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Abstract

The existence results of multiple monotone and convex positive solutions for some
fourth-order multi-point boundary value problems are established. The nonlinearities
in the problems studied depend on all order derivatives. The analysis relies on a
fixed point theorem in a cone. The explicit expressions and properties of associated
Green'’s functions are also given.
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1 Introduction

Boundary value problems for second and higher order nonlinear differential equations
play a very important role in both theory and applications. For example, the deforma-
tions of an elastic beam in the equilibrium state can be described as a boundary value
problem of some fourth-order differential equations. Owing to its importance in appli-
cation, the existence of positive solutions for nonlinear second and higher order
boundary value problems has been studied by many authors. We refer to recent contri-
butions of Ma [1-3], He and Ge [4], Guo and Ge [5], Avery et al. [6,7], Henderson [8],
Eloe and Henderson [9], Yang et al. [10], Webb and Infante [11,12], and Agarwal and
O’Regan [13]. For survey of known results and additional references, we refer the
reader to the monographs by Agarwal [14] and Agarwal et al. [15].

When it comes to positive solutions for nonlinear fourth-order ordinary differential
equations, two point boundary value problems are studied extensively, see [16-24]. Few
papers deal with the multi-point cases. Furthermore, for nonlinear fourth-order equa-
tions, only the situation that the nonlinear term does not depend on the first, second
and third order derivatives are considered, see [16-23]. Few paper deals with the situa-
tion that lower order derivatives are involved in the nonlinear term explicitly. In fact,
the derivatives are of great importance in the problem in some cases. For example, in

the linear elastic beam equation (Euler-Bernoulli equation)
(ELu"(1))" = f(1), t € (0, L),

where u(t) is the deformation function, L is the length of the beam, f(¢) is the load
density, E is the Young’s modulus of elasticity and 7 is the moment of inertia of the
cross-section of the beam. In this problem, the physical meaning of the derivatives of
the function u(¢) is as follows: u®(¢) is the load density stiffness, u”(t) is the shear
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force stiffness, u”(f) is the bending moment stiffness and the u’(¢) is the slope. If the
payload depends on the shear force stiffness, bending moment stiffness or the slope,
the derivatives of the unknown function are involved in the nonlinear term explicitly.

In this paper, we are interested in the positive solution for fourth-order nonlinear
differential equation

() = f(t, x(r), ¥ (1), (1), (1)), te[0,1], (1.1)
subject to multi-point boundary condition
m—2
¥"(1)=0, ¥'(1) =0, ¥(0) =0, x(1) = Y _ Bix(&) (1.2)
i=1
or
m—2
¥'(1) =0, (1) = 0, ¥'(1) = 0, x(0) = ) _ Bix(&) (1.3)

i=1

where 0< & < & < << 1,3,50,1=1,2, .., m - 2, ZZ;z Bi > 1, and fe C([0, 1] x
R*, [0, +0)).

One can see that all lower order derivatives are involved in the nonlinear term expli-
citly and the BCs are the m-point cases. In this sense, the problems studied in this
paper are more general than before. In the paper, multiple monotone and convex posi-
tive solutions for problems (1.1), (1.2) and (1.1), (1.3) are established. The results pre-
sented extend the study for fourth-order boundary value problems of nonlinear
ordinary differential equations.

This paper is organized as follows. In Section 2, we present some preliminaries and
lemmas. Section 3 is devoted to the existence of at least three convex and increasing
positive solutions for problem (1.1), (1.2). In Section 4, we prove that there exist at
least three convex and decreasing positive solutions for problem (1.1), (1.3).

2 Preliminaries and lemmas
In this section, some preliminaries and lemmas used later are presented.

Definition 2.1 The map « is said to be a nonnegative continuous convex functional
on cone P of a real Banach space E provided that & : P — [0, +e°) is continuous and

a(te+ (1 —t)y) <ta(x)+ (1 —t)a(y) forallx,y e Pandt € [0, 1].

Definition 2.2 The map f is said to be a nonnegative continuous concave functional
on cone P of a real Banach space E provided that : P — [0, +c°) is continuous and

B(tx+ (1 —t)y) = tB(x) + (1 —t)B(y), forallx, ye Pandt e [0, 1].

Let % 6 be nonnegative continuous convex functionals on P, o be a nonnegative con-
tinuous concave functional on P and y be a nonnegative continuous functional on P.

