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Abstract

In this paper, we consider the nonlinear viscoelastic equation

| uelPuy — Au — Auy +f0'g(t —s)Au(s)ds+ | ul’u = 0, in a bounded domain with initial
conditions and Dirichlet boundary conditions. We prove an arbitrary decay result for
a class of kernel function g without setting the function g itself to be of exponential
(polynomial) type, which is a necessary condition for the exponential (polynomial)
decay of the solution energy for the viscoelastic problem. The key ingredient in the
proof is based on the idea of Pata (Q Appl Math 64:499-513, 2006) and the work of
Tatar (J Math Phys 52:013502, 2010), with necessary modification imposed by our
problem.
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1 Introduction
It is well known that viscoelastic materials have memory effects. These properties are
due to the mechanical response influenced by the history of the materials themselves.
As these materials have a wide application in the natural sciences, their dynamics are
of great importance and interest. From the mathematical point of view, their memory
effects are modeled by an integro-differential equations. Hence, questions related to
the behavior of the solutions for the PDE system have attracted considerable attention
in recent years. Many authors have focused on this problem for the last two decades
and several results concerning existence, decay and blow-up have been obtained, see
[1-28] and the reference therein.
In [3], Cavalcanti et al. studied the following problem
t
| ue |Puy — Au— Aug + /g(t —s)Au(s)ds — yAu, =0, in Q x (0, 00),
0 (1.1)
u(x, 0) = uo(x), u(x, 0) = u1(x), x € 2,
u(x, t) =0,x € 0Q,t > 0,

where Q € RN, N > 1, is a bounded domain with a smooth boundary 9Q, ¥ > 0,
0<p< Niz if N>3orp>0if N=1,2, and the function g: R* — R" is a nonin-
creasing function. This type of equations usually arise in the theory of viscoelasticity

when the material density varies according to the velocity. In that paper, they proved a
global existence result of weak solutions for ¥ > 0 and a uniform decay result for y > 0.
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Precisely, they showed that the solutions goes to zero in an exponential rate for y > 0
and g is a positive bounded C'-function satisfying

1—[g(s)ds=1-1>0, (1.2)
/
and
—&18(1) < (1) = —&28(1), (1.3)

for all £ > 0 and some positive constants &; and &,. Later, this result was extended by
Messaoudi and Tatar [15] to a situation where a nonlinear source term is competing
with the dissipation terms induced by both the viscoelasticity and the viscosity.
Recently Messaoudi and Tatar [14] studied problem (1.1) for the case of ¥ = 0, they
improved the result in [3] by showing that the solution goes to zero with an exponen-
tial or polynomial rate, depending on the decay rate of the relaxation function g.

The assumptions (1.2) and (1.3), on g, are frequently encountered in the linear case
(p = 0), see [1,2,4-6,13,22,23,29-31]. Lately, these conditions have been weakened by
some researchers. For instance, instead of (1.3) Furati and Tatar [8] required the func-
tions e g(¢) and e*g’(t) to have sufficiently small L'-norm on (0, =) for some ¢ > 0
and they can also have an exponential decay of solutions. In particular, they do not
impose a rate of decreasingness for g. Later on Messaoudi and Tatar [21] improved
this result further by removing the condition on g’. They established an exponential
decay under the conditions g’(t) < 0 and e g(t) € L'(0, ) for some large o > 0. This
last condition was shown to be necessary condition for exponential decay [7]. More
recently Tatar [25] investigated the asymptotic behavior to problem (1.1) with p = y =
0 when A(t)g(t) € L'(0, ) for some nonnegative function /(t). He generalized earlier
works to an arbitrary decay not necessary of exponential or polynomial rate.

Motivated by previous works [21,25], in this paper, we consider the initial boundary
value problem for the following nonlinear viscoelastic equation:

t
| ue|Puy — Au— Aug + /g(t —s)Au(s)ds + |uffu=0, inQ x (0,00), (1.4)
0

with initial conditions

u(x, 0) = ug(x), ue(x, 0) = uy (x), x € 2, (1.5)
and boundary condition

u(x,t) =0,x€9Q,t >0, (1.6)

where Q € RN, N > 1, is a bounded domain with a smooth boundary 0Q. Here p,
p > 0 and g represents the kernel of the memory term, with conditions to be stated
later [see assumption (A1)-(A3)].

