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Abstract

The long-time behavior of solution to extended Fisher-Kolmogorov equation is
considered in this article. Using an iteration procedure, regularity estimates for the
linear semigroups and a classical existence theorem of global attractor, we prove
that the extended Fisher-Kolmogorov equation possesses a global attractor in
Sobolev space H for all k > 0, which attracts any bounded subset of H(Q)) in the
H-norm.
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1 Introduction
This article is concerned with the following initial-boundary problem of extended
Fisher-Kolmogorov equation involving an unknown function u = u(x, ¢):

W= —BAu+ Au—1uP +uin Qx (0,00),
u=0, Au=0, in 92 x (0, 00), (1.1)
u(x,0) = ¢, in

where 8 > 0 is given, A is the Laplacian operator, and Q denotes an open bounded
set of R"(n = 1, 2, 3) with smooth boundary 0Q.

The extended Fisher-Kolmogorov equation proposed by Dee and Saarloos [1-3] in 1987-
1988, which serves as a model in studies of pattern formation in many physical, chemical,
or biological systems, also arises in the theory of phase transitions near Lifshitz points.
The extended Fisher-Kolmogorov equation (1.1) have extensively been studied during the
last decades. In 1995-1998, Peletier and Troy [4-7] studied spatial patterns, the existence
of kinds and stationary solutions of the extended Fisher-Kolmogorov equation (1.1) in
their articles. Van der Berg and Kwapisz [8,9] proved uniqueness of solutions for the
extended Fisher-Kolmogorov equation in 1998-2000. Tersian and Chaparova [10], Smets
and Van den Berg [11], and Li [12] catch Periodic and homoclinic solution of Equation
(1.1).

The global asymptotical behaviors of solutions and existence of global attractors are
important for the study of the dynamical properties of general nonlinear dissipative
dynamical systems. So, many authors are interested in the existence of global attractors

such as Hale, Temam, among others [13-23].
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In this article, we shall use the regularity estimates for the linear semigroups, com-
bining with the classical existence theorem of global attractors, to prove that the
extended Fisher-Kolmogorov equation possesses, in any kth differentiable function
spaces H(Q)), a global attractor, which attracts any bounded set of H*(Q) in H*-norm.
The basic idea is an iteration procedure which is from recent books and articles
[20-23].

2 Preliminaries
Let X and X; be two Banach spaces, X; € X a compact and dense inclusion. Consider
the abstract nonlinear evolution equation defined on X, given by

{ W Lu+ G(u), (2.1)

u(x, 0) = up.

where u(t) is an unknown function, L: X; — X a linear operator, and G: X; > X a
nonlinear operator.

A family of operators S(¢): X — X(t = 0) is called a semigroup generated by (2.1) if it
satisfies the following properties:

(1) S(t): X —> X is a continuous map for any ¢ > 0,
(2) S(0) = id: X — X is the identity,
(3) S(£ + s) = S(¢) - S(s), V¢, s = 0. Then, the solution of (2.1) can be expressed as

u(t, ug) = S(t)uog.

Next, we introduce the concepts and definitions of invariant sets, global attractors,
and w-limit sets for the semigroup S(¢).

Definition 2.1 Let S(¢) be a semigroup defined on X. A set £ € X is called an invariant
set of S(¢) if S(£)X = X, V£ > 0. An invariant set X is an attractor of S(¢) if ¥ is compact,
and there exists a neighborhood U € X of X such that for any u, € U,

infyex | S(Huo —vllx > 0, as t— oo.

In this case, we say that X attracts U. Especially, if X attracts any bounded set of X, X
is called a global attractor of S(¢) in X.
For a set D € X, we define the w-limit set of D as follows:

o(D) = (JS®D,
§>0 t=s

where the closure is taken in the X-norm. Lemma 2.1 is the classical existence theo-
rem of global attractor by Temam [17].

Lemma 2.1 Let S(t): X — X be the semigroup generated by (2.1). Assume the follow-
ing conditions hold:

(1) S(¢) has a bounded absorbing set B € X, i.e., for any bounded set A € X there
exists a time 4 > 0 such that S(f)ug € B, Vuge A and t >ty ;

(2) S(¢) is uniformly compact, i.e., for any bounded set / € X and some T > 0 suffi-
ciently large, the set | J,.; S(t)U is compact in X.