Then for positive numbers a, b, ¢ and d, we define the following convex sets:
P(y, d)={xeP|y(x) <d},
P(y, @, b, d)={xeP|b<a(x), y(x) <d},
P(y, 0, a, b, c,d)={xeP|b<a(x) 0(x)<c y(x)<d
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and a closed set
R(y, ¥, a, d)={xeP|a<y(x), y(x) <d).

Lemma 2.1 [25] Let P be a cone in Banach space E. Let ¥, 6 be nonnegative continu-
ous convex functionals on P, o be a nonnegative continuous concave functional and y
be a nonnegative continuous functional on P satisfying

Y(Ax) <AY(x), forO<i<1,
such that for some positive numbers / and d,
a(x) =y(x),  lxl=ly(x)

for all x € P(y, d). Suppose T : P(y,d) — P(y,d) is completely continuous and there
exist positive numbers a, b, ¢ with a < b such that

(S) fxe P(p 0,0, b, ¢, d)|ax) > b} 2 D and a(Tx) > b for x € P (y, 0, a, b, ¢, d);

(S2) a(Tx) > b for x € P (y, o, b, d) with 6(Tx) > ¢;

(S3) 0 ¢ R(Y, w, a, d) and w(Tx) < a for x € R(y, v, a, d) with w(x) = a.

Then T has at least three fixed points x;, x5, x3 € P(y,d) such that:

y(xi)<d i=1,2, 3 b<a(x) a<¥(x) a(x) <b ¥(x3) <a.

3 Positive solutions for problem (1.1), (1.2)
We begin with the fourth-order m-point boundary value problem

xXB() =y(1), te[0,1], (3.1)

¥"(1)=0, ¥"(1)=0, ¥(0)=0, x(1)= i Bix(&), (3.2)

i=1

where 0 <&} <& < o <$pa< 1, Bi>0,i=1,2, ..., m - 2.
The following assumption will stand throughout this section:

m—2 m—2
(H1) f € C([0,1] x R*,[0,+00)), Y i > 1, Biki < 1.
i=1 i=1

Lemma 3.1 Denote & =0, &, .1 =1, Bo = B,, .1 = 0, and y(¢t) € C[0, 1]. Problem
(3.1), (3.2) has the unique solution

1
x(t) =/0 G(t, )y(s) ds,

where
i—1 1 N 2 1 5 m—2 )
D — s 1-— s
, , , ;g)ﬂk (GEk 25}, 6 >+ ) < kZ::l ﬂksk)
- t+25t+6s+ et =S,
Be—1
Gos) = i1 1 e
> Br (65"3 - 2555— 653) *, <1 - 5}z$k> s
$2 4 K0 et t>s
m—1 ! =
> b1
k=0
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for&,<s<&,i=1,2,..,m-1.
Proof Let G(t, s) be the Green’s function of problem #®(¢) = 0 with boundary condi-
tion (3.2). We can suppose

ast> + axt? + ait + ag, t<s E_1<s<§& i=12,...,m—1,
bst® + bat? + byt + by, t>s & <s<& i=12,...,m—1.

G(t,s) = {

Considering the definition and properties of Green’s function together with the

boundary condition (3.2), we have
ass3 + azs? +ays + dg = bss® + bys? + bys + by,
3ass? + 2a;s + ay = 3bss? + 2bys + by,

6ass + 2a; = 6b35 + sz,

6Gas — 6b3 =—1,

6b3 = 0, 6b3 + sz = 0,

a; = 0,

i=1 m—2
bs +by + by +bo =Y Br(asé) + axé} + ar& +ao) + Y Pu(b3&) + ba&Z + b1& + bo).
k=0 k=i

A straightforward calculation shows that

i—1 13 12 13 1 m—2 N
— s— s )+ 1-— s

L k:zoﬂ"(sg" 2 ) 2( g’m)
a3=— ,a= _,a1=0,a0= + 57,
3 6 2T M 0 6

m—1
> Be—1
k=0
i—1 1 1 1 1 m—2
2 Zﬂk( s}? - %-;35_ 53) + (1 - Z ,Bksk> 52
s k=0 6 2 6 2 et
b3=bz=01b1=zrbo= 1
> b1
k=0

These give the explicit expression of the Green’s function and the proof of Lemma
3.1 is completed.

Lemma 3.2 One can see that G(¢,s) >0, £, s e [0, 1].