We intend to study the arbitrary decay result for problem (1.4)-(1.6) under the
weaker assumption on g, which is not necessarily decaying in an exponential or poly-
nomial fashion. Indeed, our result will be established under the conditions g’(£) < 0 and

Jo~ £(5)8(s) ds < oo for some nonnegative function &(¢). Therefore, our result allows a
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larger class of relaxation functions and improves some earlier results concerning the
exponential decay or polynomial decay.

The content of this paper is organized as follows. In Section 2, we give some lemmas
and assumptions which will be used later, and we mention the local existence result in
Theorem 2.2. In Section 3, we establish the statement and proof of our result related
to the arbitrary decay.

2 Preliminary results
In this section, we give some assumptions and lemmas which will be used throughout

this work. We use the standard Lebesgue space L”(Q) and Sobolev space H}(2) with
their usual inner products and norms.

Lemma 2.1. (Sobolev-Poincaré inequality) Let 2 < p < [55]2, the inequality
lully < | Vulla foru e Hy(€),

holds with the optimal positive constant c,, where || - ||, denotes the norm of L*(Q).
Assume that p satisfies

2 . .
O<,0§N 21fNZ3or,0>0 ifN=1,2. (2.1)

With regards to the relaxation function g(£), we assume that it verifies
(A1) g(t) = 0, for all £ > 0, is a continuous function satisfying

oo

0< [ g(s)ds=1<1. (2.2)
[

(A2) g'(t) < 0 for almost all £ > 0.
(A3) There exists a positive nondecreasing function &(¢): [0, ) — (0, <) such that

‘2((:)) =1(t) is a decreasing function and

/E(s)g(s)ds < 00. (2.3)
0

Now, we state, without a proof, the existence result of the problem (1.4)-(1.6) which
can be established by Faedo-Galerkin methods, we refer the reader to [3,5].

Theorem 2.2. Suppose that (2.1) and (A1) hold, and that (uo, u1) € H}(Q) x H} ().
Assume 0 < p < Nz_z’ if N>3,p>0,if N=1, 2. Then there exists at least one global
solution u of (1.4)-(1.6) satisfying

ue Lw([O,oo);Hé(Q)), U € Lw([O,oo);Hg,(Q)),un e L?([0,0); L*(R)).

Next, we introduce the modified energy functional for problem (1.4)-(1.6)

t
1 2 1 1
E(t) = lu 035+ |1 - f (s)ds | 11 vu(e) 12+ Il Vuu(e) I3
p+2 2 2 (2.4)
0 .

1 1 p+2
+,EeVRO ) 1u) 15,
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where
(go Vu)(t) = g(t —s) | Vu(t) — Vu(s)|*dxds. (2.5)
/]

Lemma 2.3. Let u be the solution of (1.4)-(1.6), then the modified energy E(t) satisfies
/ 1 / 1 2 1 /
E(0)= (g o Va)(0) — g(0) I Vu() 3= (g o Vu)(r) <. 26)

Proof. Multiplying Eq. (1.4) by u, and integrating it over €, then using integration by
parts and the assumption (A1)-(A2), we obtain (2.6).

Remark. 1t follows from Lemma 2.3 that the energy is uniformly bounded by E(0)
and decreasing in t. Besides, from the definition of E(¢) and (2, 2), we note that

(1 =0 | Vull3 + | Vue(t) 15 + (g0 Vu)(t) < 2E(0), Vt>0. (2.7)
3 Decay of the solution energy

In this section, we shall state and prove our main result. For this purpose, we first

define the functional

3
L(t) = E(t) + > ®i(1), (3.1)

i=1

where A; are positive constants, i = 1, 2, 3 to be specified later and

Dy(t) = p 1 . / | ue|Pueu dx + / Vu,(t)Vu(t)dx, (3.2)
Q Q
D, (t) = / (Aut - ,01 ) | u; Iput) fg(t — ) (u(r) — u(s)) dsdx, (3.3)
Q 0
d3(t) = //H(t —5) | Vu(s)|* dsdx, (3.4)
Q0
here

H() = £(0) / S(5)E(s) ds.

t

Remark. This functional was first introduced by Tatar [25] for the case of p = 0 and
without imposing the dispersion term and forcing term as far as (1.4) is concerned.