Then the w-limit set A = w(B) of B is a global attractor of (2.1), and A is connected
providing B is connected.
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Note that we used to assume that the linear operator L in (2.1) is a sectorial operator
which generates an analytic semigroup e*". It is known that there exists a constant A > 0
such that L - AI generates the fractional power operators £ and fractional order spaces
X, for v e R', where £ = —(L — AI). Without loss of generality, we assume that L gener-
ates the fractional power operators £% and fractional order spaces X, as follows:

LY =(-L):Xy > X a€ R,

where X, = D(£) is the domain of £% By the semigroup theory of linear operators
[24], we know that Xz € X, is a compact inclusion for any f3 >c.

Thus, Lemma 2.1 can equivalently be expressed in Lemma 2.2 [20-23].

Lemma 2.2 Let u(t, uy) = S(t)up(ug € X, t > 0) be a solution of (2.1) and S(¢) be the
semigroup generated by (2.1). Let X,, be the fractional order space generated by L.
Assume:

(1) for some « = 0, there is a bounded set B € X,, such that for any uy € X, there
exists ty, > 0 with

u(t,up) € B, Vt>ty,,;

(2) there is a B >a;, for any bounded set U © X there are T'> 0 and C > 0 such that

I u(t,uo)llx, <C, Vt>T, wupel.

Then, Equation (2.1) has a global attractor A C X, which attracts any bounded set of
X, in the X, -norm.

For Equation (2.1) with variational characteristic, we have the following existence
theorem of global attractor [20,22].

Lemma 2.3 Let L: X; — X be a sectorial operator, X, = D((-L)*) and G: X, — X(0
< < 1) be a compact mapping. If

(1) there is a functional F: X, — R such that DF = L + G and
Flu) < =pilu ”)2(& +B2,

(2) < Lu+ Guu>x < —=Cy | u |5, +Cy,

then

(1) Equation (2.1) has a global solution

u e C(|0, 00), Xo) N H([0, 00), X) N C([0, 00), X),

(2) Equation (2.1) has a global attractor A ¢ X which attracts any bounded set of
X, where DF is a derivative operator of F, and f31, B, C;, C, are positive constants.

For sectorial operators, we also have the following properties which can be found in
[24].

Lemma 2.4 Let L: X; — X be a sectorial operator which generates an analytic semi-
group T(t) = . If all eigenvalues A of L satisfy ReA < -A, for some real number A, >
0, then for £*(L = —L) we have

(1) T(): X —> X, is bounded for all @ € R' and ¢ > 0,
(2) T(t)L%x = LYT(t)x, Vx € Xy,
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(3) for each ¢t > 0, L*T(t) : X — X is bounded, and
LET(0)]] < Cat ™™,

where 0 > 0 and C, > 0 are constants only depending on ¢,

(4) the X,-norm can be defined by
[lxllx, = 11£%]x, (2.2)

(5) if £ is symmetric, for any o, B € R' we have

< L%, v>x =< L7Pu, LPv>.

3 Main results
Let H and H; be the spaces defined as follows:
H=1*(Q), H;={ueH"RQ): ulsq=Aulsq = 0}. (3.1)
We define the operators L: H; - H and G: H; — H by

{Lu = —BA%u+ Au

G(u) = —u? +u, (3-2)

Thus, the extended Fisher-Kolmogorov equation (1.1) can be written into the
abstract form (2.1). It is well known that the linear operator L: H; — H given by (3.2)

is a sectorial operator and £ = —L. The space D(-L) = H, is the same as (3.1), H; is
given by Hé = closure of H; in H*(Q) and Hy = H*(Q) n H, for k > 1.

Before the main result in this article is given, we show the following theorem, which
provides the existence of global attractors of the extended Fisher-Kolmogorov equation
(1.1) in AH.

Theorem 3.1 The extended Fisher-Kolmogorov equation (1.1) has a global attractor
in H and a global solution

u e C([0,00),H1 ) NH'([0, 00), H).

