following properties:

(i) h(Ac+ε\N) ⊂ Ac-ε.

(ii) h(Ac+ε) ⊂ Ac-ε, if Kc = ∅.

(iii) h(x) = x, if x �∈ J−1([c − ε̄, c + ε̄]) .

Moreover, Let G be a compact group of (linear) unitary transformation on a real Hil-

bert space H. Then,

(vi) h can be chosen to be G-equivariant, if the functional J is G-invariant. Particu-

larly, h is odd if the functional J is even.

3 Abstract critical point theorems
In this article, we shall obtain solutions of problem (1.3) using the linking-type theo-

rem. Its different definitions can be seen in [1,7,8] and the references therein.

Definition 3.1 Let H be a real Hilbert space and A a closed set in H. Let B be an

Hilbert manifold with boundary ∂B, we state that A and ∂B link if

(i) A ∩ ∂B = ∅;

(ii) If j is a continuous map of H into itself s.t. j(u) = u, ∀u Î ∂B, then j(B) ∩ A ≠

∅.

There are some typical examples as following, cf. [1,7,9].

Example 3.1 Let H1 and H2 be two closed subspaces of H such that

H = H1 ⊕ H2, dimH2 < ∞.

Hence, if A = H1, B = BR ∩ H2, then, A and ∂B link.

Example 3.2 Let H1 and H2 be two closed subspaces of H such that H = H1 ⊕ H2,

dim H2 <∞, and consider e Î H1, ||e|| = 1, 0 < r < R1, R2, set

A = H1 ∩ Sρ , B = {u = v + te : v ∈ H2 ∩ BR2 , 0 ≤ t ≤ R1}.

Then, A and ∂B link.

Let X ⊂ H be a Banach space densely embedded in H. Assume that H has a closed

convex cone PH and that P := PH ∩ X has interior points in X. Let J Î C1(H, ℝ). In the

article [10], those authors construct the pseudo-gradient flow s for J, and have the

same definition as [11].

Definition 3.1 Let W ⊂ X be an invariant set under s. W is said to be an admissible

invariant set for J if (a) W is the closure of an open set in X; (b) if un = s(tn, v) ® u in
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H as tn ® ∞ for some v ∉ W and u Î K, then un ® u in X; (c) If un Î K ∩ W is such

that un ® u in H, then un ® u in X; (d) For any u Î ∂W\K, we have σ (t, u) ∈ W̊ for

t >0.

Now let S = X\W, W = P ∪ (-P). Similar to the proof described in the article [10], the

W is an admissible invariant set for J in the following section 4. We define

φ∗ = {�|�(t, x) : [0, 1] × X → X is continuous in the X - topology and

�(t,W) ⊂ W}.

In the article [7], a new linking theorem is given under the condition (PS). Since the

deformation still holds under the condition (C) (see [1]), the following theorem also

holds.

Theorem 3.1 Suppose that W is an admissible invariant set of J and J Î C1(H, ℝ)

such that

(J1)J satisfies condition (C) in ]0, +∞[;

(J2) There exists a closed subset A ⊂ H and a Hilbert manifold B ⊂ H with bound-

ary ∂B satisfying

(a) there exist two constants b > a ≥ 0 s.t.

J(u) ≤ α,∀u ∈ ∂B; J(u) ≥ β ,∀u ∈ A

i.e., a0 := sup
∂B

J ≤ b0 := inf
A

J .

(b) A and ∂B link;

(c) sup
u∈B

J(u) < +∞ .

Then, a* defines below is a critical value of J

a∗ = inf
�∈φ∗ sup

�([0,1],A)∩S
J(u).

Furthermore, assume 0 ∉ Ka*, then Ka* ∩ S ≠ ∅, if a* > b0 and Ka* ∩ A ≠ ∅, if a* =

b0.

In this article, we shall consider the symmetry given by a ℤ2 action, more precisely

even functionals.