Proof For &, <s<¢&,i=1,2,..,m-1,

1
AG(t, s) t2s—1), t <5 &1 <SS <§&,
ot 252, t>s &1 <s5<§.
Then aca(:/s) > 0,0 <t s <1 Thus G(t s) is increasing on £. By a simple computa-

tion, we see

1 - 6 ;
G(0,s) = 653 4 =0 > 0.

m—1
> Be—1
k=0

i—1 1 1 1 1 m—2
Zﬁk(G%}f - 25;35— 53) *, <1 — g ﬁkfk)sz

These ensures that G(¢, s) > 0, t, s € [0, 1].
Lemma 3.3 Suppose x(t) € %0, 1] and

m—2
¥"(1)=0, ¥'(1) =0, ¥(0) =0, x(1) =) Bix(&).

i=1

Page 4 of 12
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Furthermore x(¢) > 0 and there exist ¢, such that x*(¢,) >0. Then x(¢) has the fol-
lowing properties:

(1) min [x(1)] = § max [x(1)],

(2) max [x(1)] < y max [¥'(1)],

(3) max Ix'(£)] < max Ix”(t)lorgt;ax1 X" (1) < [max X" (01,

where 8 = (1= X0 Bii) | 07 A1 — &),y = T07 B — 6)/(S7 i — 1) are
positive constants.

Proof Since xX?(¢) > 0, t e [0, 1], then x”(¢) is increasing on [0, 1]. Considering x™(1) =
0, we have x™(£) < 0, t € [0, 1]. Thus x™(¢) is decreasing on [0, 1]. Considering this together

with the boundary condition x”(1) = 0, we conclude that x(¢) = 0. Then x(¢) is convex on
[0, 1]. Taking into account that x’(0) = 0, we get that

t) =x(1), mi t) = x(0).
max x(t) = x(1), min x(t) = x(0)

(1) From the concavity of x(t), we have
§i(x(1) —x(0)) = x(&) — x(0).
Multiplying both sides with f3; and considering the boundary condition, we have
m—2 m—2
(1 -y ﬁiéi) x(1) < ) Bi(1 — &)x(0). (3.3)
i=1 i=1
Thus

min |x(t)| > § max |x(t)].
Join | 0 = max | 0]

(2) Considering the mean-value theorem together with the concavity of x(¢), we have
x(1) —x(&) = (1 - &) (1). (3.4)

Multiplying both sides with 3; and considering the boundary condition, we have

m—2 m—2
(Z Bi — 1) x(1) = Y A1 - &)X (1), (3.5)
i=1

i=1

which yields that ¥(1) = 315 Bi(1 = &)/(Xi% fi — DI (1)) = y max [x'(1)]
(3) For x'(t) = x'(0) + [, x”(s)ds and x°(0) = 0, we get

t 1
|x'(8)] = |/0 %" (s) ds| 5/(; |x" (s)] ds.
For x”(t) = x"(1) — [ x”'(s)ds and x”(1) = 0, we get

1 1
W= 1 [ e asl < fo K($)] d.

Consequently

J /! a I
max |x'(t)] < max [x”(t)], max |x”"(t)] < max |x"(¢)].
max | O] < max | (01, Jnax | 0] < Mmax | (0]

Page 5 of 12
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These give the proof of Lemma 3.3.
Remark Lemma 3.3 ensures that

! A I < I
max{ max lx(t)1, max | 1 max | 1 max |x 0n <y max |x (1.

Let Banach space E = C?[0, 1] be endowed with the norm

_ / 7 /"
x| = max{&lg lx(0)1, max ' (0)1, max " ()1, max X ()1}, x € E.

Define the cone P € E by

m—2
P={xeE|x(t) >0 «"(1)=0, x"(1) =0,4(0) = 0,x(1) = Z,Bix(éi), x () is convex on [0,1]}.
i1

Let the nonnegative continuous concave functional ¢, the nonnegative continuous
convex functionals 7, € and the nonnegative continuous functional y be defined on the
cone by

y(x) = max [7(1)], 6(x) = ¥(x) = max |x(1)], «(x) = min x(1)].
By Lemma 3.3, the functionals defined above satisfy
80(x) < a(x) = 0(x) = ¥(x), Il xll=< yy(x). (3.6)

Denote
1 1
m =/ G(0, s)ds, N=/ G(1,s)ds, » = min{m, §y}.
0 0

Assume that there exist constants 0 < a, b, d with a < b < Ad such that

(A1) f(t, w, v, w, p) <d, (t, u, v, w, p) €[0,1] x [0, yd] x [0, d] x [0, d] x [—d, 0],
(A2) f(t, u, v, w, p) > b/m, (t, u, v, w, p) € [0, 1] x [b, b/8] x [0, d] x [0, d] x [—d, 0],
(A3) f(t, w, v, w, p) <a/N, (&, u, v, w, p) € [0, 1] x [0, a] x [0, d] x [0, d] x [—d, 0].

