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1 Introduction
Consider the Dirichlet problem

=Y +qx)y=2ro(x)y 0<x<nm (1.1)

y(0)=0, y(r)=0 (1.2)

where g(x) is a non-negative real function belonging to L,[0, 7], A is a spectral para-
meter, and p(x) is of the form

1, 0<x<a<m

'O(x)z{—l; a<x<m. (13)

In [1], the author studied the asymptotic formulas of the eigenvalues, and eigenfunc-
tions of problem (1.1)-(1.2) and proved that the eigenfunctions are orthogonal with
weight function p(x). In [2], the author also studied the eigenfunction expansion of the
problem(1.1)-(1.2). The calculation of the trace formula for the eigenvalues of the pro-
blem(1.1)-(1.2) is to appear. We mention here the basic definition and results from [1]
that are needed in the progress of this work. Let ¢(x, 1), w(x, L) be the solutions of the
problem (1.1)-(1.2) with the boundary conditions ¢ (0, 1) = 0, ¢'(0, ) = 1, w(m, A) = 0,
w'(r, &) = 1 and let W(L) = ¢(x, M)yw'(x, L) - w(x, L)¢’(x, L) be the Wronskian of the
two linearly independent solutions ¢(x, L), w(x, A). It is known that W is independent
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of x so that for x = a let W(AL) = W(A), the eigenvalues of (1.1)-(1.2) coincide with the
roots of the equation W(L) = 0, which are simple. It is easy to see that the roots of
Y(L) = 0 are simple. The function

1 (el () v e
RWEM =40 [so(xrx)w(x,x) & <x (4

is called the Green’s function of the Dirichlet problem (1.1)-(1.2). This function satis-

fies for A = A the relation

1 o(x ) ¥ (x M)

s u +Ri(% 1) (1.5)

R(xISr)\) = 2

where A, are the eigenvalues of the Dirichlet problem (1.1)-(1.2) and a; = 0, where
ap = f(; p(x)9?(x, 1)dx are the normalization numbers of the eigenfunctions of the

same problem (1.1)-(1.2). We consider now the Dirichlet problem (1.1)-(1.2) in the
simple form of g(x) = 0. For g(x) = 0, the Dirichlet problem (1.1)-(1.2) takes the form

=Y =kp(x)y O<x=<m

y(0)=0, y(x)=0. (1.6)

Let the eigenfunctions of the problem (1.6) be characterized by the index “0,” i.e., ¢,
(%, &) and w,(x, 1) are the solutions of the problem (1.6) in cases of p(x) = 1 and p(x)
= -1, respectively, where

@o(x, A) = s“}”‘ 0<x<m

. 1.7
wo(x’ )\') _ smhsgnfx) a<x<m (1.7)

From (1.7), we notice that ¢,(x, L) w,(x, L) are defined on parts of the interval [0, 7],
and these formulas must be extended to all intervals [0, 7z] to enable us to study the
Green’s function R(x, & L) in case of g(x) = 0. The following lemma study this
extension

Lemma 1.1 The solutions ¢,(x, 1) and w,(x, X) have the following asymptotic formu-

las
sinsx; 0O<x<a
/)\4 = S, - - . .
@l 2) — % coshs(x —a) — ¥ sinhs(x —a); a<x<m. (1.8)
sinh (7 —a) coshs(r—a) _. .
— coss(x —a—) sins(x—a); 0<x<a
X A) =19 g S s 1.9
(,00( ) smhsgn x); a<x<u. ( )

Proof: The fundamental system of solutions of the equation -y" = 5%y, (0 < x < a) is
y1(x, 8) = sin sx, yo(x, ) = cos sx. Similarly, the fundamental system of the equation y"
= 5%, (a <x < 1) is z1(%, s) = sinh s(77 - %), 25(%, s) = cosh s(r - x). So that the solutions
do(x, A) and w,(x, A), over [0, 7z], can be written in the forms

sinsa . Osxfa

%(x/k)={ o

1.10
€121 (%, 8) + czz2(x,s); a<x<m. ( )
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c3y1(x,s) + caza(x,s);, 0<x<a

S A) =1 i _ .
(Oo(x ) { smhsEn x); a<x<m. (1.11)

