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Abstract

This paper is concerned with the existence of solutions to a class of p-Kirchhoff type
equations with Neumann boundary data as follows:

I _[M (fsz |V”|pdx>]pilAp“ =f(x u), in€;
gz =0, on o<2.

By means of a direct variational approach, we establish conditions ensuring the
existence and multiplicity of solutions for the problem.
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1. Introduction
In this paper, we deal with the nonlocal p-Kirchhoff type of problem given by:

{ gM[M (Joy IVulPdx) '~ Apu = f(x, u), in ©; 1)
oy =0, on o2

where Q is a smooth bounded domain in RY, 1 <p <N, v is the unit exterior vector
on 9Q, A, is the p-Laplacian operator, that is, A,u = div(|Vu|’">Vu), the function M :
R* — R" is a continuous function and there is a constant mz, > 0, such that

(Mo) M(t) = mg forall ¢t > 0.

f(x,t) : 2 x R — R is a continuous function and satisfies the subcritical condition:

Np

f(x.0)] <C(tl" " +1), forsome p<gq<p*=qN+ Nz3i

(1.2)
+00, N=1,2.

where C denotes a generic positive constant.

Problem (1.1) is called nonlocal because of the presence of the term M, which
implies that the equation is no longer a pointwise identity. This provokes some mathe-
matical difficulties which makes the study of such a problem particulary interesting.
This problem has a physical motivation when p = 2. In this case, the operator M
(Jo|Vu|*dx)Au appears in the Kirchhoff equation which arises in nonlinear vibrations,
namely
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uy — M( [, IVul?dx)Au = f(x,u), inQ x (0, T);
u=0, ond2 x (0,T);
u(x, 0) = up(x), u(x, 0) = uq (x).

P-Kirchhoff problem began to attract the attention of several researchers mainly after
the work of Lions [1], where a functional analysis approach was proposed to attack it.
The reader may consult [2-8] and the references therein for similar problem in several
cases.

This work is organized as follows, in Section 2, we present some preliminary results
and in Section 3 we prove the main results.

2, Preliminaries
By a weak solution of (1.1), then we say that a function u ¢ WAP(Q) such that

p—1
[M </ IVuIde>} / |VulP~2VuVedx = / f(xu)pdx, forall ¢ e W"(Q)
Q o A

So we work essentially in the space W2(Q) endowed with the norm

lull = (/Q (IVul? + |u|f’)dx)’l’,

and the space W?(Q) may be split in the following way. Let W, = (1), that is, the
subspace of W"?(Q) spanned by the constant function 1, and
Wy = {z € WP(Q), [,z = 0}, which is called the space of functions of W"”(Q) with

null mean in Q. Thus
W (Q) = Wy @ W,.

As it is well known the Poincaré’s inequality does not hold in the space W"*(Q).
However, it is true in W,

Lemma 2.1 [8] (Poincaré-Wirtinger’s inequality) There exists a constant 1 > 0 such
that [, |zIPdx < n [, IVzlPdxfor all z e W,

Let us also recall the following useful notion from nonlinear operator theory. If X is a
Banach space and A : X — X* is an operator, we say that A is of type (S,), if for every
sequence {x,},-1 € X such that x,, - x weakly in X, and lim sup,,_, ., (A(x), X, — x) <O.
we have that x,, — x in X.

Let us consider the map A4 : W'?(Q) —» W"?(Q)* corresponding to —A, with Neu-
mann boundary data, defined by

(A(u),v) = / [VulP?Vuvudx, Yu,ve W'(Q). (2.1)
Q

We have the following result:

Lemma 2.2 [9,10]The map A : W'P(Q) — W"P(Q)* defined by (2.1) is continuous
and of type (S,).

In the next section, we need the following definition and the lemmas.

Definition 2.1. Let E be a real Banach space, and D an open subset of E. Suppose
that a functional ] : D — R is Fréchet differentiable on D. If xo € D and the Fréchet
derivative ' (xo) = 0, then we call that xq is a critical point of the functional ] and ¢ =
J(xo) is a critical value of J.
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Definition 2.2. For ] € C'(E, R), we say ] satisfies the Palais-Smale condition
(denoted by (PS)) if any sequence {u,} < E for which J(u,) is bounded and J(u,) — 0 as
n — o possesses a convergent subsequence.

