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Abstract
In this work, we consider the system:

—Apu = Ag(x)a(u) + f(v)] in 2
—Agv = A[g(x)b(v) + h(u)] in
u=v=0 on 9%,

where Q is a bounded region in R with smooth boundary &0, A, is the p-Laplacian
operator defined by A,u = div ([Vul”*Vu), p, g > 1 and g () is a C' sign-changing
the weight function, that maybe negative near the boundary. f, h, a, b are C' non-
decreasing functions satisfying a(0) > 0, b(0) > 0. Using the method of sub-super

solutions, we prove the existence of weak solution.

1 Content
In this paper, we study the existence of positive weak solution for the following system:

—Apu = A[g(x)a(u) + f(v)] in 2
—Agv = A[g(x)b(v) + h(u)] in (1)
u=v=0 on a2,

where Q is a bounded region in RN with smooth boundary 99, A, is the p-Laplacian
operator defined by A,u = div(|Vul? 2 Vu), p, ¢ > 1 and g(x) is a C* sign-changing the

weight function, that maybe negative near the boundary. f; %, a, b are C' non-decreas-

ing functions satisfying a(0) > 0, b(0) > 0.
This paper is motivated by results in [1-5]. We shall show the system (1) with sign-
changing weight functions has at least one solution.

2 Preliminaries
In this article, we use the following hypotheses:

1
(AD) f(M(h(s))ql) as s — oo, YM >0
lim g1 =0

(A2) lim f(s) = lim /1 (s) = e as § —> .

(A3) limf,,(f? = limsb(,(fl) =0 as s — oo,

Let 4, A, be the first eigenvalue of -A,, -A, with Dirichlet boundary conditions and
¢p» ¢4 be the corresponding positive eigenfunctions with ||¢,|[e = ||dg]|- = 1.
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Let m, 6, ¥, 4, g > O be such that

{ IVl —Apgp =m  in Qs

and

@p = 1p oOn2—

{|v¢q|ﬂ—xq¢qzm in Qs

@p > pon Q — Qs.

Qs ={xeQ; d(x, 9Q) <6}

2)

We assume that the weight function g(x) take negative values in Q;, but it requires

to be strictly positive in Q-Q;. To be precise, we assume that there exist positive con-
stants B and 7 such that g(x) >- on Qs and g(x) = n on Q-Q;. Let sy > 0 such that
na(s) + f(s) > 0, nb(s) + h(s) > 0 for s >so and

fo = max{0, —f(0)}, ho = max{0, —h(0)}.

For ysuch that ¥™' ¢ > s¢; ¢ = min {o,, &}, r = min{p, g} we define

B =min

-1
where @ = Pp m

1 1 ! 1 1

my my
1 ’ 1

Ba yp_l +fo Bb yq_l +hy

P
_q-1 q
pp—l and a4 = q Mag-1-

We use the following lemma to prove our main results.

Lemma 1.1 [6]. Suppose there exist sub and supersolutions (y,, y>) and (21, z,)

respectively of (1) such that (v, w2) < (21, 22). then (1) has a solution (u, v) such that
(I/l, V) € [(l//l’ WZ): (Zl) Z2)]'

3 Main result

Theorem 3.1Suppose that (A1)-(A3) hold, then for every A € [A, B], system (1) has at
least one positive solution.

Proof of Theorem 3.1 We shall verify that (w1, w,) is a sub solution of (1.1) where

1

P
1 p—-1 _
¥ =yp lpp gopp 1

1 q
Sl g
Yo =y4 qu Pg77L.
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Let W € Hy! () with w > 0. Then
/ VY P2V Vdx = y / (2@ — IVep|"Jwdx (4)
Q Q

Now, on Q; by (2),(3) we have
¥ (Mow’ — IVgplP) < —my
Since A < B then
he M
Ba(yP~') +fo
thus
Y (e’ — IVgpl’) < —my

(~patr ) -)
A (g(x)a(y ”il) —fo) A (g(x)a (”plypll %pil )

1 1
(i)

1 p
|V, P72V Vwdx 5/9 A (g(x)a (pplypl%pl)
8

1 q
+f (’7;1 yq—l goqq—l>) wdx

IA

IA

then by (4)

Qs

A similar argument shows that
Ll 1
/ V|12V, Vind S/ A(g(x)b (qq V"_l%q_l)
Q,s QzS
1 1
+h (p?yf’l @pP1 )) wdx
Next, on Q — Q;. Since A > A, then
YAy
Az 1 1
na <y p—1 ozp) +f <y q-1 aq>

so we have

J/()Lpﬁl’pp - |V</’p|p) g

o) )]

< rMg(x)a(yn) + f(¥2)], 2 -
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Then by (4) on we have

—Apyn = Ag(x)a(yn) + f(¥2)] on Q — Qs
A similar argument shows that

— A2 < Mg(x)b(¥2) + h(y)]

We suppose that , and x, be solutions of

_Apr =1 iIl Q
kp =0 on dL2

kg=0 onadQ

respectively, and ¢, = [|Kp|| s ||R5g]|n = g
Let

c 1 1 -1 1
(z1, z2) = w ATy, |:2h <ckq1>:| A1k,

p

Let W € Ho!(2) with w > 0.

For sufficient C large

1 1 qll 1
w7 | 11gllsca (cml)+f((2h(w1)) “Wq)

cr-1

then

/lell” 2Vzy Vwdx = A( 9) / wdx
Ky
1 ! 1
A/ {Ilgllma(cm Y)+f ((2h(CM"1))q_1““M’q)} dx
1 1 1
/ {x(x)a(CM’ ! K”)+f ((Zh(CM’ ‘)) /\"‘Wqﬂ dx

- / 18(0) (1) + £(22)] welx

Similarly, choosing C large so that
1
1 q-1 1
tel {20 (e )) " an
1 =
h (C)J"l )
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then
1
/|Vz2|‘1—2V22dex= 21h (C)“p—l)/ wdx
> A / [118llsob(z2) + h(z1)] wdx.

Hence by Lemma (1.1), there exist a positive solution (i, v) of (1) such that (y1, w»)
< (u,v) < (21, 29).
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