The constants ¢;i = 1, 2, 3, 4 are calculated from the continuity of ¢,(x, 1) and w,(x,
A) together with their first derivatives at the point x = 4, from which it can be easily

seen that
¢l = _sirzsu sinhs(7 —a) — COES“ coshs(w — a) (1.12)
c2 = ¥7% coshs(w — a) + ©}* sinhs(7 — a), |

Substituting (1.12) into (1.10), we get (1.8). In a similar way, we calculate the con-

stants c¢3, ¢, where

coshs(mr—a)

c3 = sinsa — cos sa

sinh s(r—a)
s

_ sinhs(r—a) (1.13)

Cy = ) cos sa —

coshs(7—a) sin sa.
Substituting (1.12) and (1.13) into (1.10) and (1.11), respectively, we get the required
relations (1.8) and (1.9)

2 The function R(x, & A) and the equiconvergence

The Green’s function plays an important role in studying the equiconvergence theo-
rem, so that, in addition to R(x, & L), we must study the corresponding Green’s func-
tion for g(x) = 0. Let R,(x, & A) be the Green’s function of problem (1.6), which is

defined by
=1 | @o(x, A)Yo(§,M)x < &
Ro(x,&, 1) = 2.1
ER = g0 {wo(s,x)wo(x,x)s <x @1
where the function
(1) = Slsn * coshs(r — a) — Coj * sinhs(z — a) (2.2)
satisfies the following inequality on T',, which is defined by (2.21)
|Im s|a+|Re s|(7—a)
[Wo(3)| = C : (2.3)

Isl

Following [2], we state some basic asymptotic relations that are useful in the discus-
sion. The solutions ¢(x, A) and w(x, 1) of the Dirichlet problem (1.1)-(1.2) have the fol-
lowing asymptotic formula

e\[m slx

Sll’;sx + O |SZ|
o(x, 1) = 5’2((3;)) [sinsa cosh s(a—x) —cos sa sinhs(a — x)] (2.4)

[Im sla+|Re s|(a—x)
+O<e 2| ), a<x<m.

); 0<x<a

a(x)

sa(a)

|Im s|(x—a)+|Re s|(x—a)
Y(x,A) =1 +0 (’“’1 |52||R ' ), 0<x<a (2.5)

i — IRe s|(7—a)
sinhs(x "’+O<e 2| ); a<x<m.

[coss(x — a) sinhs(m —a) —sins(x —a) cosh s(m — a)]
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where
1 r 1 ;
a(x) = ) /q(t)dt, B(x) = ) /q(t)dt, L= s2. (2.6)
0 0

As we introduce in (1.4), the function R(x, & L) is the Green’s function of the pro-
blem (1.1)-(1.2), and R,(x, & A) is the corresponding Green’s function of the problem
(1.6). In the following lemma, we prove an important asymptotic relation for the
Green’s function

Lemma 2.2 For g(x) € L,(0, m) and by the help of the asymptotic formulas (2.4), (2.5)
for ¢(x, \) and y(x, \), respectively, the Green’s function R(x, &, \) satisfies the relation

R(x,é,)») =R0 (x,é,k)+r(x,$,k) (27)

where r(x, & L), h € T, n — oo, satisfies

—[Im s||x—§]
O(e || )/ x,& €[0,4]
—IRe s|lx—§]
oM™, xeelanl
T(x/ g, )‘) = fths 5||(x—a)—|Re sl(a—§) (2.8)
O ol , 0<x<a<E<n

el si(E-a)~IRe sl(a—¢)

O( 1] ) 0O<é<a<x<m
Proof: From (2.4) and (2.5), the function
() = ¢(a,r)¥' (a 1) — ¢'(a, 1) (a 1)
takes the form
v =)+ O (). (29)
or

W(R) = Wo(2) [1 e (g)] . (2.10)

The function ¥,(A) is given by (2.2). for x < &, we discuss three possible cases:
)0<x<é<a(ia<x<é<m(ii)0<sx<a<i<m

The case (i) 0 <x<¢<a

From (1.4) and using (2.4) and (2.5), we have

ol @5 )Y (E,2)
= wby [0 @D ee ) +O ()]

R(x, &, 1)