Lemma 2.3 [11]Let X be a Banach space with a direct sum decomposition X = X; &
X, with k = dimX, < oo, let ] be a C' function on X, satisfying (PS) condition. Assume

that, for some r > 0,

J(u) < Oforue Xy, |ull <r;
J(u) = Oforu e X, lull <.

Assume also that ] is bounded below and infy ] < 0. Then ] has at least two nonzero
critical points.

Lemma 2.4 [12]Let X = X; & X,, where X is a real Banach space and X, = {0}, and
is finite dimensional. Suppose ] € c'(x, R) satisfies (PS) and

(i) there is a constant o and a bounded neighborhood D of 0 in X, such that J|;p < o
and,

(ii) there is a constant B >0 such that J |x, = B,

then ] possesses a critical value ¢ > B, moreover, ¢ can be characterized as

c= ;lrelrf r]?e%XI(h(u)).

where T = {h € C(D, X)|h = id on dD}.

Definition 2.3. For ] € C'(E, R), we say ] satisfies the Cerami condition (denoted by
(C)) if any sequence {u,} < E for which J(u,) is bounded and (1 ||u,||) J(u,)|| = O as
n — oo possesses a convergent subsequence.

Remark 2.1 If J satisfies the (C) condition, Lemma 2.4 still holds.

In the present paper, we give an existence theorem and a multiplicity theorem for
problem (1.1). Our main results are the following two theorems.

Theorem 2.1 If following hold:

F(xu) _ mp !

(Fp) 0< |,ljgloplul” <) aexe Q, where F(x,u) =f(;‘f(x,s)ds, N appears in

Lemma 2.1

(Fl) llm|u\—>oopP|‘fjf;7u) S Oae.x € Q,

(F)limyy— o [ F(x, u)dx = —o0.

Then the problem (1.1) has least three distinct weak solutions in W*?(Q).

Theorem 2.2 If the following hold:

(M) The function M that appears in the classical Kirchhoff equation satisfies
M(t) < (M(1))P~tfor all t > 0, where M(t) = [ [M(s)]"~"ds;

(F3)f(x, u)u > Oforallu # 0;

(F)lim,_ PPe0) _ g g0 x e

lul=oo |yl
(Fs)limyy o0 (f (%, u)u — pF(x, u)) = —o0.
Then the problem (1.1) has at least one weak solution in W"P(Q).
Remark 2.2 We exhibit now two examples of nonlinearities that fulfill all of our
hypotheses
p—1

m
f(x,u) = 20 ulP~2u — |ul"%u,
n
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hypotheses (Fp), (Fy), (F,) and (1.2) are clearly satisfied.

u
f(x,u) = arctanu + Y

hypotheses (F3), (F,) and (Fs) and (1.2) are clearly satisfied.

3. Proofs of the theorems
Let us start by considering the functional / : W?(Q) — R given by

J(u) = ;AA/I (/Q |Vu|”dx> - /QF(x,u)dx.

Proof of Theorem 2.1 By (F,), we know that f(x, 0) = 0, and hence u(x) = 0 is a
solution of (1.1).

To complete the proof we prove the following lemmas.

Lemma 3.1 Any bounded (PS) sequence of ] has a strongly convergent subsequence.

Proof: Let {u,} be a bounded (PS) sequence of J. Passing to a subsequence if neces-
sary, there exists u € W'"?(Q) such that u, - u. From the subcritical growth of f and
the Sobolev embedding, we see that

Lf(x: uy) (up — u)dx — 0.

and since J(u,,)(u,, — u) — 0, we conclude that

p p—1
[M <f [V, dx)} f |V |” 2 Vu,V(u, — u)dx — 0.
Q Q

In view of condition (M;), we have
/ |V, P~ Vu, V(u, — u)dx — 0.
Q

Using Lemma 2.2, we have u,, > u as n — 0. O

Lemma 3.2 If condition (M), (Fy) and (F») hold, then limy,j—ooJ(1) = +00.