The following Lemma tells us that L(¢) and E(¢) + ®5(£) are equivalent.

Page 4 of 14
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Lemma 3.1. There exists two positive constants B, and B, such that the relation
BrE(1) + ®3(1)) < L(1) < B2(E(¢) + @3(1)), (3.5)

holds for all t > 0 and A, small, i = 1, 2.
Proof. By Holder inequality Young’s inequality Lemma 2.1, (2.7) and (2.2), we deduce

that
1 2(p+1) 1 9
/ | uPuudx| < ) Il u ||2(Z+1) *, hu
Q
2(p+1) 2
2(p+1 C
< Ve RS v
2
03] C,
=, Ivu ||§+2S I Vu |13,
1
/Vut(t)Vu(t) dx| < 2(|| Vu |15+ || Vu|3),
Q
t
/.Vutfg(t—s)(Vu(t) — Vu(s))dsdx
Q 0
t 2
1 1
=, I Vg |13 +2/ /g(t—s)(Vu(t)—Vu(s)) ds dx
Q 0
< yvu l( Vu)(t)
u u 7
=5 t 2 +2 80
and

t

/ | utl"u,/g(t —5)(u(t) — u(s)) dsdx
Q 0

1 2(p+1) 1
< hu B o) [ { st - ue) | dsax
Q 0

a1 162
= IVulz+ 3 (2o Vu)(e),

where ¢ = Cf(p”)(zE(o))P. Therefore, from above estimates, the definition of E(£)

by (2.4) and (2.2), we have

3
L(t) = E(t) + > 2iy(t)

i=1
< E(t) + c1lIVull3 + callVuell3 + ¢3 (8 0 V) (1) + A3 D3(1)
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and
L() = E@)—c Il Vull3 —ca Il Vue 15 —¢3 (g0 V) (1) + A3 D5(1)
1 . 1
> e (Ja=n=a) 1V i
1 , (1
1, —c ) Il Vue(2) 115 + ) —c3 (goVu) 0]

1
p+2
* o 1O I +2a®s(0)

2 2
where ¢; = Mgiﬁpﬁl), 6= (A”'\;()/ff;;p*l), and ¢; = l(p;(lpfi))'\z. Hence, selecting A; , i =
1, 2 such that
+1)(1 -1 +1
)\1<rnin{('02 ) ), P },
cc+p+1 ar+p+1

+1 +1
o o /\1},

Ay < min , —
2 {l(c§+p+1) a+p+1

and again from the definition of E(¢), there exist two positive constants 3, and 3,
such that

BLE(D) + 5(1)) < L(1) < B2(E(D) + &5(1)), (= 0.

To obtain a better estimate for |, Vu f; g(t —s)Vu(s) ds dx, we need the following

Lemma which repeats Lemma 2 in [25].
Lemma 3.2. For t > 0, we have

t 1 t 1 t
Vu [ g(t —s)Vu(s)dsdx = g(s)ds | I vu i+ [ g(t—s) I Vu(s) 12 ds
[*] ’ (/ ) ./ (3.6)

Q 0 0 0

— ; (g ) Vu) ().

Proof. Straightforward computations yield this identity.
Now, we are ready to state and prove our result. First, we introduce the following
notations as in [24,25]. For every measurable set A € R", we define the probability

measure g by

- [seds
A

The flatness set and the flatness rate of g are defined by

Fo={se€R"|g(s) > 0and g'(s) =0} (3.7)

and

N 1
Re=3(F) - | [s6)ds )

Fy
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Before proceeding, we note that there exists £, > 0 such that

t to

/ g(s)ds = / g(s)ds=g. >0, Vi=1o (3.9)
0 0

since g is nonnegative and continuous.
Theorem 3.3. Let (uo, u1) € H}(Q2) x H}(2) be given. Suppose that (A1)-(A3), (2, 1)
and the hypothesis on p hold. Assume further that Ry < l(zﬁﬁcg)f H(0) < g*(411)’3l and