Using (2.9), (2.10), and (2.3), we have
m s|(x—§)
R(x &) = o by [@lm (&) + O (" )]
So that from (2.1), for 0 < x < £ < g, we have
R(x&3) = Ro(x&, 0+ O (7" 0) (2.11)

The case (ii) a <x < &<
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Again, from (1.4) and using (2.4) and (2.5), we have

R(xr &, )‘) = WEA)(ﬂ(x: )‘)I//(sr )‘)
o [0 O (Y]

Using (2.9), (2.10), and (2.3), we have
e s|(x—&)
R(x.2) = o) [%(x, WVe(E,2) +O (em s >]
So that from (2.1), for a < x < & < 7, we have
R(x,&,3) = Ro(x,,2) + O (" ) (2.12)

The case (iii) 0 <x <a< <
From (1.4) and using (2.4) and (2.5), we have

R(x,E,2) = o 0(x 1) W(E, 2)

= by [0 ol 2, 2) + O ()]

Using (2.9), (2.10), and (2.3), we have

elIrn s|(x—a)+[Re s|(a—§)
@o(x, M) o (8, 4) + O :

R(x,&,2) = "

1
V()

So that from (2.1), for a < x < & < 7, we have

P (2.13)

ellm s|(x—a)+|Re s|(a—¢)
R(x,&E, 1) =Ry(x, &, 1)+ O

The asymptotic formulas of R(x, & A) in case of ¢ < x remains to be evaluated and
this, in turn, consists of three cases

(i()0<é<x<a(ia<i<x <m(iii*)0<EE<a<x <

The case (i*) 0 < £ < x < a from (1.4) and using (2.4) and (2.5), we have

R(x, &, )") = xy%x)‘p(gl A)\D(x/ )‘*)
- o [ O (7 )

Using (2.9), (2.10), and (2.3), we have
1 ellm sl(§—x)
R(x, &, 1) = S A X, A)+
So that from (2.1), for a < £ < x < a, we have

olm s|(§—x)
R(x,&,1) = Ro(x, €, 2) +O< 52 ) (2.14)

Page 5 of 11
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The case (ii*) a < ¢ < x < 7 from (1.4) and using (2.4) and (2.5), we have

1

ROE2 =00

p(& )Y (x2)

=w5ﬂ%@nwmn+okmwﬁwwﬂ]

Using (2.9), (2.10), and (2.3), we have

R(x,§,2) = @o(&, M) Wo(x, 1) + O (e‘R:j(zs—x))]

o |

So that from (2.1), for a < £ < x < 7, we have
elRe sl(§—x)
R(x, & 1) =Ry(x, &, 1) + O 2 (2.15)

The case (iii*) 0 < { < ¥ < a < x < 7 from (1.4) and using (2.4) and (2.5), we have

1

ROE2 =00

e(5, 1) (x2)
ellm slé+[Re s|(7—x)
[%@MmmM+o< o ﬂ

Using (2.9), (2.10), and (2.3), we have
gllm s|(§—a)+|Re s|(a—x)
9o(&, X)o(x, ) + O 2

So that from (2.1), for a < £ < x < a, we have

B 1
S ()

R“amzmb)

eIIm s|(€—a)+IRe s|(a—x)
R(xlS/)”) =Ro(x/§r)\)+o | |2 (2.16)
s
Now from (2.11) and (2.14), we have
e—IIm sl(x—§)
R(.X', &, )‘) = RO(X, & )”) +0O | |2 , x&e€ [0, a] (2.17)
s
also, from (2.12) and (2.15), we have
¢ IRe sl(x—¢)
R(x,&,1) = Ro(x, &, 1) + O 2 , xE&elo,m] (2.18)
s

As a result of the last discussion from (2.13), (2.16), (2.17), and (2.18), we deduce
that R(x, & L) obeys the asymptotic relation

R(x, &, 1) =Ro(x, &, 1) +1(x, &, 1)
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where
Im s||x—§|
O("a ™), xeeloal
IRe s|lx—&]|
o( "), weelam
r(x, ‘i",)\) = g |1mS s||(x a)—|Re s|(a—¢) (2-19)
O( 12| , 0<x<a<é&<nm
(e IIm s|(s|2 IRe s|(a— s))  O<t<a<x<n