Proof. Clearly, L = -BA”> + A: H; — H is a sectorial operator, and G: H; — Hig
compact mapping.

We define functional | H ; =R
1 1
I(u) = / (—BlAul — |Vul? +u* — _u*)dx,
2 Jo 2
which satisfies DI(1z) = Lu + G(u).
1 1
I(u) = / (=BlAu)? — |Vul? +u? — _u*)dx
2 /g 2
1 2 2 1y
< ) (=BlAu|” +u” — 2u )dx
91 (3.3)
< f (—BlAul® + 1)dx,
2 Jo

I(u) < =pillullfy, +Bas
2
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which implies condition (1) of Lemma 2.3.
< Lu+G(u),u>= /Q (—Bur?u + uAu +u? — u*)dx
- /Q (=BlAul® — |Vu)? + u* — u*)dx
< /Q (—BlAul® + u? — u*)dx

s/(—ﬂ|Au|2+1)dx,
Q

< Lu+G(u),u>< —Cyllullf;, +Ca, (3.4)
2

which implies condition (2) of Lemma 2.3.

This theorem follows from (3.3), (3.4), and Lemma 2.3.

The main result in this article is given by the following theorem, which provides the
existence of global attractors of the extended Fisher-Kolmogorov equation (1.1) in any
kth-order space H;.

Theorem 3.2 For any o > 0 the extended Fisher-Kolmogorov equation (1.1) has a
global attractor A in H,, and A4 attracts any bounded set of H,, in the H,-norm.

Proof. From Theorem 3.1, we know that the solution of system (1.1) is a global weak
solution for any ¢ € H. Hence, the solution u(t, ¢) of system (1.1) can be written as

t
u(t, @) = e+ / e ILG(u)dr. (3.5)
0

Next, according to Lemma 2.2, we prove Theorem 3.2 in the following five steps.
Step 1. We prove that for any bounded set uc H; there is a constant C > 0 such

that the solution u(t, ¢) of system (1.1) is uniformly bounded by the constant C for
any ¢ € U and ¢ > 0. To do that, we firstly check that system (1.1) has a global Lyapu-
nov function as follows:

F(u) = ; /Q(,smmz +|Vul? —u? + ;u‘l)dx, (3.6)

In fact, if u(t, -) is a strong solution of system (1.1), we have
d du
th(u(tfw)) =< DF(u), g (3.7)

By (3.2) and (3.6), we get

Zl: = Lu + G(u) = —DF(u). (3.8)

Hence, it follows from (3.7) and (3.8) that

dF(u)

g =< DF(u), =DF(u)>p = — || DF(u) 17, (3.9)

which implies that (3.6) is a Lyapunov function.
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Integrating (3.9) from O to ¢ gives
t
Fult, ) = - [ IDFG)IBidt + F(p). (3.10)
0
Using (3.6), we have
1 1
F) = ) [ (P19 = + L)
2 Jq 2
. f (BlAul* —u? + 1u4)dx
=2 Jq 2
1
> f (B1AuP — 1)dx
2 Jo
>C / |Aul?dx — C,.
Q
Combining with (3.10) yields
t
c f |Aufdx — Cy < — f |IDF(u)| dt + (),
Q 0

t
C1/ |Au|2dx+/ |IDF(u)||,dt < F(¢) + Ca,
Q 0

/ |Au?dx <C, Vt>0,¢ €U,
Q

which implies

||u(t,go)||H; <C. VtzO,QDEUCH;, (3.11)

where C;, C,, and C are positive constants, and C only depends on ¢.
Step 2. We prove that for any bounded set U C Ha(; <o < 1) there exists C > 0
such that

[lu(t, @)y, <C, V>0, el a < 1. (3.12)