3
8« > 4 With

(&(4+1) =3 =17
o = .
8"V (2E(0)Y

Then the solution energy of (1.4)-(1.6) satisfies
E(r) =Kg(1)™, t=0,

where y and K are positive constants.
Proof. In order to obtain the decay result of E(¢), it suffices to prove that of L(¢). To this
end, we need to estimate the derivative of L(¢). It follows from (3.2) and Eq. (1.4) that

1 2
(1) = ol w1525 + 1 Vug I3 = 1 V|3

t
+ / Vu/g(t—s)Vu(s) dsdx— || u ||g:§,
Q 0

which together with the identity (3.6) and (2.2) gives

1 5 l
SO EA SN A (1 - 2) I Vu I3
¢ (3.10)
1 2 1 p+2
*, gt —s) Il Vu(s) I3 ds — 2(goVu)(lf) = lullyys -
0
Next, we would like to estimate @ (t). Taking a derivative of @, in (3.3) and using
Eq. (1.4) to get

@) (t) = (l - /g(s) ds) /Vu(t)/g(t—s)(Vu(t) — Vu(s)) dsdx
0 0

Q

t 2 t
+/ (/ g(t — s)(Vu(t) — Vu(s)) ds) dx — ) 1 ) (/ 3(s) ds) Il u ||ZI§

Q 0 0

- (/g(s) ds) I Vg 113 —fvut(t)fg/(t—S)(Vu(t) — Vu(s))dsdx (3.11)

0 Q
t

! P I+ _ .
_ p+19/|uc| ut/g(t s)(u(t) — u(s))dsdx

0
t

+ / | u |pu/g(t —s)(u(t) —u(s)) dsdx.
Q

0

Page 7 of 14
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We now estimate the first two terms on the right-hand side of (3.11) as in [25].
Indeed, for all measure set A and F such that A = R* - F, we have

f Vu(t)fg(t —5)(Vu(t) — Vu(s))dsdx
0

Q

= /Vu(t) / g(t —s)(Vu(t) — Vu(s)) dsdx

Q AN[0,t]
+ / Vu(t) / g(t—s)(Vu(t) — Vu(s)) dsdx (3.12)
Q FN[0,1]
=< /Vu(t) / g(t —s)(Vu(t) — Vu(s)) dsdx
Q AN[Ot]

+ /g(s)ds I Vulli—fw(t) / g(t — s)Vu(s) ds dx.

N[0,¢] Q FN[0,t]
To simplify notations, we denote

At=Aﬂ[0,t] andFt=Fﬂ[O,t]

Using Holder inequality Young’s inequality and (2.2), we see that, for J; > 0,

Q

/ Vu(t)/g(t —5)(Vu(t) — Vu(s)) dsdx
A

1
=Sl Vulz+ //g(t—s) | Vu(t) — Vu(s)|* dsdx
1

Q A

and

D\

Vu(t) / g(t —s)Vu(s)dsdx
F

s;(/mQM)HVuM+;/ga—9nwmn@ds

F

Thus, from the definition of g(F) by (3.8), (3.12) becomes

{O\

Vu(t) /g(t —5) (Vu(t) — Vu(s)) dsdx
0

3 l
< (5 380) 1vut ey [ [s6-91vu0 - VuPdsdx 313

Q A

° / g(t=3) I Vu(s) 113 ds.

F

The second term on the right-hand side of (3.11) can be estimated as follows (see
[25]), for d5 > O,
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. 2
/(/ 3(t —5) (Vu(t) — Vu(s)) ds) dx
Q \o

2

= / (/ g(t—s) (Vu(t) — Vu(s)) ds + /g(t —s) (Vu(t) — Vu(s)) ds | dx
A F

& (3.14)
1
< (1 + 82) IQ///g(t —5)|Vu(t) — Vu(s)|* dsdx
+ (1 +8)I8(F) g(t — s)|Vu(t) — Vu(s)|* ds dx.
[1

Using Holder inequality Young’s inequality and (A2) to deal with the fifth term, for
(53 > 0,

/Vut(t) / gt —s)(Vu(t) — Vu(s)) dsdx
0

Q
t 2
3.15
<685 || Vuy ||§+4}33 / (fg/(t—s)(Vu(t)—Vu(s)) ds) dx (3.15)
0

g()

<8 | Vu I3 — (g Vu) (1).

