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Abstract

Purpose: To derive existence and comparison results for extremal solutions of
nonlinear singular distributional initial value problems and boundary value problems.

Main methods: Fixed point results in ordered function spaces and recently
introduced concepts of regulated and continuous primitive integrals of distributions.
Maple programming is used to determine solutions of examples.

Results: New existence results are derived for the smallest and greatest solutions of
considered problems. Novel results are derived for the dependence of solutions on
the data. The obtained results are applied to impulsive differential equations.
Concrete examples are presented and solved to illustrate the obtained results.
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1 Introduction

In this paper, existence and comparison results are derived for the smallest and great-
est solutions of first and second order singular nonlinear initial value problems as well
as second order boundary value problems.

Recently, similar problems are studied in ordered Banach spaces, e.g., in [1-4], by con-
verting problems into systems of integral equations, integrals in these systems being
Bochner-Lebesgue or Henstock-Kurzweil integrals. A novel feature in the present study
is that the right-hand sides of the considered differential equations comprise distribu-
tions on a compact real interval [a, b]. Every distribution is assumed to have a primitive
in the space R]a, b] of those functions from [a, b] to R which are left-continuous on
(a, b], right-continuous at a4, and which have right limits at every point of (a, b). With
this presupposition, the considered problems can be transformed into integral equations
which include the regulated primitive integral of distributions introduced recently in [5].

The paper is organized as follows. Distributions on [a, b], their primitives, regulated
primitive integrals and some of their properties, as well as a fixed point lemma are pre-
sented in Section 2. In Section 3, existence and comparison results are derived for the
smallest and greatest solutions of first order initial value problems.

A fact that makes the solution space R][a, b] important in applications is that it con-
tains primitives of Dirac delta distributions J,, A € (a, b). This fact is exploited in

© 2011 Heikkilg; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.


mailto:sheikki@cc.oulu.fi
http://creativecommons.org/licenses/by/2.0

Heikkila Boundary Value Problems 2011, 2011:24 Page 2 of 19
http://www.boundaryvalueproblems.com/content/2011/1/24

Section 4, where results of Section 3 are applied to impulsive differential equations.
The continuous primitive integral of distributions introduced in [6] is also used in
these applications.

Existence of the smallest and greatest solutions of the second order initial and
boundary value problems, and dependence of these solutions on the data are studied
in Sections 5 and 6. Applications to impulsive problems are also presented.

Considered differential equations may be singular, distributional and impulsive. Dif-
ferential equations, initial and boundary conditions and impulses may depend function-
ally on the unknown function and/or on its derivatives, and may contain discontinuous
nonlinearities. Main tools are fixed point theorems in ordered spaces proved in [7] by
generalized monotone iteration methods. Concrete problems are solved to illustrate
obtained results. Iteration methods and Maple programming are used to determine

solutions.

2 Preliminaries
Distributions on a compact real interval [a, b] are (cf. [8]) continuous linear functionals
on the topological vector space D of functions ¢ : R — R possessing for every j € N, a
continuous derivative ¢ of order j that vanishes on R\(a, b). The space D is endowed
with the topology in which the sequence (¢;) of D converges to ¢ € D if and only if
‘/’;Ej) — ¢U) uniformly on (a, b) as k — e and j € Nj. As for the theory of distributions,
see, e.g., [9,10].

In this paper, every distribution g on [a, b] is assumed to have a primitive, i.e., a
function G € R]a, b] whose distributional derivative G’ equals to g, in the function

space

Rla, b] ={G: tlim G(s) exists, liI,Il G(s)=G() ifa<s<t=<b and G(a) := lim G(s)}.  (2.1)

The value (g, ¢) of g at ¢ € D is thus given by
b
(& ¢) = (G, 9) = —(G,¢) = — / (09 (1) d.
a

Such a distribution g is called RP integrable. Its regulated primitive integral is defined
by
t
r /g =G(t)—G(s), a<s<t<b, whereG isaprimitive of gin R[a, b]. (2.2)

N

As noticed in [5], the regulated primitive integral generalizes the wide Denjoy inte-
gral, and hence also Riemann, Lebesgue, Denjoy and Henstock-Kurzweil integrals.

Denote by Ag|a, b] the set of those distributions on [a, b] that are RP integrable on
la, b]. If g € Agla, b], then the function t — " fat g is that primitive of g which belongs
to the set

Prla,b] = (G € R[a, b] : G(a) = O}.

It can be shown (cf. [5]) that a relation <, defined by

t t
f < gin Agla, b] if and only ifT/ f=< T/ gforalltea,b], (2.3)
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is a partial ordering on Ag|a, b]. In particular,
t t
f = g in Ag[a, b] if and only ifT/ f= T/ gforallt e [a,b]. (2.4)
a a

Given partially ordered sets X = (X, <) and Y = (¥, <), we say that a mapping f: X —
Y is increasing if flx) < fly) whenever x < y in X, and order-bounded if there exist f. €
Y such that £ < f () < f, forall x € X.

The following fixed point result is a consequence of [11], Theorem A.2.1, or [7],
Theorem 1.2.1 and Proposition 1.2.1.

Lemma 2.1. Given a partially ordered set P = (P, <), and its order interval [x_, x,] =
{xe P:x <x <« assume that a mapping G : [x_, x,] = [x, x,] is increasing, and
that each well-ordered chain of the range Glx_, x.] of G has a supremum in P and
each inversely well-ordered chain of G[x_, x,] has an infimum in P. Then G has the
smallest and greatest fixed points, and they are increasing with respect to G.

Remarks 2.1. Under the hypotheses of Lemma 2.1, the smallest fixed point x* of G is
by [[7], Theorem 1.2.1] the maximum of the chain C of [x, x,] that is well ordered,

i.e., every nonempty subset of C has the smallest element, and that satisfies

(I) x-=minC,andifx_ <x, thenx € C ifandonlyifx=supG[{y € C:y < x}].