Theorem 3.1 Under assumptions (A;)-(Az), problem (1.1), (1.2) has at least three
positive solutions x1, x5, x3 satisfying

max |xX";(t)] <d, i=1, 2, 3;b < min |x1(t)|;
0=t<l 0<t<1

a < max |x(t)], min |x2(¢)] < b;
0=<t<1 0=t<1

max |x3(t)| <a.
0<t<1

Proof Problem (1.1, 1.2) has a solution x = x(¢) if and only if x solves the operator

equation
1
x(t) =f0 G(t, 8)f (s, x(s), x'(s), x"(s), ¥ (s))ds = (Tx)(¢).
Then
(Tx)"(¢) = —/lf(s, x, ¥, x", x")ds.

For x € P(y, d), considering Lemma 3.3 and assumption (4;), we have f(¢, x(¢), x'(t),
x(t), x”(t)) < d. Thus

Page 6 of 12
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1 1
y(Tx) = |(Tx)"(0) = I—/ fls x, ', &, x")ds| =[ If(s x «, &, x")|ds < d.
0 0

Hence T : P(y,d) — P(y,d). An application of the Arzela-Ascoli theorem yields that

T is a completely continuous operator. The fact that the constant function x(t) = b/0
€ P(y, 0, a, b, ¢, d) and a(b/d) > b implies that

{xeP(y, 6,a, b, ¢, d)|a(x) > b} #0.

For x € P(y, 0, a, b, ¢, d), we have b < x(£) < b/J and |x™(t)| < d. From assumption
(Ay), we see

f(t, x, &, &, &) > b/m.

Hence, by definition of o and the cone P, we can get
! b (! b
(9 = (190) = [ 60,9705 % ¥, ' wyis= b [ G, e,
0 0

which means o(Tx) > b, Vx € P(y, 6, o, b, b/0, d). This ensures that condition (S1) of
Lemma 2.1 is fulfilled.
Second, with (3.4) and b < Ad, we have

a(Tx) = 860(Tx) > 8§ x z =b

for all x € P(y, o, b, d) with 6(Tx) > L.

Thus, condition (S;) of Lemma 2.1 holds. Finally we show that (S3) also holds. We
see w(0) = 0 < a and 0 & R(¥, y, a, d). Suppose that x € R(y, y, a, d) with w(x) = a,
then by the assumption of (A3),

1 1
¥ (Tx) = max |(Tx)(¢)] =/ G(1, )f(s, x, &, &7, ¥")ds < ¢ / G(1,s)ds = a,
0<t<1 0 N Jo

which ensures that condition (S;) of Lemma 2.1 is fulfilled. Thus, an application of
Lemma 2.1 implies that the fourth-order m-point boundary value problem (1.1, 1.2)
has at least three positive convex increasing solutions xi, x5, x3 with the properties that
max |x/'(t)] <d, i=1, 2, 3;b < min |x;(¢)];
0<t<1 0<t<1

a < max |x;(t)|, min |x(t)] <b;
0<t<1 0<t<1

<
max lxs ()] <a.

4 Positive solutions for problem (1.1), (1.3)
The following assumption will stand throughout this section:

m—2 m—2 m—2
(Ha), f € C([0,1] x R*,[0,+00)), D Bi>1, Y B&i+1— > Bi>0.
i=1 i=1 i=1
Lemma 4.1 Denote & =0, &, = 1, B = B,..1 = 0, the Green’s function of problem

W) = o, (4.1)
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m—2
¥"(1)=0, x"(1) =0, ¥(1) = 0, x(0) = Y _ Bix(&), (4.2)
i=1
is
i—1 1 1 1 m=2 1
Zﬂk( £ — Els+ Eksz) + Y Bs
1 1 = \e 2 2 =6
— P+ st?— P+ <5, &1 <s<§,
2 2 m=1
Z ﬂk -1
H(ws) = o1, 1, 1 =3
> B (65’? - 25;?“ ZSkSZ) + ) Gﬂk53
3 k=0 k=i
—S - , t>s &1 <s<§,
Z :Bk -1
k=0

fori=1,2,.,m-1.
Proof Suppose that

ast> +art> +art+apt <s, £ <s<&,i=1,2,..., m—1,
b3t3+b2t2+b1t+b0t25, £ 1<s<§&,i=1,2,..., m—1.

