Chang and Shieh Boundary Value Problems 2011, 2011:40 @ Boundary Value PrOblemS

http://www.boundaryvalueproblems.com/content/2011/1/40 a SpringerOpen Journal

RESEARCH Open Access

Uniqueness of the potential function for the
vectorial Sturm-Liouville equation on a finite

interval

Tsorng-Hwa Chang'? and Chung-Tsun Shieh'”

* Correspondence: ctshieh@mail.
tku.edu.tw

'Department of Mathematics,
Tamkang University, No.151,
Yingzhuan Rd., Danshui Dist, New
Taipei City 25137, Taiwan, PR China
Full list of author information is
available at the end of the article

@ Springer

Abstract

2
In this paper, the vectorial Sturm-Liouville operator Lqg = _c?xz +Q(x) is considered,

where Q(x) is an integrable m x m matrix-valued function defined on the interval
[0,7] The authors prove that m?+1 characteristic functions can determine the
potential function of a vectorial Sturm-Liouville operator uniquely. In particular, if Q(x)

m(m+ 1)

is real symmetric, then + 1 characteristic functions can determine the

potential function uniquely. Moreover, if only the spectral data of self-adjoint
problems are considered, then m? + 1 spectral data can determine Q(x) uniquely.
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1. Introduction
The study on inverse spectral problems for the vectorial Sturm-Liouville differential
equation

V' + (Mw—Q(x))§=0, 0<x<m, (1.1)

on a finite interval is devoted to determine the potential matrix Q(x) from the spec-
tral data of (1.1) with boundary conditions

u@) =y(0) —hy(0) =0, V(y):=y () +Hy(r) =0, (1.2)

where A is the spectral parameter, It = [hij]i,j=1,m and H = [Hij]i,jﬂ,m are in M,(C) and
Q(x) = [Qij(x)]i,j=1,m is an integrable matrix-valued function. We use L,, = L(Q, &, H)
to denote the boundary problem (1.1)-(1.2). For the case m = 1, (1.1)-(1.2) is a scalar
Sturm-Liouville equation. The scalar Sturm-Liouville equation often arises from some
physical problems, for example, vibration of a string, quantum mechanics and geophy-
sics. Numerous research results for this case have been established by renowned math-
ematicians, notably Borg, Gelfand, Hochstadt, Krein, Levinson, Levitan, Marchenko,
Gesztesy, Simon and their coauthors and followers (see [1-9] and references therein).
For the case m > 2, some interesting results had been obtained (see [10-20]). In parti-
cular, for m = 2 and Q(x) is a two-by-two real symmetric matrix-valued smooth func-
tions defined in the interval [0, 7] Shen [18] showed that five spectral data can
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determine Q(x) uniquely. More precisely speaking, he considered the inverse spectral
problems of the vectorial Sturm-Liouville equation:

V' i+ (Ma— Qa(x))y(x) =0, O0<x<m, (1.3)

where Q,(x) is a real symmetric matrix-valued function defined in the interval [0, 7].
Let op (Q) denotes the Dirichlet spectrum of (1.3), oxp (Q) the Neumann-Dirichlet
spectrum of (1.3) and o; (Q) the spectrum of (1.3) with boundary condition

¥(0) — B¥(0) = ¥(r) = 0, (1.4)

forj =1, 2, 3, where

oo [32]
B vi

is a real symmetric matrix and {(®;, Bj, ), j = 1, 2, 3} is linearly independent over R.
Then

Theorem 1.1 ([18], Theorem 4.1). Let Qy(x) and (32 (x) be two continuous two-by-two
real symmetric matrix-valued functions defined on [0, m]. Suppose that
onn(Q) = onp(Qlonn (Q) = onn(Q) a1 j(Q) = 0j(Q) for j = 1, 2, 3, then Q(x) = Q(x)
on [0, r].

The purpose of this paper is to generalize the above theorem for the case m > 3. The
idea we use is the Weyl’s matrix for matrix-valued Sturm-Liouville equation

Y'+(Mpy—Q(x))Y=0, O0<x<. (1.5)

Some uniqueness theorems for vectorial Sturm-Liouville equation are obtained in the
last section.