Proof: If there are a sequence {u,} and a constant C such that ||u,|| & « as n — oo,
and J(u,) < C(n=1,2 ), let vy = HZ:M’ then there exist vo € W"?(Q) and a subse-
quence of {v,}, we still note by {v,}, such that v,, = vy in WP(Q) and v,, — v in LP(Q).

For any ¢ > 0, by (F)), there is a H > 0 such that F(x, u) < f,|u|p for all |u| > H and a.
e. x € Q, then there exists a constant C > 0 such that F(x, u) < f,|u|p +Cforall u e R,

and a.e. x € ), Consequently

||uf||ﬂ—|]|1(zr|l|)ﬂ ||u1||ﬂ( (/ 'V”"'pdx> /st(x'”")dx>

C|Q
/|an|pdx_ /|n|pdx 12l
[unllP

) e
p lun 1P

It implies /o|vo|[’dx > 1. On the other hand, by the weak lower semi-continuity of
the norm, one has
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[lvoll < lim inf[v,[| = 1.
n—oo

Hence [, |VuolPdx=0, so |vo(x)| = constant = 0 ae. x € Q. By (F,),

limMHOO/ F(x, u,)dx — —oc. Hence
Q

C > J(uy) = ;M (/Q |Vun|"dx) - /QF(x, Uy )dx

> —/ F(x, up)dx — +ocoasn — oo.
Q

This is a contradiction. Hence J is coercive on W*(Q), bounded from below, and
satisfies the (PS) condition. O

By Lemma 3.1 and 3.2, we know that / is coercive on W'”(Q), bounded from below,
and satisfies the (PS) condition. From condition (F,), we know, there exist ¥ > 0, ¢ > 0
such that

p—1

m
0 < F(x,u) < ( ; —8) lul?, forlu| <r.
n

If ue W, for ||u|| < p;, then |u| < r, we have

J(u) = ;M (/Q IVqudx) - /QF(x, u)dx

= —/ F(x,u)dx < 0.
Q

If u e W,, then from condition (F,) and (1.2), we have

p—1
F(x,u) < (m;n — 8) [ulf + Clul, for ueR, gqcel(pp").

Noting that
[wrds <y [ [wuras uew,
Q Q

we can obtain

J(u) = ;M (/Q |Vu|1’dx> —/QF(x, u)dx

p—1
> 1m1’71 |Vu|pdx—m° lufPdx+¢& | |uffdx—C | |u|7dx
0
p Q p Ja Q Q

> Ce|[ull” — CCylull".

Choose ||u|| = po small enough, such that J(z) > 0 for ||u|| < p, and u € W,
Now choose p = min{p;, p,}, then, we have

J(u) <0 forue W, |lul| <p;

J(w) <0 forue Wy, |lul] <p.
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If inf{J(u), u € W"P(Q)} = 0, then all u € W, with ||u|| < p are minimum of J, which
implies that J has infinite critical points. If inf{/(x), u W2(Q)} < 0 then by Lemma
2.3, J has at least two nontrivial critical points. Hence problem (1.1) has at least two
nontrivial solutions in W*#(Q), Therefore, problem (1.1) has at least three distinct
solutions in W*?(Q). O

Proof of Theorem 2.2. We divide the proof into several lemmas.

Lemma 3.3 If condition (Fs) and (Fs) hold, then J|wis anticoercive. (i.e. we have that
J(u) — -0, as |u| > o, u € R)

Proof: By virtue of hypothesis (F5), for any given L > 0, we can find R; = Ry(L) > 0
such that

1 1
F(x,u) > pL+ pf(x, u)u, foraexeQ, |ul>R;.