Theorem 3.2 Suppose J Î C1(H, ℝ) and the positive cone P is an admissible invar-

iant for J, Kc ∩ ∂P = ∅, for c >0, such that

(J1) J satisfies condition (C) in ]0, +∞[, and J(0) ≥ 0;

(J2) There exist two closed subspace H+, H- of H, with codim H+ <+∞ and two

constants c∞ > c0 > J(0) satisfying

J(u) ≥ c0,∀u ∈ Sρ ∩ H+; J(u) < c∞,∀u ∈ H−.

(J3) J is even.

Hence, if dim H->codim H++1, then J possesses at least m := dim H- -codim H+ - 1
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(m := dim H- -1 resp.) distinct pairs of critical points in X\P ∪ (-P) with critical values

belong to [c0, c∞].

Remark 3.1 The above theorem locates the critical points more precisely than Theo-

rem 3.3 in [10].

We shall use pseudo-index theory to prove Theorem 3.2. First, we need the notation

of genus and its properties, see [10,12]. Let


X = {A ⊂ X : A is closed in X,A = −A};

with more preciseness, we denote iX(A) to be the genus of A in X.

Proposition 3.2 Assume that A, B Î ∑X, h Î C(X, X) is an odd homeomorphism,

then

(i) iX(A) = 0 if and only if A = ∅;

(ii) A ⊂ B ⇒ iX(A) ≤ iX(B) (monotonicity);

(iii) iX(A ∪ B) ≤ iX(A) + iX(B) (subadditivity);

(iv) iX(A) ≤ iX(h(A)) (supervariancy);

(v) if A is a compact set, then iX(A) <+∞ and there exists δ >0 s.t. iX(Nδ(A)) = iX
(A), where Nδ(A) denotes the closed δ - neighborhood of A (continuity);

(vi) if iX(A) > k, V is a k-dimensional subspace of X, then A ∩ V⊥ ≠ ∅;

(vii) if W is a finite dimensional subspace of X, then iX(h(Sr) ∩ W ) = dim W.

(viii) Let V, W be two closed subspaces of X with codim V <+∞, dim W <+∞.

Hence, if h is bounded odd homeomorphism on X, then we have

iX(W ∩ h(Sρ ∩ V)) ≥ dimW − codim V.

The proposition is still true when we replace ∑X by ∑H with obvious modification.

Proposition 3.3 [10,11] If A Î ∑X with 2 ≤ iX(A) <∞, then A ∩ S ≠ ∅.

Proposition 3.4 Let A Î ∑H, then A ∩ X Î ∑X and iH(A) ≥ iX(A ∩ X).

Now, we shall discuss about the notion of pseudo-index.

Definition 3.2 [1] Let I = (
, H, i) be an index theory on H related to a group G,

and B Î ∑. We call a pseudo-index theory (related to B and I) a triplet

I∗ = (B,H∗, i∗)

where H∗ ⊂ H is a group of homeomorphism on H, and i* : ∑ ® N ∪ {+∞} is the

map defined by

i∗(A) = min
h∈H∗

i(h(A) ∩ B).

Proof of Theorem 3.2 Consider the genus I = (
, H, i) and the pseudo-index the-

ory relate to I and B = Sr ∩ H+, I∗ = (Sρ ∩ H+,H∗, i∗) , where

H∗ = {h|h is an odd − bounded homeomorphism on H and h(u) = u if

u �∈ J−1(]0, +∞[)}.

Obviously, conditions (a1)(a2) of Theorem 2.9 [1] are satisfied with a = 0, b = +∞

and b = Sr ∩ H+. Now, we prove the condition that (a3) is satisfied with Ā = H− . It is

obvious that Ā ⊂ J−1(] − ∞, c∞]) , and by property (iv) of genus, we have
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i∗(Ā) = i∗(H−) = min
h∈H∗

i(h(H−) ∩ Sρ ∩ H+)

= min
h∈H∗

i(H− ∩ h−1(Sρ ∩ H+)).