Exploiting Holder inequality Young’s inequality Lemma 2.1 and (A2) to estimate the
sixth term, for d, > 0,

t

[ 1w [ = 9o - uw) dsds
Q 0

. 2
NS / ( / g/(t—S)(u(t)—u(S))dS) dx 516
Q

1 . . 0)c
el (64c3“’ D v, 2o _ 8 e (g o Vu) (t))

484

2
3(0) (g Vu) (t))

IA

1
o164 || Vu
+1<14|| N

For the last term, thanks to Holder inequality Young’s inequality Lemma 2.1, (2.7),
(2.2) and (3.8), we have, for Js5 > 0,

/ | ulpu/g(t —5)(u(t) —u(s)) dsdx
Q

0

555/ [ u2P+)) dx + 4;5 / (/g(t—s)(u(t)—u(s))ds) dx
Q Q 0

2
<8say || Vu |3 +Z; //g(t —5) | Vu(t) — Vu(s)|* dsdx
5

Q A

+;;5§(F) / /g(t —5) | Vu(t) — Vu(s)|* ds dx,

Q F

(3.17)
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p
where a5 = Cs2(p+1)(2f£(;)> . Thus, gathering these estimates (3.13)-(3.17) and using

(3.9), we obtain, for t > t,,

050 = (15 (51 3B ) +02) 1 V12

B (g(O) . 800k

/ 1—g,
485 " 4(p+ 1)84> (g oVu) (t) + ) /g(t—s) I Vu(s) ||§ ds

F

06164 2 8« p+2
+ (53 + il —g*> Il Vue |5 Tl w02 (3.18)

+1<1+ L,a 1_g*>//g(t—s)|Vu(t)—w(s)|2dsdx

8 2685 454
Q A
2
+ (1 +82 + 2; ) I3(F) / /g(t — ) | Vu(t) — Vu(s)* ds dx.
> Q F
Further, taking a derivative of ®3(£), using the fact that SS/((:)) =7(t) is a decreasing
function and the definition of ®3(¢) by (3.4), we derive that (see [25])

fE(—s)

o0 =IOV - [

H(t—s) || Vu(s) 3 ds— / g(t—s) Il Vu(s) I3 ds
< H(0) | Vu I3 (1) / H(t—s) || Vu(s) I3 ds— / gi-9)IVus) 12 ds  (3.19)
0 0
= H(O) | V13 = n(0)03(0) ~ [ (e =) 1 Vu(e) 1 s
0

Hence, we conclude from (2.6), (3.10), (3.18) and (3.19) that for any ¢ > ¢, > 0,

L/(t) = E’(t) + )\,1¢/1(t) + )chb/z(t) + A3<D/3(t)

<o (a5 om0

1 A
* =R w73 —h w3 =) (g0 Vi) (o)

p+2 p+2
) A ‘
+ (Al +22 (63 + ;‘L‘; 7g*>) I Ve |13 + < 2‘ - Aa) /g(t,s) I Vu(s) I3 ds
0
3 1
+ (Az(l — &) <81 + 2@(F)> + M85 — A (1 — 2) + ,\3H(0)) | Vu |3 (3.20)

o1+ 1,8 18 // (t—s) | Vu(t) — Va(s)2 dsd
2 5, * 26 43, g(t—s u u(s sdx

Q A

2
+ A2 <1 +87 + 2635) @(F) / [g(t — S) | Vu(t) - Vu(5)|2 dsdx
Q F

+ A <1 —g*> /g(t—s) Il Vu(s) ||% ds_)‘377(t)q>3(t).

2
F,

For n € N/, we consider the sets (see [24,25])

Ap={seR" |ng(s)+g(s) <0}
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and observe that

UAy = R* — {F UNg),
n

where Fg is given in (3.7) and Nj is the null set where g’ is not defined. In addition,

denoting F,, = R" - A,,, then
lim 3(F,) = §(F),

because A,, are increasingly nested. Thus, choosing A = A,, F = F, and A; = (g« - ¢)
A, for some ¢ > 0 in (3.20), we obtain
, 1 (800)  g(0)c ,
L'(t) < (2 A2 ( 15 + a(p +1)5s (& o Vu)(t)
Aoe . o1 "
= w1533+ (53 + pi‘; ,8> IV 13 = (g0 — &) Az Il I3