Thus, using hypothesis (F3), we have
1
F(x,u) > pL —C, fora.exe QueR
So
1
/ F(x,u)dx > L|Q| — C||.
Q p
Since L > 0 is arbitrary, it follows that
/ F(x,u)dx — oo, as |u| = oo,
Q
and so
J(u)lw, = —/ F(x,u)dx - —oo, as |u| — oo.
Q

This proves that J|w, is anticoercive. O
Lemma 3.4 If hypothesis (F,) holds, then Jlw, > —oo.

Proof: For a given 0 < & < m ', we can find C, > 0 such that F(x,u) < | [ul’ + C,

0
for a.e. x € Q all u € R. Then

J(u)luew, = ;A/;I (/S; IVuI”dx) — /S;F(x, u)dx

1 mh!

> mg*/ |VulPdx — ° /|u|de—C|Q|
p Q pn Ja

> —C|L].

then J|w, > —oc. O
Lemma 3.5 If condition (F,) (Fs) hold, then ] satisfies the (C) condition.
Proof: Let {u,}, -1 € W"?(Q) be a sequence such that

J(un)l <M1, Vn>1. (3.1)
with some M; > 0 and

(1 +[un) (un) = 0, in W'(Q)* as n— oo. (3.2)



Yang and Zhang Boundary Value Problems 2011, 2011:32 Page 7 of 8
http://www.boundaryvalueproblems.com/content/2011/1/32

We claim that the sequence {u,} is bounded. We argue by contradiction. Suppose
that ||u|| — +co, as n — oo, we set n = /", Y > 1. Then ||v,|| = 1 for all n > 1 and

so, passing to a subsequence if necessary, we may assume that

v, = v in W'(Q);

vy — v in LP(Q).

from (3.2), we have Vi e WP(Q)

p—1
‘[M (/ |Vu,,|”dx)] /|wn|”‘2w,,Vhdx— f(x'ﬁl;_)lhdx‘ < O Ik (3.3)
Q Q

Q llun T 1+ flull w7
with ¢, | 0.
In (3.3), we choose & = v, — ve W"P(Q), note that by virtue of hypothesis (F,), we
have
X, U . ,
U ")1 -0 in LI'(Q),
[tn P~

1,1 _
where][J +y = 1.

So we have

p—1
|:M (/ |Vun|pdx)} / |V, [P 2V, V (v, — v)dx — 0.
Q Q

Since M(t) >my for all ¢ > 0, so we have
/ |V, P2 Vv,V (v, — v)dx — 0.
Q

Hence, using the (S,) property, we have v, — v in W"?(Q) with ||v|| = 1, then v = 0.
Now passing to the limit as # — oo in (3.3), we obtain

/ |VuP~2VuVhdx — 0, Vh € WP(Q),
Q

then v = £ € R. Then |u,(x)| = + as n — +oo. Using hypothesis (Fs), we have f(x,
Uy(%))t,(x) - pF(x, u,(x)) = - for ae x € Q.
Hence by virtue of Fatou’s Lemma, we have

/f(x, Uy )y — pF(x, uy)dx — —o00, as n — +o0. (3.4)
Q

From (3.1), we have

M (/ IVun|”) dx—p/ F(x, up)dx > —pM;, Vn > 1. (3.5)
Q Q

From (3.2), we have

p—1
“:M (/ |Vun|”dx)j| /|Vun|p’2Vuthdx—/f(x,u,,)hdx
Q Q Q

h
< Al oy e win(q),
1+ [[unll
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With ¢, | 0. So choosing /1 = u,, € W"?(Q), we obtain
p—1
—[M(/ |Vu,,|”dx)] / IVunI”dx+/f(x, Uy )updx > —ep. (3.6)
Q Q Q
Adding (3.5) and (3.6), noting that M(t) < (M(t))P~1¢t for all £ > 0, we obtain
/ (f (x, un)uy — pF(x, uy))dx > =My, VYVn>1, (3.7)
Q

comparing (3.4) and (3.7), we reach a contradiction. So {u,}in bounded in W"”(Q).
Similar with the proof of Lemma 3.1, we know that J satisfied the (C) condition. O

Sum up the above fact, from Lemma 2.4 and Remark 2.1, Theorem 2.2 follows from
the Lemma 3.3 to 3.5.
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