The smallest elements of C are G"(x.), n € Ny, as long as G"(x.) = G(G" '(x.)) is
defined and G"'(x) <G"(x.), ne N. If G"}x) = G" (x.) for some n € N, there is the
smallest such an 7, and x. = G"'(x.) is the smallest fixed point of G in [x_, x,]. If

Xo = i‘éﬁ G"(x-) is defined in P and is a strict upper bound of {G"(x.)},.c n, then x,, is

the next element of C. If x, = G(x,), then x- = x,, otherwise the next elements of C
are of the form G"(x,), n € N, and so on.

The greatest fixed point x* of G is the minimum of the chain D of [x_, x,] that is
inversely well ordered, i.e., every nonempty subset of D has the greatest element, and
that has the following property:

(I) x, =maxD, and if x < x,,then x € D if and only if x = inf G[{y € D : x < y}].

The greatest elements of D are n-fold iterates G"(x,), as long as they are defined and
G"(x,) <G"'(x,). If equality holds for some 7 € N, then x* = G"'(x,) is the greatest
fixed point of G in [x_, x,].

3 First order initial value problems

In this section, existence and comparison results are derived for the smallest and great-
est solutions of first order initial value problems. Denote by L} (a, b], -eo< a < b <o,
the space of locally Lebesgue integrable functions from the half-open interval (a, b] to
R. L} (a, b is ordered a.e. pointwise, and its a.e. equal functions are identified.

Given p : [a, b] —> R,, consider the initial value problem (IVP)
(p-u) =g(w), lim(p - w)(1) = c(u), (3.1)

where c(u) € R, and g(u) € Ag|a, b]. We are looking for solutions of (3.1) from the
set

S={uel(ab]: lim (p - u)(¢) exists, and p - u € Ra, b]}, (3.2)



Heikkila Boundary Value Problems 2011, 2011:24
http://www.boundaryvalueproblems.com/content/2011/1/24

Definition 3.1. We say that a function u € S is a subsolution of the IVP (3.1) if
(p - w) < g(u), and lim (p - ) (¢) < c(u). (3.3)

If reversed inequalities hold in (3.3), we say that u is a supersolution of (3.1). If
equalities hold in (3.3), then u is called a solution of (3.1).
We shall first transform the IVP (3.1) into an integral equation.

Lemma 3.1. Given c(u) € R, uel],

11, € L}, (a,b], and that g(u) € Arla,b]. Then u is a solution of the IVP (3.1) in S if and

only if u is a solution of the following integral equation:

(a,b] and p : [a, b] —> R,, assume that

t

u(t) c(u) + T/g(u) , te(ab] (3.4)

_ 1
(1)

Proof: Assume that u« is a solution of (3.1) in S. The definition of S and (3.1) ensure
by (2.2) that
t t

r/g(u)= r/(p cu) =@ -w@)—(p - uw@), a<r<t<b.

r

Allowing r tend to a+ and applying the initial condition of (3.1) we see that (3.4) is
valid. Conversely, let u be a solution of (3.4). According to (3.4) we have

t

G 0O-cw [gw, te@bl (3.5)

a

This equation implies that z € S, that the initial condition of (3.1) is valid, and that
(p - u) =g(u).
Thus, u is a solution of the IVP (3.1) in S. O
Our first existence and comparison result for the IVP (3.1) reads as follows.
Theorem 3.1. Assume that g : L,loc(a, b] — Agla, b] is increasing, that p : [a, b] —> R,
that 11, € L}, (a,b], and that the IVP (3.1) has a subsolution u. and a supersolution u, in

S satisfying u. < u,. Then (3.1) has the smallest and greatest solutions within the order
interval [u_, u,] of S. Moreover, these solutions are increasing with respect to g and c.

Proof: Define a mapping G : L, (a,b] — Lj,.(a,b] by

t

! c(u) + T/g(u) , te(ab]. (3.6)

G0 =

Because g is increasing, it follows from (2.3) and (3.6) that G is increasing. Applying
(2.3), [[5], Theorem 7] and Definition 3.1 we see that if y Llloc(a, bland u. < u < u,, then

(O = u) O - limE - u)0)=lim [

t t

r/(ﬁ-u_)’fr/g(u_)gffg(u)/ a<t<b.

a a

Page 4 of 19
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Thus

t
u_(t) < p(lt) c(u) + T/g(u) =G(u)(t), te(ab]
a

Similarly, it can be shown that G(u)(¢) < u,(¢) for each ¢ € (a, b]. Thus, G maps the
order interval [u_, u.] of L,loc(a, b] into [u_, u,]. Let W be a well-ordered or an inversely
well-ordered chain in G[u_, u.]. It follows from [[1], Proposition 9.36] and its dual that
sup W and inf W exist in Llloc(a, b]

The above proof shows that the operator G defined by (3.6) satisfies the hypotheses
of Lemma 2.1 when P = L} (a, b]. Thus G has the smallest fixed point u- and the great-
est fixed point u* in [u, u.]. These fixed points are the smallest and greatest solutions
of the integral equation (3.4) in [#_, u,]. This result and Lemma 3.1 imply that »- and
u* belong to S, and they are the smallest and greatest solutions of the IVP (3.1) in
[u_, u,]. Moreover, u- and u* are by Lemma 2.1 increasing with respect to G. This
result implies by (2.3) and (3.6) the last conclusion of Theorem. O

The following result is a consequence of Theorem 3.1.

Proposition 3.1. Assume that mappings g : Llloc(a, b] — Agla, blandc: L, (a b] — Rare
(a,b]. Then, the IVP

(3.1) has in S the smallest and greatest solutions that are increasing with respect to g and c.

increasing and order-bounded, that p : [a, b] — R, and that 11] € Llloc

Proof: Because g and ¢ are order-bounded, there exist g+ € Ag[a, b] and ¢, € R such

that g < g(x) < g, and c_ < ¢(x) < c, for all x € L} (a, b]. Denote

loc

t

“i(t)=p(lt) Cet! f g |, te(ab].

Then u, € S, and
(b - u) =g-<8@) <8 = (p - w) forall xe L} (ab]
and

lim(p - u_)() =c- <c(x) <c.=lim(p - u,) forall xe L;.(a b].