We remind here that the main purpose of this paper is to prove the equiconvergence
of the eigenfunction expansion of the Dirichlet problem (1.1)-(1.2). We introduce the
following notations, let A, (x) denotes the nth partial sum

An,f(x)=§fﬂbz;n) / p(s)f@)w(s,xz)da;w(a;f;n) / PO (E)e(&,4)dé. (2.20)
- 0 B 0

where, from [1], a,f # 0. It should be noted here, from [2], that as # — «, the series

. . (o)
(2.20) converges uniformly to a function fix) € L,(0, 7, p(x)). Let also An,f be the cor-

responding nth partial sum as (2.20), for the Dirichlet problem (1.1)-(1.2) in case of ¢
(x) = 0. The equiconvergence of the eigenfunction expansion means that the difference

‘An,f(x) AL )(x)‘ uniformly converges to zero as n — o, x € [0, 7]. In the following
theorem, we prove the equiconvergence theorem of the expansions
‘An,f (x) and A(U) (x)‘ This means that the two expansions have the same condition of

convergence. Following [1], the contour T, is defined by

T 1 T T 1 T
'y =1|Res| < n— + _, |Ims| < n— + .(2.21)
a 4 2a T —a 4 2(r —a)

Denote by TI'; the upper half of the contour I',, Ims > 0, and let L, be the contour,
in A-domain, formed from T by the mapping A = s>. From (1.4), it is obvious that the
poles of R(x, & L) are the roots of the function W(s), which is the spectrum of the pro-
blem (1.1)-(1.2).

Theorem 2.1 Under the validity of lemma 1.1 and lemma 2.2, the following relation
of equiconvergence holds true

lim  sup |Anf(x) — (0) ' (x)| = (2.22)

n—o0 0<x<m

Proof: Multiply both sides of (2.7) by p(¢) f (£) and then integrating from 0 to 7, we
have

T b b

/R(x,%',l)p(f)f(%')dé = /Ra(xlé%fk)p(é)f(%)d&/T(x,&?»)p(é)f(f?)dg

0 0 0

where flx) € L,[0, i, p(x)]. We multiply the last equation by 2;111‘ and then integrating

over the contour L, in the A-domain, we have

Page 7 of 11
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W f
2mi

Ly

{ f R(x,s,k)p@)f@)ds} i

0

. B} (2.23)
1 1
- i { / R(x,s,x)p@)f(s)ds} vy f ! / r(x,s,x)p(s)f(s)ds} .
L, o L, o
From equation (1.5), we have the following
+ +
Res, ;= R(x,& 1) = olo b 35(5' M) (2.24)

k

Applying Cauchy residues formula to the first integral of (2.23) and using (2.24), we

ha\/e
1 !
2w

L, Lo 0

[ / R(x,s,x)p@)f(s)dsldx = Res, ;- [ / R(x,s,x:)p(s)f(s)dé}
k=0
(2.25)

¥ 90(3;,;)»2) / P(EN(E)p(E, p)dE+ Y W(JZ;A;) / P(EN(E)e(E,2)dE. = Aps(x)
0 k=0 0

k=0

Similarly, we carry out the same procedure to the second integral of (2.23) and we
get an expression analogous to (2.25)

T

") [ / Ro(x,s,x)p(s)f(s)ds} ai = AL)(x) (226

2mi

LY!

So that from (2.25), (2.26), and (2.23), we get

WEESHOR { [ s, A)p(é)f(é)ds} @,

Ly 0

from which it follows that

Bog) - 2@ = . [ [ It If(é)ldé] dlal. (227)

Ly, 0

The last Equation (2.27) is an essential relation in the proof of the theorem, because
the theorem is established if we prove that 2171 an {f(;r ‘r(x,é, A)’ ’f(é)’ di—‘} d|A| tends

to zero uniformly, x € [0, 7z]. We use the same technique as in [3] We have

7{[/ |r(x, &, 1) If(é)ldE] |da|
0

Ly

[ [ [ enllre| ds] @i + { [ e If(s)ldé} ] (2.28)
L, Lo L, Lo

¢ olm All—t| f olim Al(a—2)—IRe Al(§—a)
saf [ @l g [T T @) de
Ly 0 Ly 0

Page 8 of 11
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where M, and M, are constants.
We treat now the integral f(f in (2.30). Let 0 > 0 be a sufficiently small number and

let & = 5 so that, for x, & [0, a], we have

q
f /e_”m“'x_é'lf@)dﬂ |dA|
0

Is|?
Ly
_ 'ET' [ emisdes [ e ae
I |x—&|<8 lx—§|<s (229)
. x el
< [1 [ e [rea o
rs lx—&|<8 0 o