Now, by (viii) of Proposition 3.2, we have

i(H− ∩ h−1(Sρ ∩ H+)) ≥ dimH− − codimH+.

Therefore we get

i∗(Ā) ≥ dimH− − codim H+.

Then, by Theorem 2.9 in [11] and Proposition 3.3 above, the numbers

ck = inf
A∈
k

sup
u∈A∩S

J(u), k = 2, . . . , dimH− − codim H+.

are critical values of J and

J(0) < c0 ≤ ck ≤ c∞, k = 2, . . . , dimH− − codimH+. (3:1)

If for every k, ck ≠ ck+1, then we get the conclusion of Theorem 3.2. Assume now

that

c = ck = · · · = ck+r with r ≥ 1 and k + r ≤ dimH− − co dim H+.

Then, similar to the proof of Theorem 2.9 [11], where Kc is replaced by Kc∩S and A

by A ∩ S, we have

i(Kc ∩ S) ≥ r + 1 ≥ 2 (3:2)

Now, from Proposition 3.3 and (3.1), we deduce that

0 �∈ Kc ∩ S. (3:3)

Since a finite set (not containing 0) has genus 1, we deduce from (3.2) and (3.3) that

Kc above contains infinitely many sign-changing critical points. Therefore, J has at least

m := dim H- -codim H+ -1 distinct pairs of sign-changing critical points in X\P ∪ (-P)

with critical values belonging to [c0, c∞].

If codim H+ = 0, then we consider cj for j ≥ 2. As per the above arguments,

J(0) < c0 ≤ c2 ≤ c3 ≤ · · · ≤ cdimH− ≤ c∞ and if c := cj = ... = cj+l for 2 ≤ j ≤ j + l ≤

dim H- with l ≥ 1, then i(Kc ∩ S) ≥ l + 1 ≥ 2.

Therefore, J has at least dim H- -1 pairs of sign-changing critical points with values

belong to [c0, c∞]. ■
Remark 3.2 Theorem 3.1 above can also be proved by the pseudo-index theory in

the same way as Theorem 3.2.

4 Proof of Theorems 1.1-1.3

We shall apply the abstract results of Section 3 to problem (1.3). Let H := H1
0(�) ,

X := C1
0(�) . Clearly the solutions of problem (1.3) are the critical points of the func-

tional

Qian Boundary Value Problems 2011, 2011:18
http://www.boundaryvalueproblems.com/content/2011/1/18

Page 6 of 9



J(u) =
1
2
(||u||2 − λk|u|2) +

∫
�

G(u)dx, (4:1)

where | · | denotes the norm in L2(Ω), and therefore, J Î C1(H, ℝ). We denote by Mj

the eigenspace corresponding to the eigenvalue lj. If m ≥ 0 is an integer number, set

H−(m) = ⊕j≤mMj,

H+(m) = closure in H1
0(�) of the linear space spanned by {Mj}j≥m.

Clearly H+(m) ∩ H-(m) = Mm.

Proposition 4.1 [1] If (g1), (g2) hold, then the functional J defined by (4.1) satisfies

the condition (C) in ]0, +∞[.

Proof of Theorem 1.1 If G(0) = 0, then by (g3), G takes its minimum at 0, so that g

(0) = 0 and 0 is a solution of (1.3). We assume that G(0) >0. Similar to the proof as

for the case in [1], there exists R, g >0 such that

J(u) ≥ γ , u ∈ H+(k + 1);

J(u) ≤ γ

2
, u ∈ H−(k) ∩ SR.

Let ∂B = H-(k) ∩ SR, A = H+(k + 1), then by Example 3.1 we get that ∂B and A link,

and J is bounded on B = H-(k) ∩ BR. Moreover, by Proposition 4.1, J satisfies condition

(C) in ]0, +∞[. Therefore, the conclusion of Theorem 1.1 follows by Theorem 3.1. ■
Remark 4.1 If J(0) = 0, then the solutions obtained in Theorem 1.1 are sign-chan-

ging ones.