By H; (2) = L°(Q), we have

||G(u)||,2,=/ |G(u)|2dx=/ |u—u3|2dx=/ [u? — 2u* + u®|dx

Q Q Q

< / (|u|2 +2lult + |u|6)dx <C (/ [u|®dx + l) <C (||u||167[1 + l) .
Q Q 2

which implies that G * H ! — H s bounded.
Hence, it follows from (2.2) and (3.5) that
t t
u(t, @)llm, = lle"e + / e Ie(u)deln, < llelln, + f 1(—L)*e"" LG (u)||dr
0 0
t
< lloll, + f (=Ll [1G ()l rd
0

t
<llgll, +Cf (=LY 1 (lullfy, +1)de
0
2

t
S”‘PHHH‘*‘C/ tPe™®dr <C, Vt>0,9 € UCH,,
0
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where § = (0 <8 < 1). Hence, (3.12) holds.
Step 3. We prove that for any bounded set U C Hy(1 < & < 3) there exists C > 0
such that

3
lu(t, @)llg, <C, Vt>0,¢ e UCHy o< 5 (3.13)

In fact, by the embedding theorems of fractional order spaces [24]:

H*(Q) — W'(Q), H*(Q)— HY(Q), H,— C°(Q)NH*(Q), o> ;

we have
I, - [ 112 GuPas =< (-1)26(0), (-1)26(0) =< (-L)G(w), 6w >
= /ﬂ [(BA2G(u) — AG(1))G(u)]dx < C/Q (IAGW)|? + IVG(u)|*)dx
= C/Q (1(1 = 3u?)Vul? + |Au — 6u(Vu)? — 3u Au|?)dx
< c]ﬂ (lul*|Vul? + |[Vul? + |Aul? + [u*|Vul* + |ul*|Au)?)dx
< C/Q (supsealul*|Vul® + |Vul® + |Aul + suprealul?|Vul* + supealul*| Aul®)dx

< C[Supxgg|u|4/ |Vu\2dx+/ |Vu|2dx+/ |Au\2dx+supxeg\u|2/ |Vu|4dx+supxeglu\4/ | Aul?dx]
Q Q Q Q Q

4 2 2 2 2 4 4 2
< C(lull ol + Nullgn + ullzgz + Hullgo Hullya + HNulleollullg:)
< C(INullfy, MetllFy + ullF + 1l o+ NIy el By + el el 72)
= H, H! 0 Ul Ui, Ul lya H, H2

6 2
< C(1lullpy, + Nullg, )

which implies

1
G:H, — H; isbounded for a > 5 (3.14)
2

Therefore, it follows from (3.12) and (3.14) that

1
NGW)lln, <C Vtzo,weUcHa,z <a<l. (3.15)
2

Then, using same method as that in Step 2, we get from (3.15) that
t t
llu(t, )1, = lle*o + / TG, < llglln, + / I(=L)*e!" D G(u)|lndz
0 0

t 1
< llelln, +C/ I1(=L)*~ 2“4 ||G(w)l ], de
0 2

t
< llolln, +C/ tPedr <C, Vt>0,9 € UCH,,
0

where 8 =a — ;(O < B < 1). Hence, (3.13) holds.
Step 4. We prove that for any bounded set U © H,(o = 0) there exists C > 0 such
that

lu(t, @), <C, Vt>0,¢ € UC Hy,a>0. (3.16)
In fact, by the embedding theorems of fractional order spaces [24]:

HY(Q) — H*(Q) — H*(RQ), H*(Q)— W**(Q),
H, — CY(Q)NH*(Q), «>1.
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we have

lIGW)IIE, = N(-L)GWI* < C /Q (IA%G))* + |AG(u)[*)dx
< c/ﬂ [(182u] + 30| Vu* | Au| + 12|u||Aul® + 18[ul|Vul|V Au| + 3|u*|A%u])?

+(|Aul + 6[ul|Vul? + 3|ul®|Aul)?]dx

< C/Q (1A8%ul? + [Vul* | Au? + [ul? | Aul* + [ [Vul* |V Aul? + [ul*|A2u)?
+|Aul? + |ul?|Vul* + [ul*|Aul?)dx

< C/Q (1A%u)? + suprea|Vul* | Au? + suprea|ul® | Aul* + supreolu|*supreal Vul? |V Aul?
+suprealul* | A%ul” + | Aul® + suprealul’suprea|Vul* + supeealul®|Aul®)dx
<ol [ 1a%ulds s supcalvul’ [ 1auPds e supcalil [ 18ude s supseatuPsupeatvul? [ 19 aulds
+supXEQ|u|4/Q|A2u|2dx+/;2\Aulzdx+supxeg\u\zsupxeg\vm4-/;de+supx59|u|4/;2|Au|2dx]