Thus u_ is a subsolution and u, is a supersolution of (3.1), whence the IVP (3.1) has
by Theorem 3.1 the smallest solution u- and the greatest solution #* in the order inter-
val [u., u,] of S.

If u € S is any solution of (3.1), then

. ) t < ) » t < ) y t
(1) (c_ + ufg_) =00 (c(u) a/g(u)) = (c+ a/&), t € (ab],

or equivalently,
u_(t) <u(t) <u.(t), te(ab]

Consequently, u € [u, u,], whence u- and u* are the smallest and greatest of all the
solutions of (3.1) in S. O
In the next proposition, the Henstock-Kurzweil integral X [ can be replaced by any

of the integrals called Riemann, Lebesgue, Denjoy and wide Denjoy integrals.

Page 5 of 19
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Proposition 3.2. Assume that g(x) is RP integrable on [a, b] for every x € L], (a, b,
and that

[ 30 - S 0" [0+ Ho(o), telabl (37)
i=1 a

a

Where Hy € Prla, bl and for each i = 1,..., n, H; : [a, b] — [0, =) has right limits on
la, D), is left-continuous on (a, b, and f; : [a, b] — R satisfies the following hypotheses.

oc(a bl
(f2) There exist Henstock-Kurzweil integrable functions f, ﬁ : [a, b] — R such that

Kfut]f = Kf;fl(x) = Kfatfl()’) = Kfatf_rif t € [a, b] whenever x < y in L} (a, b]

If c: L, (a,b] — R is increasing and order-bounded, then the IVP (3.1) has in S the

smallest and greatest solutions that are increasing with respect to f; and c.

(1) fi(x) is Henstock-Kurzweil integrable on [a, b] for every x € L}

Proof: The hypotheses imposed above ensure by (2.3) and (3.7) that g is an increas-
ing mapping from L}, (a, b] to the order interval [g, g,] of Ag[a, b], where

/g - gH,-(t) Ka/t[;Ho(r), /g - ém(t) Kjﬁ+Ho(t), teab]

Thus the conclusions follow from Proposition 3.1.
Example 3.1. Assume that

t

T/g(x) = Hy(1) K/fl(x)+Ho(t), te0,b], (3.8)

a

where b > 1, HpeR[0,b], H, is the Heaviside step function, i.e.,

AEO = [105 arctan (/] (x() - "50)a )] (|sin(1)‘f san (sin(%))cos(})),

z/lz|, z#0,

te (0,b], xeL}.(0,b], [z] = max{n € Z : n < z} and sgn(z) = {0 o

RO = |:105arctan(/l (xt) - "50)a )} (‘sin(1)|713gn (sin(l))cos(})),

te(0,b], xeLl(0,b], [<] = maxin e Z: n<z}andsgn(z)—{z/lzl' Zfo

Note, that the greatest integer function [] occurs in the function fi(x). Prove that the
IVP

(p - u)=g) lim(p-u))=0, (3.9)

where p(t) = t, t € [0, b], has the smallest and greatest solutions, and calculate them.
Solution: Problem (3.9) is of the form (3.1), where ¢(u) = a = 0 and p(¢) = ¢. The
hypotheses (f;;) and (f;) are valid when

K/fl =—2t|sin(:)|+H0(t)r t € (0,b],
0

K/t]?l =2t|sin<:) | +Ho(t), te(0,b].
0
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Thus the IVP (3.9) has by Proposition 3.2 the smallest and greatest solutions. They
are the smallest and greatest fixed points of the mapping G defined by
t
1
G(x)(t) := . r f g(x), te(0,b], xeLi.(0b] (3.10)
0

G is an increasing mapping from Llloc(O, b), to its order interval [u., u,], where

us(t) := +2|sin (1) |+ H"t(t), te (0,b].

Calculating the successive approximations G"(u.) we see that G”(u,) = G®(u.). This
means by Remark 2.1 that u. = G’(u.) and u* = G”(u,) are the smallest and greatest
fixed points of G in [u_, u,]. According to the proof of Proposition 3.1, u- and u* are
also the smallest and greatest solutions, of the initial value problem (3.9) in S. The
exact expressions of u- and u* are:

{ u,(t) = —arctan ($7320) Isin (;) | + H"tm, te (0,b],

u* (1) = arctan (1897 [sin (1) |+ 7@, e (0,b].

2500 t

4 Applications to impulsive problems
In this section, we assume that A is a well-ordered subset of (a, b). Let J;, A € A,

t
denote the translation of Dirac delta distribution for which T/ S=H({t—A)t=2a,
a

where H is the Heaviside step function. Consider the singular distributional Cauchy
problem
(p - u) =Y 1(h s +f(u),  lim(p - u) = c(u), 4.1)
reA
where p : [a, b)] — R, and ,1, € L (a,b]. The values of fare distributions on [a, b],
and the values of I are real numbers.

Definition 4.1. By a solution of (4.1), we mean such a function u € § that satisfies

(4.1), for which p - u is continuous on [a, b]\A, and has impulses
Alp - w)(2):=(p - wW)(+) = (p - w)(A) =I(2,u), 2 € A.

In the study of (4.1), the regulated primitive integral is replaced by the continuous
primitive integral presented in [6]. A distribution g on [a, b] is called distributionally
Denjoy (DD) integrable on [a, b], denote g € Ac[a, b, if g has a continuous primitive,
i.e., g is a distributional derivative of a function G € Cla, b]. The continuous primitive
integral of g is defined by

t
‘/3=G(t)—G(S), as<s<t=<b.
N

Acla, b] is a proper subset of Ag[a, b, and for every g € Ac|a, b] its continuous and
regulated primitive integrals are equal. As shown in [6], Ac[a, b] contains functions that
are wide Denjoy integrable, and hence also Riemann, Lebesgue, Denjoy and Henstock-
Kurzweil integrable on [a, b]. On the other hand, distributional derivatives of nowhere
differentiable Weierstrass function and almost everywhere differentiable Cantor function
are distributionally but not wide Denjoy integrable.