2. Main Results
Let C(x, A) = [Cij(x, 1) j1,m and S(x, &) = [Sij(x, )];j-1,m be two solutions of equation
(1.5) which satisfy the initial conditions

C(0,%) = S'(0,4) = I,

C'(0,3) = S(0, 1) = Oy,

where 0,, is the m x m zero matrix, In = [51‘]‘]1‘,]'=1,m is the m x m identity matrix and

0;; is the Kronecker symbol. For given complex-valued matrices /z and H, we denote
p(x,A) = [wij(x')‘)]i,jﬂ,m and ®(x, 1) = [(Dii(x' )")]i,j=1,m

be two solutions of equation (1.5) so that ¢(x, 1) = C(x, 1) + S(x, 1)k and
D(x, 1) = S(x, 1) + ¢(x, A) M (L) which satisty the boundary conditions
U(®) = @'(0) — h®(0) = I,

(2.1)
V(®) = &'(7) + HO(7) = Oy

Then, M() = ®(0,1). The matrix M(2) = [M;j(3)];;_1 s is called the Weyl matrix
for L,, (Q, h, H). In 2006, Yurko proved that:

Theorem 2.1 ([20], Theorem 1). Let M(A) and ]\Z(A) denote Weyl matrices of the
problems L,, (Q, h, H) and Lm(é, h, Fl)sepamtely. Suppose M(1) = M(A), then
h=h h=hand H = H-
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Also note that from [20], we have

®(x, 1) = S(x, &) + ¢(x, )M(X) = ¥ (x, 2)(U(Y)) (22)
M) = =(V(9)7'V(S) = v (0, ) (U(¥) ™! (2.3)

where ¥ (x, &) = [¥ij(x, A)];j1,m is @ matrix solution of equation (1.5) associated with
the conditions y(ir, A) = I,,, and v’ (57, A) = -H. It is not difficult to see that both ®(x, 1)
and M (1) are meromorphic in A and the poles of M(A) are coincided with the eigenva-
lues of L, (Q, h, H). Moreover, we have
Adj(¢'(, 1) + Hp(, 1))

M) = =(VODTVIS) = = 4o, 4) + Ho(r, 1)

(S'(7w, ») + HS(7, 1)),

where Adj(A) denotes the adjoint matrix of A and det(A) denotes the determinant of
A. In the remaining of this section, we shall prove some uniqueness theorems for vec-

torial Sturm-Liouville equations. Let B(i, j) = [brs]

(0 676D
= (3 Gl 1ewem

and B(0, 0) = 0,, The characteristic function for this boundary value problem L,, (Q, & +
B(i, j), H) is
Ajji(2) = det(V(e + SB(i,j))), 1 =<ij=<mor(ij)=/(0,0). (2.4)

r,s=1,m’

The first problem we want to study is as following:

Problem 1. How many A; (A) can uniquely determine Q, h and H? where (i, j) = (0,
0Oorl<ij<m

To find the solution of Problem 1, we start with the following lemma

Lemma 2.2. Let B(i, j) = [byslyuxm and A;; be defined as above. Then

Aij(}) =Aoo (1) + det(Augment[p] (r, 1) + Hp1 (7, 1), ...,
Si(m, g\jt)hi)llli;ngi)(n, A)seeen @ (7, A) + How(mr, M)]),
where ¢y (11, A) is the kth column of ¢ (1, A) and Sy (1, A) the kth column of S (1, 1)
fork=1,2,3, .., m.
Proof. Let
Y(x, A) = [C(x,A) + S(x, A)(h + B(i,§))]
= [(C(x, 1) + S(x, A)h) + S(x, A)B(i, j)]
= [o(x, 1) + S(x, 2)B(i, )]
Then
Aij(r) = det(Y'(;r, 1) + HY (1, 1))
=det((¢' (7w, A) + Hp(mr, 1)) + (S'(, A) + HS(7r, A)B(i, §))

(jth column)

= det((¢'(7w, 1) + Hp(, 1)) + [0, Si(r, 1) + HSi(7r, 1)0])
=det(¢' (7, A) + Hp(mr, 1)) + det(¢; (7w, A) + Hpy (7, 2), ...,

(jth column)

Si(mw, A) + HSi(7w, A), ..., @py (70, A) + Hom (7, 1))
= Ago(*) + det(g), (7, A) + Hpi (7, A), ...,

(jth column)