< 4 [ 2 . -1
<o [ I 0 If(S)Ids[S(n_i) 2 }

[x—§|<8

This means that

a

o~ Tm Allx—¢] c N
Mlyg/ K [f(&)|dé ¢ 1dr] < C / |f(g:)|d§+85+caes (2.30)

L, QLo [x—§]<8

where Cj, C,, and Cj are independent of x, # and J. In a similar way, we estimate the

second integral [ in (2.30) in the form

Is|?

T e~ m Al(a—x)— |Re A| (f — a) I C; .
sz[of |f(§)}d§]|d)"-cl / |f(§)}d§+8n+c3e (2.31)

Ln [x—§|=<s

where C7, C5, and Cj are independent of x, 1, and d. Substituting (2.30) and (2.31)
into (2.28) and using (2.29), we have

[ B —on
Apg(x) — A,ﬂ}(x)| <A / If(€)]dé + sn T Ce ’ (2.32)
¢ <

where A,B, and C are constants independent of x, n, and 6. We apply now the prop-
erty of absolute continuity of Lesbuge integral to the function flx) € L,[0, n].

Y e>0,3 > 0 is sufficiently small such that [}, <5 [A$)|dS < €, where € is indepen-
dent of x (the set {¢: |x - &| < 0} is measurable). Fixing J in (2.32), there exists N such

that for all n > N, Sln < ¢ and e < ¢, so that (2.32) takes the form
Ay g(x) — A&O}(x) <A+B+C)g, n>N. (2.33)

Since ¢ is sufficiently small as we please, it follows that |A,(x) — AEIO}(x) — 0 as

n — oo, uniformly with respect to x € [0, 7], which completes the proof.

Page 9 of 11
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3 The conclusion and comments

It should be noted here that, the theorem of equiconvergence of the eigenfunction
expansion is one of interesting analytical problem that arising in the field of spectral
analysis of differential operators, see [4-6]. In [3], the author studied the equiconver-

gence theorem of the problem

~y" +q()y=pp(x)y O<x<m (3.34)

Y(0) = hy(0) = 0,

Y () + Hy(w) = 0 (3.35)

There are many differences between problems (3.34)-(3.35) and the present one
(1.1)-(1.2), and the differences are as follows:

1- The boundary conditions of (3.35) is separated boundary conditions, whereas (1.2)
is the Dirichlet-Dirichlet condition

2- The eigenfunctions of (3.34)-(3.35) is given by

e\Irn Alx
coskx+O( ) ), 0<x<a
o(x,n) = { cosra coshA(a —x) +sinia sinhi(a — x) (3.36)
olm Aa+|Re A(x—a)
+0O , a<x<m,
2]
and
cosA(mw —a)cosi(a —x) +sinhA(zr —a) sin A(a—x)
elm Al(a—x)+|Re A|(mw—x)
+0O , 0<x<a
o(x, p) = ] (3.37)

e\]m Alx

cosA(m —a)+O
( ) ( [A]

>, a<x<m

3- The contour of integration is of the form

1 1
Tu=1i:Rerl< " (n+ )+, mal< © (n+ )+ 7 b (339
a 4 2a T—a 4 2(w —a)

4- The remainder function r(x, & A) admits the following inequality for A € T',, n —>

oo,

elim xux €l

, forx, & €]0,4]

(")
(e \Re xu« sw) for x, & € [0, 7]
(

SCME (339

© O O

\Im M(ft E} \Re A (5—a)
e , for0<x<a<é<m

—[Im A|(a— E) \Re Al (x—a)
O( 2] ), for0<é<a<x<m.

Although there are four differences between the two problems, we find that the

proof of the equiconvergence formula )An,f(x) A( )(x) — 0 as n —> oo is similar. So

as long as the proof of the equiconvergence relation is carried out by means of the
contour integration, we obtain the uniform convergence of the series (2.20)

Page 10 of 11
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