Page 7 of 19
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It can be shown (cf. [6]) that relation <, defined by

t t
f < gifand onlyif“/ff C/gforallte [a, b], (4.2)
a a
is a partial ordering on Ac]a, b].
Transformation of the Cauchy problem (4.1) into an integral equation is presented in
the following lemma.

Lemma 4.1. Assume that u € S, that f(u) € Acla, b], and that )%:\”()" u)l < oo,
Then u is a solution of (4.1) if and only if

t
1
u(t) = c(u) + ZI(A, wWH({E—A)+ ¢ /f(u) , te(ab] (4.3)
p(t) by J

Proof: Assume first that u € S satisfies (4.3). Because A is well-ordered, it follows
that if A € A and A <sup A, then H(¢ - 1) = 1 on (4, S(A)], where S(A) = minfu € A :
A < p}. This property implies that if the function v : (a, b] — R is defined by

1
u(t) = c(u) + Y I wH(E—2) |, te(ab], (4.4)
p(t) =
then the function p - v is constant on every interval (4, S(A)], A > A <sup A, on [a,
min A], and on (sup A, b] if sup A < b. In particular, p - v € R[a, b], and the distribu-
tional derivative of p - v is

(p - v) =D I(nu)s;. (4.5)
AEA
Thus
(p - u) =(p - v) +f(u)=) 100 u)s +f(u).
AeA

Since t c/tf(u) is continuous on [a, b], then p - u is continuous on [a, b]\A.
Because ‘
- -v@E)—(@  vIA)=Iru)H(E—-1)=I(Au), reA, te(rSA)]
then
Alp - w)(A)=(p - w)A+)=(p - w)(A) = (p - V)(A+) = (p - V)(R) =1(h u), 21 €A

Moreover }L%(P - u)(t) = c(u), so that u is a solution of the IVP (4.1).

Assume next that u € S is a solution of (4.1). Denoting
z(t) =u(t) —v(t), telab]

where v is defined by (4.4), it follows from (4.1) and (4.5) that
(b -2 =f), lim(p - 2)=0,

Because flu) is DD integrable on [a, b], then

(A0 [fw, telabl
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Thus

t
(0 - W)= -+ - v)©) =c(w)+Y 10, u)H(E— 1)+ C/f(“)r tela b,
AEA a
or equivalently, (4.3) holds. O
Noticing that the IVP (4.1) is a special case of the Cauchy problem (3.1), where
8(w) = Y 1(h )b, + f(u), (4.6)

reA

the results of Section 3 can be applied to study the IVP (4.1). The following result is
a consequence of Proposition 3.1.

Proposition 4.1. The distributional IVP (4.1) has the smallest and greatest solutions
that are increasing with respect to f and c, if f:L} (a bl — Acla b] and
c: L (a b] — R are increasing and order-bounded, if p : [a, b] — R, 1f; € Llloc(a, b),
and if I : A x L}, (a,b] — Rhas the following properties.

() /\;\”()" X) =M < X for all x € Llloc(a, bl, and x —» I(A,x) is increasing when \ €
A.

Proof: The given hypotheses imply that (4.6) defines a mapping
g :Li (a,b] — Agla, b] that is increasing and order-bounded. Thus, the IVP (3.1) has
by Proposition 3.1 the smallest solution u#- and the greatest solution #* in S, and they
are increasing with respect to g and c¢. By Lemma 4.1, - and u* are the smallest and
greatest solutions of the IVP (4.1), and they are increasing with respect to f, and ¢,
since g is increasing with respect to f. D

The initial value problem

jt (p(Hu(t)) = q(t,u(t),u) a.e. on [a,b], tl_igl(p(t)u(t)) = c(u), 4.7)
combined with the impulsive property:
Alp - w)(A) =(p - w)(+) = (p - W)(A) =11 u), 2 €A, (4-8)

form a special case of the IVP (4.1) when fis the Nemytskij operator associated with
the function ¢ : [a,b] x R x L}, (a, b] — R by

f(x) = q(, (), %), x € Lyye(a, b].

Considering distributions d; as generalized functions ¢ a.d (¢ - A), t € [a, b], we can
rewrite the system (4.7), (4.8) as

jt(P(t)u(t)) = > 10, w)s(t=2)+q(t,u(t),u) ae. on [a,b],  lim (p(0u()) = c(u).  (4.9)
reA

For instance, Proposition 4.1 implies the following result:

Corollary 4.1. The impulsive Cauchy problem (4.9) has the smallest and greatest
solutions which are increasing with respect to q and ¢, if ¢ : L;, (a,b] — R is increasing
and order- bounded, and if the hypotheses (1) and the following hypotheses are valid.

(q0) q(-, x(-); x) is Henstock-Kurzweil integrable on [a, b] for every x € Lllo .(a, b].
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(q1) K [Tq(s x(s), x)ds < ¥ [1q(s,y(s),y)ds for all t € [a, b] whenever x < y in
Llloc(a, b]

(q2) There exist Henstock-Kurzweil integrable functions q. : [a, b] - R such that
Kt q_(s)ds < X [ q(s,x(s),x)ds < K [ q,(s)ds for all x € L}, (a,b] and t  a, b].

Example 4.1. Determine the smallest and greatest solutions of the IVP
o (£)+u(t) = 1(1)4 [10* arctan(u(1))]8 <t — ;)+q(t, u) a.e. on [0,1], [liI(I)l (tu(r)) =0, (4.10)

when ¢ is defined by

[10* tanh( [} (x(s)ds)]

q(t,x) = o h(t), xeL,(0,1], t € (0,1], where (4.11)

h(t) = |cos(})|+ lsgn (cos(}))sin(;), te(0,1].

'[[] denotes, as before, the greatest integer function, and ‘sgn’ the sign function.