H(t,s) = {

Considering the definition and properties of Green’s function together with the

boundary condition (4.2), we have

ass3 + ar8% + ays + ag = b3s> + bys? + bys + by,
3ass? +2ass + a; = 3b3s% + 2bys + by,

6a3s + 2a, = 6bzs + 2by,

6613 — 6b3 =—1,

bs =0,

6b3 + 2b2 = O,

3b3 + 2b2 + bl =0,

i=1 m—2
ag =Y Br(as&] + ar€} + ar&r +ao) + Y Br(bs&] + br&? + b1& + by).
=i

k=0
Consequently
1 1 1
613——Gf a; = 2Sf 611=—2Szf bs=b, =b; =0,
i—1 1 1 1 m—2 1
,3k< £ — Els+ Ek52> + ) Bs
4o o k0 \® b7k k=i ©
0= m—1 ’
> Be—1
k=0
i—1 1 1 1 m=2 1
> Br <6t‘§,f’ - 2Ek25+ 2Sk52) + > Gﬂk53
bo = k=0 k=i 1 3
0 = — 5.
m—1 6
> Be—1
k=0

The proof of Lemma 4.1 is completed.
Lemma 4.2 One can see that H(¢, s) > 0, £, s e [0, 1].
Proof For &1 <s<¢&,i=1,2,..,m-1,

1
dH(t, s) _ —2(t—s)2,t55, §i1 <s<§,
at 0, t>s, &1 <s<é&.
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Then BHa(t, s) < 0,0 < t, s < 1, which implies that H(t, s) is decreasing on ¢. The fact
t
that
i—1 1 1 1 m—2 1
Y Bl & — L&+ &)+ Y B
="\ 6 2 2 =6 1,
H(1,s) = — 63 >0

m—1
> B—1
k=0

ensures that H(t, s) >0, ¢, s e [0, 1].
Lemma 4.3 If x(¢) ¢ C%[0, 1],

m—2
x"(1)=0, 2'(1) =0, ¥'(1) =0, x(0) = D Bux(&),

i=1
and ¥ (¢) > 0, there exists #, such that ¥ (¢,) >0, then
i >
(1) g2ify WO = &1 g WO
max |x(t)| < y; max |x/(1)],
() 05151| ()l < V105151| (o)1

max |«'(t)| < max |[«”(t)], max |x”(t)| < max |x"(t
(3)0§t§1| ()|_0§t51| () 05t§1| ()|_0§t51| ()]

where 81 = (1= X0 81— &) | 0 B = iy Bl (X0 81— 1) are
positive constants.

Proof It follows from the same methods as Lemma 3.3 that x(¢) is convex on [0, 1].
Taking into account that x’(1) = 0, one can see that x(¢) is decreasing on [0, 1] and

t) = x(0), i t) =x(1).
max x(t) = x(0), min x(t) =x(1)

(1) From the concavity of x(t), we have
§i(x(1) = x(0)) = x(&) — x(0).
Multiplying both sides with f3; and considering the boundary condition, we have
m—2 m—2
> BiEix(1) = (1 -> B0 - gi)> x(0). (4.3)
i=1 i=1
Thus

min |x(t)] > §; max |x(t)].
O§t§1|()| - 105151|()|

(2) Considering the mean-value theorem, we get
(0) — x(&) < &l«'(0)].
From the concavity of x similarly with above we know
m—2 m—2
(Z Bi — 1) x(0) < ) Bi&lx (0)]. (4.4)
i=1 i=1
Considering (4.3) together with (4.4) we have x(0) < y1lx'(0)| = m Ofgixl Ix'(£)].
(3) For ¥'(t) =x'(1) — ftl X" (s)ds, x"(t) =x"(1) — ftl ¥ (s)ds and x’(1) = 0, x™(1) = 0,

we get

Page 9 of 12
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WOl = | / ¥(s) ds| < /0 ()l ds, 0] = | / ¥(s) ds| < /0 X ()| ds.