Proof of Theorem 1.2 Since g(0) = 0, u(x) = 0 is a solution of (1.3). In this case, we

are interested in finding the existence of sign-changing solutions to problem (1.3). The

case g(t) = 0, ∀t Î ℝ is trivial. We assume that g(t) ≠ 0 for some t. Then, it is easy to

see that (g2), (g3) and (1.4) imply g’(0) >0. Similar to the proof as for Theorem 5.1 [1],

each of the following holds:

λ1 − λk + g′(0) > 0 (4:2)

where lk ≠ l1 and there exists lh Î s(-Δ) with l2 ≤ lh ≤ lk such that

λh − λk + g′(0) > 0,
1
2
(λh−1 − λk)t2 + G(t) ≤ G(0) ∀t ∈ R. (4:3)

Under (4.1), there exist three positive constants r < R, g such that

J(u) ≥ J(0) + γ , u ∈ Sρ ;

J(e) ≤ J(0) +
γ

2
, e ∈ M1 ∩ Sρ .

Since J(0) = G(0) · |Ω| ≥ 0 (|Ω| is the Lebesgue measure of Ω), we have

0 < J(0) +
γ

2
< J(0) + γ .

Fix e Î M1 ∩ Sr, set

A = Sρ ; B = {te : t ∈ [0,R]}.
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Then, by Example 3.1, A and ∂B link and J is bounded on B. Moreover, by Proposi-

tion 4.1, J satisfies condition (C) in ]0, +∞[. Then, by Theorem 3.1, J possesses a criti-

cal point u0 such that J(u0) ≥ J(0) + g. So u0 is a sign-changing solution to problem

(1.3).

Under (4.3) with similar arguments as given above, we get

J(u) ≥ J(0) + γ , u ∈ H+(h) ∩ Sρ ;

J(u) ≤ J(0) +
γ

2
, u ∈ ∂B(h,R).

where B(h, R) = {u + te : u Î H-(h - 1) ∩ BR, e Î Mh ∩ S1, 0 ≤ t ≤ R}. Set

A = H+(h) ∩ Sρ , B = B(h,R).

Then, by Example 3.2, A and ∂B link and J is bounded on B. Moreover, by Proposi-

tion 4.1, J satisfies condition (C). Using Theorem 3.1, we can conclude that J possesses

a sign-changing critical point u0 with J(u0) ≥ J(0) + g. ■
Remark 4.2 If g’(0) = 0, i.e., resonance at 0 is allowed, then by using an argument

similar to that in the proof of Theorem 1.2, problem (1.3) still has at least a sign-chan-

ging solution under these conditions: Let g(0) = 0. Assume that (g1), (g2) hold and

G(t) > 0, ∀t �= 0, G(0) = 0.

Moreover, suppose that either of the following holds:

λk = λ1;

λk �= λ1 and
1
2
(λk−1 − λk)t2 + G(t) ≤ 0 for ∀t ∈ R.

Proof of Theorem 1.3 By Proposition 3.1 and Lemma 5.3 [1], the assumptions of

Theorem 3.2 are satisfied with

H+ = H+(h), H− = H−(k).

Thus, there exist at least

dimH− − codim H+ − 1 = dim{Mh ⊕ · · ·Mk} − 1

distinct pairs of sign-changing solutions of problem (1.3). ■
Remark 4.3 We also allow resonance at zero in problem (1.3). By using Theorem 3.2

and Lemma 5.4 [1], we have assumed that g is odd and that (g1)(g2) are satisfied. Sup-

pose in addition

G(t) > 0 for ∀t �= 0 and G(0) = 0.

Then, the problem (1.3) possesses at least dim Mk - 1 distinct pairs of sign-changing

solutions. (Mk denotes the eigenspace corresponding to lk with k ≥ 2)
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