Solution: The IVP (4.10) is a special case of (4.6), when a = 0, b = 1, c¢(u) = 0, p(t) =
t,te [0,1],1(5,x) = ), [10* arctan(x(1))], and A = {}}. The validity of the hypotheses
of Corollary 4.1 is easy to verify. Thus, the IVP (4.10) has the smallest and greatest
solutions. These solutions are the smallest and greatest fixed points of
G:Lj (0,1] — L}, (0,1}, defined by

G(x)(t) = 1 (1(1)4 [10* arctan(x(1))]H <t - ;) + K/q(t,x)) , xel, (0,1], te(0,1]. (4.12)
0

Calculating the successive approximations
Yne1 = G(¥n), Yo =x— and zps1 = G(z,), 20 = x,, where
2 t
xi(t)=itH(t_;)+;K/ h(s)ds = +2H (1— 1) & 'cos(})], t € (0, 1],
0
it turns out that (y,)17, is strictly increasing, that (z,)1%, is strictly decreasing, that
y17 = G(y17), and that z;6 = G(z16). Thus u- = y;7 and u* = z;6 are by Remark 2.1 the

smallest and greatest solutions of (4.1) with ¢(x) = 0. The exact formulas of u- and u*
are

1
4439H(1- ) 6313

u() == 50000 © 10000 |COS(1) , te(0,1],
1
2219H(t— 1)
u (1) = 500 2+ 1%%%0 |COS(1) » te(0,1].

Remarks 4.1. The function (¢, x) o q(¢, x), defined in (4.11), has the following proper-
ties.

« It is Henstock-Kurzweil integrable, but it is not Lebesgue integrable with respect
to the independent variable ¢ if x = 0, because % is not Lebesgue integrable on [0,1].
« Its dependence on the variables ¢ and x is discontinuous, since the signum func-
tion sgn, the greatest integer function [-], and the function / are discontinuous.

« Its dependence on the unknown function x is nonlocal, since the integral of func-

tion x appears in the argument of the tanh-function.
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« Its dependence on x is not monotone, since / attains positive and negative values
in an infinite number of disjoint sets of positive measure. For instance, y*(t) > y*(t)
for all £ € (0, 1], but the difference function ¢ — ¢(t, y*) -q(¢, y-) is neither nonne-
gative-valued nor Lebesgue integrable on [0, 1].

Notice also that in Example 4.1 dependence of the function

I(5,x) = 2. [10* arctan(x(1))] on x is discontinuous.

5 Second order initial value problems
We shall study the second order initial value problem in this section

(p-u) =fuu),

Jim (p - )(0) = ol ), Jim u(®) = du, ), o1

where f : L} (a,b]> — Agla,bl, ¢, d: L}

loc loc(a’ b]2 - IR’ p: [61, b] - R.H -0 < <b < oo,

We are looking for the smallest and greatest solutions of (5.1) from the set

Y={u:(ab] > R:u €L (ab] tlim u(t) and tlim (p-u')(t) exist,and p-u’ € R[a, b]}.  (5.2)

The IVP (5.1) can be converted to a system of integral equations which does not

contain derivatives.
Lemma 5.1. Assume that p : [a, b] —R,, that Il, € L' a, bland that
f(u,v) € Agla, blfor all u, v € L}, (a,b). Then u is a solution of the IVP (5.1) in Y if and

only if (u, ') = (u, v), where (u,v) € L}, (a, b)is a solution of the system

u(t) =d(u,v) + [Iv(s) ds, te(ab],
‘ (5.3)

t
v(t) = p(lt) (c(u, V) + ’/ f(u, v)), te(ab]
a
Proof: Assume that u« is a solution of the IVP (5.1) in Y, and denote
v(t) =u'(t), te(ab] (5.4)

The differential equation, the initial conditions of (5.1), the definition (5.2) of Y and
the notation (5.4) imply that

’jﬂww=gg’jﬂww=gg’jwvf
a =wwM5—ggwmmﬂém4mo—dww te (abl,
and
um—auw=gywn—wm=g$[3bws
=/atu’(s)ds=/atv(s)ds, t e (a,b].

Thus, the integral equations of (5.3) hold.

Page 11 of 19
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1
loc

Conversely, let (4, v) be a solution of the system (5.3) in L} (a, b]* The first equation
of (5.3) implies that u is a.e. differentiable and v = ©’, and that the second initial condi-

tion of (5.1) is fulfilled. Since v = u’, it follows from the second equation of (5.3) that
t
(p-u))=cluu)+ " /f(u, u'), te(ab] (5.5)
a

The equation (5.5) implies that p - u” belongs to R[a, b], and that the differential
equation and first initial condition of (5.1) hold. Thus u is a solution of the IVP (5.1)
inY. O

Assume that L;,.(a, b] is ordered a.e. pointwise, that Y is ordered pointwise, and that
the functions p, f, ¢ and d satisfy the following hypotheses:

Our main existence and comparison result for the IVP (5.1) reads as follows.

Theorem 5.1. Assume that p : [a, b] — R,, that 11, € L'{a, b, and that the mappings
f:Lj.(ab] - Agla,b] and ¢, d : L}, (a,b] — R are increasing and order-bounded.
Then, the IVP (5.1) has the smallest and greatest solutions in Y, and they are increasing
with respect to f; ¢ and d.

Proof: The hypotheses imposed on f, ¢ and d imply that the following conditions are
valid.

(f0) flu, v) is RP integrable on [a, b] for every (u,v) € Llloc(a, b], and there exist such
h_, h, € Agla, b] that h_ < f (uy, v1) < f (o, v2) < b, for all w,v; € L) (a,b], i =1, 2, uy
< uy and vy < vo.