Thus

/t < //t //t < ///t.
ggéa)illx()l _Orgglx()l, Orlslglx()l _Orlsltglx 0]

Remark We see that

! " 1 1
max{orgt@sax1 lx(1)1, max X' ()1, [max |x W’&Q@i X" < fnax Ix”(e)].

Let Banach space E = C?[0, 1] be endowed with the norm

|| % [I= max{max |x(t)|, max |x'(t)|, max |x"(t)], max [x"'(t)]}, x € E.
0<t<1 0<t<1 0<t<1 0<t<1

Define the cone P < E by

Py = [x eE|x(t) >0, (1) =0, x"(1) =0, (1) = 0,x(0) = riﬁix(&), x(t) is convex on [0, 1] ¢ .

i=1

Denote
1 1
my =/ H(1,s)ds, N; =/ H(0,s)ds, A1 = min{my, 81y1}.
0 0

Assume that there exist constants 0 < a, b, d with a < b < A,d such that
(ADF(t w v, w, p)<d, (6 u v w p) e [0,1] x [0, yid] x [~d, 0] x [0, d] x [~d, 0],

(As)f(t, w, v, w, p)>b/my, (&, u, v, w, p) € [0, 1] x [b, b/81] x [—d, 0] x [0, d] x [—d, 0],
(A) f(t, u, v, w, p) < a/Nl, (t, u, v, w, p) €0, 1] x [0, a] x [—d, 0] x [0, d] x [—d, O].

Theorem 4.1 Under assumptions (A,)-(Ag), problem (1.1), (1.3) has at least three
positive solutions xj, x,, x3 with the properties that

| <d, i= . i : i .
Iax lx"(t)] <d, i=1,2, 3;b< Jnin [x1(1)]; a < max \xz(t)llorglsn1 ()] <b; Inax [x3(t)] <a.

Proof Problem (1.1), (1.3) has a solution x = x(¢) if and only if x solves the operator
equation

1
x(t) =/O H(t, $)f (s, x(s), &'(s), x"(s), £ (s)) ds = (T1x)(¢).
Then
(T1x)”(t) = —/1f(s, x, ¥, x", x")ds.

For x € P;(y, d), considering Lemma 4.3 and assumption (A4,), we have
f(t, x(¢), ¥ (t), "(¢), x"(¢)) < d.
Thus

1 1
y(Tix) = [(T1x)"(0)] = |- / f(s, % ¥, ¥, ) ds] = / s, % 2, &) &) ds < d.
0 0

Hence T :Pi(y,d) — Pi(y,d) and T, is a completely continuous operator

obviously. The fact
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that the constant function x(¢) = /6, € Py(y, 0, &, b, ¢, d) and o(b/5,) > b implies
that

{xe Pi(y, 0, @, b, ¢, dla(x) > b)} #0.

This ensures that condition (S1) of Lemma 2.1 holds.
For x € Py(y, 0, o, b, ¢, d), we have b < x(t) < b/0, and |x”(t)| < d. From assumption
(A4):

f(t x &, &', x") > b/my.

Hence, by definition of o and the cone P;, we can get
! b ! b
a(Tx) = (T1x)(1) =/ H(1, s)f(s, x, &, X', ¥")ds > / H(1, s)ds> — mj=b,
0 mi Jo my

which means o(Tx) > b, Vx € Py(y, 0, o, b, b/, d).
Second, with (4.4) and b < A,d, we have

b
a(Tlx) > SIQ(TIX) > 8 X 5 =b
1
for all x € Py(y, &, b, d) with 6(T1x) > ).
Thus, condition (S;) of Lemma 2.1 holds. Finally we show that (S3) also holds. We
see w(0) = 0 < a and 0 ¢ R(¥, v, a, d). Suppose that x € R(y, y, a, d) with w(x) = a,
then by the assumption of (4g),

1 1
Y (T1x) = max (T (1) = /0 H(O, $)f(s, x %, ', x") ds < 131 /0 H(0, s) ds = a,

which ensures that condition (S3) of Lemma 2.1 is satisfied. Thus, an application of
Lemma 2.1 implies that the fourth-order m-point boundary value problem (1.1), (1.3)
has at least three positive convex decreasing solutions x;, x5, x5 satisfying the condi-
tions that

" ;o . H . H .
{nax l«"()] <d, i=1,2, 3;b< fin lx1(8)]; a < foax \xz(t)l,orgtlsnl lx2 ()] < b; {nax lx3(t)| <a.
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