< CQlullZye + NullE Nl + ul1o ullfyze + 1ull2o lullullF
+HlullEo Ml + Hul o+ 1uliZollullEs + Nulldolull)
< Clullyo + Ml Hul 1 + HullFy e+ Hullfy, i
+lullf, Nl + ullZe + ull, + Hullf, i)

< C(llull, + ullf;,)
which implies
G:H, — H; isbounded for o > 1. (3.17)

Therefore, it follows from (3.13) and (3.17) that

NGW)|ly, <C, Vt>0,pe UCH, 1<a< i (3.18)
Then, we get from (3.18) that

llu(t, o)l = lle" ¢ + /0 G, < lolln, + /O LG nde

t
< llolln, + / 1(=L)* e 1| G(w) |11, de
0

IA

t
||¢||Ha+cf Peddr <C, Vt>0,9 € UCH,,
0

where B = a - 1(0 <B < 1). Hence, (3.16) holds.

By doing the same procedures as Steps 1-4, we can prove that (3.16) holds for all & > 0.

Step 5. We show that for any o > 0, system (1.1) has a bounded absorbing set in H,,.
We first consider the case of o = 1.

From Theorem 3.1 we have known that the extended Fisher-Kolmogorov equation
possesses a global attractor in H space, and the global attractor of this equation con-

sists of equilibria with their stable and unstable manifolds. Thus, each trajectory has to
converge to a critical point. From (3.9) and (3.16), we deduce that for any ¥ € Hé the

solution u(t, ¢) of system (1.1) converges to a critical point of F. Hence, we only need
to prove the following two properties:

(1) P = 00 & Il o5

(2) the set S={u € H; IDF(u) = 0} i5 bounded.

Page 8 of 10
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Property (1) is obviously true, we now prove (2) in the following. It is easy to check
if DF(u) = 0, u is a solution of the following equation

20 Ay 3 _
{ﬁAu Au—u+ud =0, (3.19)

ulage =0, Aulsge =0.

Taking the scalar product of (3.19) with u, then we derive that
/Q (BlAul* + |Vul* — [u]® + [u|*)dx = 0.

Using Holder inequality and the above inequality, we have
fg (1Aul® + |Vl + Ju[*)dx < C,

where C > 0 is a constant. Thus, property (2) is proved.
Now, we show that system (1.1) has a bounded absorbing set in H,, for any o > ;, i.

e., for any bounded set U < H,, there are 7' > 0 and a constant C > 0 independent of ¢
such that

llu(t, ), <C, Vi=T,peU. (3.20)

From the above discussion, we know that (3.20) holds as a = ; By (3.5) we have
t
u(t, @) = e Dhy(T, ) + f e ILG(u)dr. (3.21)
0
Let BCH ; be the bounded absorbing set of system (1.1), and 7 > 0 such that
1
u(t,9) €B, Vt>To, ¢ € UCHy <a22>. (3.22)

It is well known that
lle] < G,
where A; > 0 is the first eigenvalue of the equation

BA%u — Au = Au,
ulpge =0, Aulyg =0.

Hence, for any given T > 0 and ¢ € U C Hy(or > ). We have
e u(t, @)lm, = 1I(—=L)* e tu(t, )|y — 0, as t— oo. (3.23)

From (3.21),(3.22) and Lemma 2.4, for any ; <a < 1 we get that

t
u(t, @), < e u(To, )lIn, + | 11(=L)*e" G(u)|ldr
To (3.24)

t—To
< 1Ty (To, @)||g, + C / T %M,
0

where C > 0 is a constant independent of ¢.
Then, we infer from (3.23) and (3.24) that (3.20) holds for all ; < a < 1. By the itera-

tion method, we have that (3.20) holds for all o« > ;
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Finally, this theorem follows from (3.16), (3.20) and Lemma 2.2. The proof is
completed.
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