(c0) ¢, € R, and c. < c(uy, v1) < c(uy, v5) < ¢, whenever u;, v; € Llloc(a, bl,i=1,2,u <
uy and vy < v,

(d0) d. € R, and d. < d(uy, v1) < d(us, v5) < d, whenever u;, v; € Llloc(a, bli=1,2u
< uy and vy < Vo

Assume that P = Llloc(a, b]? is ordered componentwise. We shall first show that the

vector-functions x,, x. given by

s t
L1 1
xi(t) =1 ds +/,; p(S) Ct+ + ra/hi ds, p(t) Ct + ra/hi (5.6)

define functions x. € P. Since 1/p is Lebesgue integrable and the functions
t
[ cy +f hy belong to R[a, b], then the second components of x, belong to

L}.(a, b]. This result implies that the first components of x. are defined and continu-
ous, whence they belong to L}, (a, b
Similarly, by applying also the given hypotheses one can verify that the relations

Gi(w,v)(t) :=d(u,v) + K/tv(s) ds, t € (a,b],
a (5.7)

Ga(u,v)(1) = p(lt) (c(u, v)+" /:f(u, v)) , te],

define an increasing mapping G = (Gy, Go) : [x, x,] — [x, x,].
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Let W be a well-ordered chain in the range of G. The sets W; = {u : (1, v) € W} and
W, = {v: (4, v) € W} are well-ordered and order-bounded chains in Llloc(a, b]. It then
follows from [[1], Proposition 9.36] that the supremums of W; and W, exist in
L} .(a, b]. Obviously, (sup Wi, sup W>) is the supremum of W in P. Similarly one can
show that each inversely well-ordered chain of the range of G has the infimum in P.

The above proof shows that the operator G = (G, G,) defined by (5.7) satisfies the
hypotheses of Lemma 2.1, and therefore G has the smallest fixed point x- = (u-,v:) and
the greatest fixed point x* = (u*, v*). It follows from (5.7) that (u, v-) and (u*, v*) are
solutions of the system (5.3). According to Lemma 5.1, u#- and u* belong to Y and are
solutions of the IVP (5.1).

To prove that - and u* are the smallest and greatest of all solutions of (5.1) in Y,
let u € Y be any solution of (5.1). In view of Lemma 5.1, (4, v) = (4, #’) is a solution
of the system (5.3). Applying the hypotheses (f0), (c0) and (d0) it is easy to show that x
= (u, v) € [x, x,], where x, are defined by (5.6). Thus x = (1, v) is a fixed point of G =
(G1, Go) : [x, x,] > [x, x,], defined by (5.7). Because x- = (u-, v-) and x* = (u*, v*) are
the smallest and greatest fixed points of G, then (-, v+) < (&, v) < (u*, v*). In particu-
lar, u- < u < u*, whence u- and u* are the smallest and greatest of all solutions of the
IVP (5.1).

The last assertion is an easy consequence of the last conclusion of Lemma 2.1 and
the definition (5.7) of G = (G, Gy). O

Consider next the the following special case of (5.1) where the values of f are com-
bined with impulses and a Henstock-Kurzweil integrable function:

fu,v)(t) = ZI(A, u, v)(A)8(t — 1) +q(t u,v), u,ve Ll (ab], telab]

reA

In this case problem (5.1) can be rewritten as

d / / /
dQt (p(Ou' (1)) = ZI(A, u,u')8(t—A) +q(t,u,u’) a.e. on [ab],
reA (5.8)

lim (p()' (1)) = e(w, ), lim u(t) = d(u, u').

The next result is a consequence of Theorem 5.1.

Corollary 5.1. Assume that p : [a, b] —» R, ;eLl[a,b], that functions

¢, d: Ll (a,b]*> > R are increasing and order-bounded, and that the mappings

loc
q:la,b] x L (a,b)> > Rand I: A x L}

loc

(a, b]*> — R satisfies the following hypotheses.
(q1) (-, x) is Henstock-Kurzweil integrable on [a, b] for all x € L}, (a,b]%

loc

(q2) There exist Henstock-Kurzweil integrable functions q. : [a, b] - R such that

t t t t
K/ q-(s)ds < Kf q(s,x)ds < Kf q(s,y)ds < Kf q.(s)ds, t € |a, b], whenever x <
yin L} (a,b]?

loc

4] x;\”()"xﬂ =M< frallxe L} (a,b)% and x o I(A, x) is increasing when A €

A.
Then, the impulsive IVP (5.8) has the smallest and greatest solutions that are increas-
ing with respect to q, ¢ and d.
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Example 5.1. Determine the smallest and greatest solutions of the following singular

impulsive IVP.

,i(“/t u/(t)) _ tanh( [20u[1]+10u [1]] )5 ( 2) [f1 (u(s)+/(s))ds] 4 (tsm + t)

1+|[f1 (u(s)+u/(5)]| de (59)
ae on [0,3]  lim Viu'(t) = 1+[|”[u(,1(1])“ lim u(t) = 1+[|u[£1()1])]|

Solution: System (5.9) is a special case of (5.8) by setting a = 0, b = 3, p(t) = +/t,
A= {;}, and ¢, ¢, d and I are given by
R CORIO)EL

L[/} (u(s)+v(s)) ds]| 4t

1 .
() = iy 4G v) = [y 10, w0) = anh (PR,

q(t,u,v) = (tsin } +1),

(5.10)

It is easy to verify that the hypotheses of Corollary 5.1 hold. Thus (5.9) has the smal-
lest and greatest solutions. The functions x. and x, defined by (5.6) can be calculated,

and their first components are:

24/2 2tA/t 1 44/t 1
u(t)=1- Jn+2«/t+ \/sin + \/cos
3 3 t 3 t
44/2 2 2t4/t 1
+ \/37T FresnelS <\/ t) v +(2Vt—+v2)H (t— 2),
n

U_ = —Uy,

where
X
e
FresnelS (x) = / sin( %) dt
0= [ sin(5¢)

is the Fresnel sine integral. According to Lemma 5.1, the smallest solution of (5.9) is
equal to the first component of the smallest fixed point of G = (G;, G3), defined by
(5.7), with £, ¢ and d given by (5.10) and p(t) = 4/t. Calculating the iterations G"x_ it
turns out that G*x. = G°x_, whence G‘I‘x, is the smallest solution of (5.9). Similarly, one
can show that G3x, is the greatest solution of (5.9). The exact expressions of these

solutions are

4 342 8 3t/t 1 64/t 1
u(t) =—_ + Van - V- % sin  — % cos
5 5 5 5 t 5 t

~ 6\{5271 EresnelS (\/ﬂzt) _tanh(i(l)) 2Vt —~2)H <t— ;)