Si(ww, A) + HSi(7w, X), . .., @), (7, 1) + Hpm (7, 1)).
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Next, we shall prove the first main theorem. For simplicity, if a symbol o denotes an
object related to L,,(Q, &, H), then the symbol ¢ denotes the analogous object related

to L, (Q, h, H)-
Theorem 2.3. Suppose that Ay(1) = zij(k)for (5, /) =(0,0) or 1 < i, j < m then
h=hh=hmd H=H
Proof. Since
Om = @' (7, 1) + HO(, 1)
and
D(x, 1) = S(x, A) + o(x, \)M(N),
we have that
—(S8'(m, A) + HS(7w, A))ei = (¢'(, 1) + Hp(r, A))M(1)e;
for each i = 1, ..., m, that is,
—(Si(m, &) + HSi(, 1)) = (¢ (7, 1) + Hop(m, 1)) Mi(2).
By Crammer’s rule,
M;i(A)

(jth column)

—det(¢) (7, 1) + Hoy(, A), ..., Si(mw, A) + HS;i(, A), ..., @, (7w, ) + Hop (7, 1))
det(¢/(7r, 1) + Ho(m, 1))

Aoo(A) — Ay(R)
Aoo(1)
_Aao(3) = Ay(3)
- Aoo(R)
= JW,;(A) forl <i,j<m.

Applying Theorem 2.1, we conclude that Q = Q, = ; and [f = fJ. ©
Lemma 2.4. Suppose that h, H are real symmetric matrices and Q(x) is a real sym-
metric matrix-valued function. Then, M(X) = =V (¢)~1V(S)is real symmetric for all A

€ R.
Proof. Let
_ ¢ 2) S'(x 1)
U(x, 2) = [(p(x/ 3 S(e) ] (2.5)
For A € R,

(8™ —S*¢")(x, 1) = (S 0 — S*¢')(0, 1) = I,
(8"S — 8*S)(x, 1) = (§*S — $*S')(0, 1) = Ops,
(%" — ¢ ) (x, A) = (¢*¢" — ¢ 9)(0, 1) = Op,
(¢*S" — ¢ S)(x, 1) = (¢*S' — ¢""S)(0, 1) = I,

This leads to

[ (5 ()
u 1(“)‘[ ¢*(x, 1) —(so*)'(x,x)]' (26
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Now let

Un(x, 1) = [Ig‘g] U(x, ).

Then

O FHACE M

and

- In H o [=sa) v
%“L”={om]mL”)“[WmLm—wwwl

Since
U(x, U (x, 1) = Ly,
we have

V@)V = V(S)IV(e)]",

ie, M(1) = V(¢)~1V(S)is real symmetric for all A € R. D
Definition 2.1. We call L,,(h, H, Q) a real symmetric problem if h, H are real sym-
metric matrices and Q(x) is a real symmetric matrix-valued function.
Corollary 2.5. Let L,,(h, H, Q) and L(fl, H, Q) be two real symmetric problems. Sup-
pose that Ai()) = Aij()\)for (,))=(0,000rl<i<j<mthenp=ph=HandQ=Q.
Proof. For A € R. both M (1) and M(1) are real symmetric. Moreover,
Aoo (%) — Aij(2)
Aoo(A)
_ Roo(r) — Aij(2)
Ago(2)
= /\;lj,-()»), forl<i<j<m.

Mii(2) =

Hence, M;j(1) = ,/\;li,»(A) for A e R and 1 <i,j < m. This leads to Aj(A) = Aij(k) for
A € R. We conclude that A;(1) = Aj(A) and M;(2) = M;(2) for L e C. This com-
pletes the proof. O

From now on, we let L,,(Q, &, H) be a real symmetric problem. We would like to
know that how many spectral data can determine the problem L,,(Q, &, H) if we
require all spectral data come from real symmetric problems. Denote

(ith-column) (jth-column)
Fij= €1, ..., 0 PR 0 , em |,
" (ith-column) (ith-column)
Fl]=|:0,..., e Jeeey e]- , ,0 ,

(ith-coordiante)

where ei=(0,0,...,0, .,0)t. Hence, I'; + % =1,. Let 09;(1) be the

A

characteristic function of the self-adjoint problem

V+(My —Q(x))y=0, 0<x<m (2.7)
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associated with some boundary conditions

T/ (0,1) — (Tyh + T)y(0,1) = 0,

Y (7, A) + Hy(m, ) =0, (2.8)

then

(ith-column) (jth-column)

O;(r) =det[V(e1),.... V(S) ,.... V(S) ,....V(em)]

where V' (L;) denotes the jth column of (V(L)) for a m x m matrix L. Similarly, we
denote Q;(A) the characteristic function of the real symmetric problem

Ln(Q, h + ) (B(i,j) + B(j, 1)), H) for 1 < i, j < m, then

(ith-column) (jth-column)