+1 p+2

_ (g* *28))»2 (govu) (t) + <(g* ;8)?»2 —As)/g(t—s) I Vu(s) ”% ds
0

2

+ <A2(1 —g) (51 + z@(F,,)> + 228500 — Ay (8 — &) (1 — ;) + kgH(O)) | Vu 3 (3.21)

2 _
+x21<1+ LGy 1483*>//g(z—s)|Vu(z)—w(s)\2dsdx
1

82 265
Q Ap

2
+ 22 <1 +8) + 2C§5> I3(Fn) / /g(t —5) | Vu(t) — Vu(s)|* dsdx

Q Fy

o (1 _zg*> fg(t =) I Vu(s) 113 ds = Asn(t)®3(0).

Fut

At this point, we take §3 = 84 < 2((/]’) :113;1) and select A, so that

2
Lo, (80) s y_1
2 483 4(p + 1)84 4

then (3.21) becomes

p+2

)»28 )»28
ORI 155 =75 1 Va3 = (8 —e)a lu I

_ (g* —28))»2 (govu)(t)+ ((g* —28)12 _)¥3) /g(t—s) ” Vu(s) ”% ds
0

+ <Az(1 —-g) (51 + ;@(Fn)> + 228500 — A (84 — €) (1 - ;) +)»3H(0)> I V13

1 ¢ 1-g 1 )
+ <A21<1 + 5 + 28 + " ) - 4n>/[g(t—s) | Vu(t) — Vu(s)|- dsdx

Q A

2
+ A2 (1 +8) + 26(; > I3(Fn) / /g(t —5) | Vu(t) — Vu(s)|* ds dx
5
Q Fy

o <1 _zg*) fg(t =) I Vu(s) I3 ds = Asn(0)s(0).

Fp

Page 11 of 14
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For ¢, 0, small enough and large value of # and ¢,, we see that if

8«

S5 = dg(F ,
s=eandglba) <00 e

then
¢ & — ¢
((1 +682) + 285)@(13”)— ) <0
and
3 1
2(1 — 8+)I8(Fn) < 8(8« —¢) (1 - 2), (3.22)
where
g4+ =31 (g.(4+D)-3D(1-1°
o= =
8y 8632(1“'1)(21_3(0))]3
and
_3(1 =gl
EACES)

Note that o > 0 and 0 <0 < 1 due to g, > 43+ll. Furthermore, we require 1, and A3

satisfying

1 2 1—g, 1

M1+ o+ & + &) _ <0
82 255 481 4n

and
Ao A2(ge(4+1)—3])
< A3 < ,
2 8H(0)

this is possible because of H(0) < g*(4j)’3’. Then, letting 6; be small enough and

using (3.22), we see that
3 l
)Lz(l —g*) 81 + 2@(1‘7") + A2ds0p — )Lz(g* — 8) 1-— 5 +)L3H(O) <0.
Hence, from the definition of E(¢) by (2.4), we have, for all ¢ > £,

L'(t) < —caE(t) — 23n(t) @3 (1),

for some positive constant cs. As 1(¢) is decreasing, we have 7(¢) < c,4 after some ¢ >
to. Hence, with the help of the right hand side inequality in (3.5), we find

L'(t) < —csn(t)L(t), Vit >ty (3.23)
for some positive constant ¢5 > 0. An integration of (3.23) over (¢, t) gives

L(t) < L(t)e e 1 ds g > ¢
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Then using the left hand side inequality in (3.5) leads to

Br(E(t) + ®5(1)) < L(t)e @145 vy > ¢,

Therefore, by virtue of the continuity and boundedness of E(£) and &(£) on the inter-

val [0, t:], we infer that

E(t) =Kg(t)™",t =0,

for some positive constants K and 4.
Similar to those remarks as in [25], we have the following remark.
Remark. Note that there is a wide class of relaxation functions satisfying (A3). More

precisely, if &(t) = e*, a > 0, then n(¢) = «, this gives the exponential decay estimate

E(t) < c1e™%, for some positive constants ¢; and ¢,. Similarly, if &(t) = (1 + )%, o >

0, then we obtain the polynomial decay estimate E (¢) < ¢3 (1 + £)*, for some positive

constants ¢3 and p.
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