3 16427 34t 166/t . 1 32t 1
— + + Sin + COS
4 27 2 27 t 27 t

+ 32V2n FresnelS <\/ 2 ) + e +tanh (21> (2t —~2)H (t - 1) .
27 Tt 7 20 2

6 Second Order Boundary Value Problems

u'(t) =

This section is devoted to the study of the second order boundary value problem
(BVP)
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= - u) =fwu)

Jim p - )(0) = el w), u(v) = d(u ), o1

where f : L'[a,b]* — Ag[a, b} ¢, d: L'[a, b]* > R, and p : [a, b] = R, -o0 <a <b < oo,
Now we are looking for the smallest and greatest solutions of (6.1) from the set

Z={u:(ab]l > R:u eL'ab], tlirgl (p - )(t) exists,and p-u € Rla,b]}. (6.2)

The BVP (6.1) can be transformed into a system of integral equations as follows.
Lemma 6.1. Assume that p : [a, b] — R,, that Il) e€L'[a,b], and that

f(u,v) € Agla, blfor all u, v e L'[a, b). Then u is a solution of the IVP (6.1) in Z if and
only if (u, u’) = (u, v), where (u, v) € L'[a, b]* is a solution of the system

b
u(t) =d(u,v) — / v(s)ds, telab],
' (6.3)

u(t) = p(lt) (c(u, v) — "/atf(u, v)), tela,bl,

Proof: Assume that u is a solution of the BVP (6.1) in Z, and denote
v(t) =/ (t), te€][ab]. (6.4)

The differential equation, the boundary conditions of (6.1), the definition (6.2) of Z
and the notation (6.4) ensure that

[y =~ tim * [ S = tim 7 [ oy
= lim (p - v)(1) = (p - v)(1)) = (p - v)(t) — c(w,v), € [a,b]
and
u(t) — d(u,v) = u(t) — u(b) = — ["w/(s)ds = — ["v(s)ds, € [a,b].

Thus the integral equations of (6.3) hold.

Conversely, let (4, v) be a solution of the system (6.3) in L'[a, b]*. The first equation
of (6.3) implies that u is a.e. differentiable and v = u’, and that the second boundary
condition of (6.1) holds. Since v = u/, it follows from the second equation of (6.3) that

wwnm=dmm—ffﬂwm,temmy (6.5)

This equation implies that p - u” belongs to R[a, b], and that the differential equation
and first boundary condition of (6.1) are satisfied. Thus #, is a solution of the BVP
(6.1)in Z. B

Assume that Ll[zz, b] is ordered a.e. pointwise, that Z is ordered pointwise. We shall
impose the following hypotheses for the functions p, f, ¢, and d.

(p) p : la, bl > R, and , € L'[a,b]

(f1) f:L'[a,b]> — Agla, b] is order-bounded, and f (u;, v1) < f (t2, v5) whenever u,,
vie L'Ma, b),i=1,2, u; < s, and vy > vs.
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(cy) ¢ : L'a, b)* - R is order-bounded, and c(us, v5) < c(uy, v;) whenever u;, v; € L*
la, bl, i = 1,2, uy < uy, and vy > v,

(dy) d: L'[a, b]*> > R is order-bounded, and d(u;, v1) < d(us, vo) whenever u;, v; €
L'a, bl,i=1,2, u <uyand vy 2 vy.

The next theorem is our main existence and comparison result for the BVP (6.1).

Theorem 6.1. Assume that the hypotheses (p1), (f), (c1), and (d1) hold. Then, the BVP
(6.1) has the smallest and greatest solutions in Z, and they are increasing with respect
to fand d and decreasing with respect to c.

Proof: Because f, ¢ and d are order-bounded, then the following conditions are valid.

(fo) There exist he € Ag|a, b] such that /2. < f (u, v) < h, for all u, ve L'[a, b).

(co) There exist ¢, € R such that ¢. < ¢(u, v) < ¢, whenever u, ve L'[a, b].

(dy) There exist d, € R such that d_ < d(u, v) < d, whenever u, ve L'[a, b].

Assume that P = L'[a, b]? is ordered by

(u1,v1) < (ug,vp) ifand only if u; < uy, and v; > v;. (6.6)

We shall first show that the vector-functions x,, x. given by

"‘(”=(d‘ /p() JRELE 0 fath‘))’
"+“)=<d+ /p() s o - /”))

belong to P. Since 1/p is Lebesgue integrable and the function t + ¢, — Tfat h_

(6.7)

belongs to R[a, b], then the second component of x, is Lebesgue integrable on [a, b].
Similarly one can show that the second component of x. belongs to L'[a, b]. These
results ensure that the first components of x, are defined and continuous in ¢, and
hence are in L'[a, b].

Similarly, by applying the given hypotheses one can verify that the relations

Gy (u,v)(t) :=d(u,v) — Kftb v(s)ds, t € [a,b],

Go(u, v)(t) = (c(u, V[ f(u, u))) , te]ab] (6.58)

1
p(t)

define an increasing mapping G = (G, G») : [x, x,] > [x, x,].

Let W be a well-ordered chain in the range of G. The set W7 = {u : (4, v) € W} is
well ordered, W, = {v: (i, v) € W} is inversely well-ordered, and both W; and W, are
order-bounded in L'[a, b]. It then follows from [1, Lemma 9.32] that the supremum of
W, and the infimum of W, exist in L'[a, b]. Obviously, (sup Wi, inf W5) is the supre-
mum of W in (P, <). Similarly, one can show that each inversely well-ordered chain of
the range of G has the infimum in (P, <).

The above proof shows that the operator G = (G;, G,) defined by (6.8) satisfies the
hypotheses of Lemma 2.1, whence G has the smallest fixed point x- = (u+, v:) and a
greatest fixed point x* = (u*, v*). It follows from (6.8) that (u-, v-) and (u*, v*) are solu-
tions of the system (6.3). According to Lemma 6.1, u- and u#* belong to Z and are solu-
tions of the BVP (6.1).