Qi]’()») = det V(g{)l), ey V((p,') + ;V(Sj), A V(g{)j) + ;V(S,’), ey V(gl)m)

=det[V(@1), ..., V(@) -, V(em)]

1 (ith-column) (jth-column) (2.9)
+ detV(@), o V(S) o V() e View)]
1 (ith-column) (jth-column)
s detVign)o V(o) oo V(S) e View)]
(ith-column) (jth-column)

+det[V(e1),.... V(S) ... V(Si) ,....V(gw)]
for 1 < i, j < m. For simplicity, we write
Qo0(%) = det[V(g1), ..., V(gj), -, V(gm)]:

Now, we are going to focus on self-adjoint problems. For a self-adjoint problem L,,
(Q, h, H) all its eigenvalues are real and the geometric multiplicity of an eigenvalue is
equal to its algebraic multiplicity. Moreover, if we denote {(A;, m,)}; - 1. the spectral
data of L,,(Q, h, H) where m; is the multiplicity of the eigenvalue A; of L,,(Q, h, H)
then the characteristic function of L,,(Q, &, H) is

A
AG) = CIE (1= )"

1

where C is determined by {(A;, m;)}; - 1. This means that the spectral data deter-
mined the corresponding characteristic function.

Theorem 2.6. Assuming that L,,(Q, h, H) and Lm(Q, h, H) are two real symmetric
problems. If the conditions

(1) Qi(n) =
(2) (1) =

Qii(MYfor (i, ) = (0,0) or 1 < i <j<m,
@ij(XVOV 1<i<j<m,

are satisfied, then = jj, H = Hand Q(x) = a(x)a.e on [0, 1].
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Proof. Note that for any problem L,,(Q, &, H) we have

(ith-column) (jth-column)
Aj(2) = detlV(g1), ..o V(@) oeee Vi) + VS, Vigm)]
=det[V(g1),.... V(#) - V(gm)]
(ith-column) (jth-column)
det[V(@1)seer V(@) veeer V(S rerView)]
(ith-column) (jth-column)
= Doo(R) +detV(@1),.ocs V(@) oo V(S oeer, View)]

= Aoo(A) — Ago(A)M;i(X).
Similarly,
Aj(x) = Aoo(A) — Aoo (MM ().

Moreover, by the assumptions and Lemma 2.4, we have M;(1) = M;(1) Hence,

(1) A; A) = Ay(A) and Aij()L) = Aii(A) forl<i<j<m,
(2) Ai(A) = Qi(r) = Qi(A) = Ag(x) for i = 0, 1, .., m,
(3) Aj(x) = (2) — ©5(2) = (1) — ©5(2) = Ag(a) for 1< i< j<m.

This implies L,,(Q, h, H) = Ly, (Q, h, H).

The authors want to emphasis that for n = 1, the result is classical; for n = 2, Theo-
rem 2.6 leads to Theorem 1.1. Shen also shows by providing an example that 5 mini-
mal number of spectral sets can determine the potential matrix uniquely (see [18]).

The readers may think that if all Q, # and H are diagonals then L,,(Q, &, H) is an
uncoupled system. Hence, everything for the operator L,,(Q, &, H) can be obtained by
applying inverse spectral theory for scalar Sturm-Liouville equation. Unfortunately, it is
not true. We say L,,,(Q, &, H) diagonal if all Q, # and H are diagonals.

Corollary 2.7. Suppose L,,(Q, h, H) and Lm(é, h, ﬁ) are both diagonals. If
Awe(A) = Ape(A) for k=0, 1, .., m, then Q = Q, h = hand H = .

Proof. Since L,,(Q, h, H) and Lm(a, h, FI) are both diagonals, we know
—Adj(¢'(, 2) + Ho(rr, 1))

M) = det(¢'(, 1) + Ho(rr, 1))

(S' (7, 2) + HS(7r, A))

is diagonal and so is j\7 (1) Hence,
Mij(A)=0fori#j, 1 <i,j<m.
Moreover,

k

A;)EA) (¢} (., 1) + Higr (7, 1) - - (S}, (7, 1) +(I)Jk8k(n, T
- oy (B6) = B00(3)

Ago(2) — Ae(2)

Aoo(*)

 Aoo(r) — A()
- Aoo(1)
= ./K/lvkk()»)‘

Mkk()») =
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for k = 1, 2, ..., m. This implies. M(}) = M()L) Applying Theorem 2.1 again, we
have Q=Q h=hand g = 1. O
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