To prove that u- and u* are the smallest and greatest of all solutions of (6.1) in Z, let
u € Z be any solution of (6.1). In view of Lemma 6.1, (&, v) = (&, ) is a solution of
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the system (6.3). Applying the properties (fy), (co), and (dp) it is easy to show that x =
(4, v) € [x, x.], where x. are defined by (6.7). Thus, x = (1, v) is a fixed point of G =
(G1, Go) : [x, x,] > [x_, x,], defined by (6.8). Because x- = (us, v-) and x* = (u*, v*) are
the smallest and greatest fixed points of G, respectively, then (u:, v-) < (4, v) < (u*, v¥).
In particular, u- < u < u*, whence u- and u* are the smallest and greatest of all solu-
tions of the BVP (6.1).

The last assertion is an easy consequence of the last conclusion of Lemma 2.1, and
the definition (6.8) of G = (G, G,). O

Consider next a special case of (6.1) where the values of f combined with impulses
and Henstock-Kurzweil integrable functions:

d
0 (p()' (1)) = > a(M)8(t — 1) +g(u,u/)(t) ae. on [a,b],
reA (6.9)

lim (p(0)' (1) = c(w, '), u(b) = d(u, ).

Corollary 6.1. Assume that p : [a, b] - R,, ;1, € L'{a, b], that functions c, d : L'[a, b]*
— R satisfy the hypotheses (c;) and (d;), i = 1, 2, that o : A > R, A;\'“(M < and

that g satisfies the following hypotheses.
(g1) g(u, v) is Henstock-Kurzweil integrable on [a, b] for all u, v € L'[a, b].
(82) There exist Henstock-Kurzweil integrable functions 8 8 : [a,b] — Rsuch that

t t t t
K/ g =< Kf g(uy, 1) < Kf g(uz, 1) < Kf gt € [a,b], whenever u, < u, and v,
a a a a

> v, in L'[a, b).

Then, the impulsive BVP (6.9) has the smallest and greatest solutions that are
increasing with respect to g, d and decreasing with respect to c.

Example 6.1. Determine the smallest and greatest solutions of the following singular
impulsive BVP.

—dWu () =8 (t—3)+ d(tsin }) tanh (10100 [ /1 2(300014(5) - 20001/(5))ds]>

. _ [1000u/(1)] _  [1000u(1)]
a.e.on [0,3], LIE& V(1) = 1+|[1003u’(1)]|' u(3) = 1+|[1oogu(1)]\‘

Solution: System (6.10) is a special case of (6.9) when a = 0, b = 3,

A= (;)0‘ (;) =1L A= (3), and g, ¢, d are given by

g(u,v)(1) =8 (t - 3) + j[(tsin 1) tanh <10100 [/12(300014(3) —2000v(s)) ds]) ,

_ [10000(1)] _ [1000u(1)]
c(u,v) = 1+|[1oogu(1)]\' d(u,v) = 1+|[lOOgu(1)]\'

(6.11)

It is easy to verify that the hypotheses of Corollary 6.1 are valid. Thus (6.10) has the
smallest and greatest solutions. The functions x. and x, defined by (6.7) can be calcu-
lated, and their first components are:

© —1-+6—2v3—2/3sin} — j4/3cos | — 4‘/32” FresnelS (3{/?:) + 2.4/t
u_(t) =
+2t§/t sin | + 4;/t cos | + 4é2”FresnelS (\“/5{) + 20;# —(2vt=+6)H (t-}),
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and

1-+6+6v3+2v/3sinl + 4‘/3 cos ) + ”2” FresnelS ( ) — 2t

u.(t)
2“/‘ sm — 45/” cos 1 4‘/2” FresnelS <Jt ) — Z[f — (2vt—+6)H (t— ;),

where FresnelS is the Fresnel sine integral.

According to Lemma 6.1 the smallest solution of (6.10) is equal to the first compo-
nent of the smallest fixed point of G = (G;, G,), defined by (6.3). Calculating the first
iterations G"x. it turns out that G°4_ = G’x. . Thus G?x, is the smallest solution of
(6.10). Similarly, one can show that G®x, = G, whence G?x+ is the greatest solution
of (6.10). The exact expressions of these solutions are

1
5623 1 3559 : 4¢3 3559 1
— 2624 — 1421 /3 —2+/3tanh 00 (1 +sin ) -6 - tanh 7 cos 5

- 4¢zn 3559 2341Jr zsz 3559 (i 1 4¢z 3559
u,(t) tanh %} FresnelS (3\/71) + 2T tanh 3> (sin | + 1) + *Y* tanh 33> cos |

4‘/2” tanh 3> FresnelS (\/ ) 2“/t tanh 3250509 (2v/t = V6)H (t — 3) ,

and
7652 _ 11370 4963 43 4963 1
— 7653 — 2i;543«/3:+2«/3tanh 200 (1+sm3)7«/6+ tanh ¥ cos 5
4«/27‘[ 4963 NG 56844/t zr«/t 4963 4«/r 4963
wr(t) =1+ tanh %7’ FresnelS (wn) — g4y — tanh % (smt +1) — tanh % cos ! .

4‘/2” tanh %53 FresnelS (\‘//5[ ) 2“/’ tanh 3% — 2Vt — VO)H (t - 1),

Remarks 6.1. The IVP’s (3.1) and (5.1) and the BVP (6.1) can be

+ singular, since 1im p(t) = 0 is allowed;

« nonlocal, because the functions g, ¢, d, and f may depend functionally on « and/
or u’;

« discontinuous, since the dependencies of g, ¢, d and f on u and/or #’ can be
discontinuous;

« distributional, since the values of g and f can be distributions;

« impulsive, since the values of g and f can contain impulses.

A theory for first order nonlinear distributional Cauchy problems is presented in
[12]. Linear distributional differential equations are studied in [13,8]. Singular ordinary
differential equations are studied, e.g., in [11,14,15]. Initial value problems in ordered
Banach spaces are studied, e.g., in [1-4,7]. As for the study of impulsive differential
equations, see, e.g. [1,16,17]. The case of well-ordered set of impulses is studied first
time in [18].

The solutions of examples have been calculated by using simple Maple
programming,.
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