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Abstract

The purpose of writing this article is to show some spectral properties of the Bessel
operator equation, with spectral parameter-dependent boundary condition. This
problem arises upon separation of variables in heat or wave equations, when one of
the boundary conditions contains partial derivative with respect to time. To illustrate
the problem and the proof in detail, as a first step, the corresponding operator’s
discreteness of the spectrum is proved. Then, the nature of the eigenvalue
distribution is established. Finally, based on these results, a regularized trace formula
for the eigenvalues is obtained.
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Introduction
Let L, = L, (H, [0, 1]) @ H, where H is a separable Hilbert space with a scalar product
(-, -) and a norm ||-|| inside of it. By definition, a scalar product in L, is
1
(.20 = [ G020 di= oz, B<o M
0

where Y = {y (£), y1}, Z = {z (¢), z1} and y(t), z(¢) € L, (H, [0, 1]) for which L, (H, [0,
1]) is a space of vector functions y(¢) such that fol Hy(t) “2 dt < co.
Now, consider the equation:

U2 _ 1
Il==y"+ 5 v@+Aa @) +4@y(©) =2y(®), 1 (0.1), v=1, 2)

y(1) = hy'(1) =2y (1) 3)

in L, (H, [0, 1]), where A is a self-adjoint positive-definite operator in H which has a
compact inverse operator. Further, suppose the operator-valued function ¢(z) is weakly
measurable, and ||g(¢)|| is bounded on [0, 1] with the following properties:

1. g(t) has a second-order weak derivative on [0, 1], and q(l) (t) (I =0, 1, 2) are self-
adjoint operators in H for each t € [0, 1], [q(l) ®]* = q(l) (1), q(l) (t) € o,(H). Here
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01(H) is a trace class, i.e., a class of compact operators in separable Hilbert space
H, whose singular values form a convergent series (denoting the compact operator

by B, then its singular values are the eigenvalues of (BB*);)‘ If {¢,} is a basis

formed by the orthonormal eigenvectors of B, then I1Bllg, (1) = Z | (B@n, ¢n)|. For

simplicity, denote the norm in o1(H) by ||-||;-
2. The functions ||¢® (£)||1 (I = 0, 1, 2) are bounded on [0, 1].

3. The relation fol (g0 f.f) dt = 0 is true for each fe H.

State that if g(t) = 0, a self-adjoint operator denoted by L, can be associated with
problem (2), (3) whose definition will be given later.

If g(t) K 0, the operators L and Q are defined by L = Lo + Q, and Q : Q {y (¢), y1} = {g
() y(¢), 0} which is a bounded self-adjoint operator in L.

After the above definitions and the assumptions, the asymptotic of the eigenvalue
distribution and regularized trace of the considered problem will be studied. It is clear
that because of the appearance of an eigenvalue parameter in the boundary condition
at the end point, the operator associated with problem (2), (3) in L, (H, [0, 1]) is not
self-adjoint. Introduce a new Hilbert space L, (H, [0, 1]) @ H with the scalar product
defined by formula (1) similar to one used in [1]. Then, in this space, the operator
becomes self-adjoint.

In [2], Walter considers a scalar Sturm-Liouville problem with an eigenvalue para-
meter A in the boundary conditions. He shows that one can associate a self-adjoint
operator with that by finding a suitable Hilbert space. Further, he obtains the expan-
sion theorem by reference to the self-adjointness of that operator. His approach was
used by Fulton in [3] later on.

As for the differential operator equations, to the best of this author’s knowledge in
the articles [1,4-6], an eigenvalue parameter appears in the boundary conditions. In [4],
the following problem is considered:

—u"(x) + Au(x) = au(x), x € (0,b),
u'(0) + Au(0) =0, wu(b)=0,

where A = A* > E, and u(x) € L, (H, (0, b)). It is proved that the operator associated
with this problem has a discrete spectrum, iff : A has a discrete spectrum. The eigenva-

lues of this problem form two sequences like Ar ~ /ur and Ay, p, = pp + "Zbg * where n, k
€ N, and yy is an eigenvalue of A. This is obtained from appearance of 1 in the
boundary condition.

In [5], both boundary conditions depend on A. It is shown that the operator defined
in the space L, (H, (0, 1)) & H @ H is symmetric positive-definite. Further, the asymp-
totic formulas for eigenvalues are obtained.

In this author’s previous study [6], for the operator considered in [4], the trace for-
mula has been established.

If # = 0 in (3), then the boundary condition takes the form y(1) = 0. This problem is
considered in [[7], Theorem 2.2], where the trace formula is established. It is proved
that there exists a subsequence of natural numbers {n,,} such that
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; 2virq(0) + trq(1
hmm»oo Z:zl (/’Ln — )"n) - — q( )4 q( )

perturbed and non-perturbed operators. For definition of {z,,}, see also [[8], Lemma 1].

, where y,, and 4, are the eigenvalues of

For a scalar case, please refer to [9], where the following problem

2 — 1
AR Yy raty =2y,
y(w)=0

v 1\?
is considered on the interval [0, 7]. Then, the sum > .-, ()m — (n + )" 2) ) is

calculated.

In comparison with the above mentioned articles, here we consider a differential
operator equation which has a singularity at 0, and the boundary condition at 1
involves both the eigenvalue parameter A and physical parameter 4 <0.

Problems with A-dependent boundary conditions arise upon separation of variables
in the heat and wave equations. We can also refer to [10-17], where boundary-value
problems for ordinary differential operators with eigenvalue-dependent boundary con-
ditions are studied.

In 1953, Gelfand and Levitan [18] considered the Sturm-Liouville operator

=" (%) +q(x)y(x) = Ay(x), Y(0)=0, y(w)=0, q(x)eC[0,n]

and derived the formula 3% (u, — A,) = i (9(0) + q(;r)), where ,, are the eigenva-

lues of the above operator. For g (x) = 0 the eigenvalues of the operator are given by
Ay = H2

It is worthwhile to note that, several studies are devoted to searching a regularized
trace for the concrete operators (e.g., [9-18]), as well as differential-operator equations
(e.g., [6-8,19]) and discrete abstract operators (e.g., [20-22]). For further detailed dis-
cussion of the subject, please refer to [23].

Trace formulas are used for the approximation of the first eigenvalues of the opera-
tors [24,25] to solve inverse problems [26,27]. They are also applied to index theory of
linear operators [28,29].

To summarize this study, in Section 1, it is proved that the operator associated with
(2), (3) is self-adjoint and has a discrete spectrum. In Section 2, we establish an asymp-
totic formula for the eigenvalues. To do this, the zeros of the characteristic equation
(Lemmas 2.1, 2.2, 2.3) are searched in detail. In Section 3, by using the asymptotic for
the eigenvalues, we prove that the series called “a regularized trace” converges abso-
lutely (Lemma 3.1). This enables us to arrange the terms of the series in a suitable way
for calculation as in (3.9). To calculate the sum of this series, we introduce a function
whose poles are zeros of the characteristic equation, the residues at poles of which are
the terms of our series. Finally, we establish a trace formula by integrating this func-
tion along the expanded contours.

In conclusion, we apply the results of our study to a boundary value problem gener-
ated by a partial differential equation.
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1 Definition of L, and proof of discreteness of the spectrum

Let D (Ly) ={Y : Y = {y(1),y(1)}, ¥(t) € CF (H,[0,1]) ,¥(t) € D (A)}, where C’(H, [0, 1]) is a
set of vector functions with values in H (see [30], p. 57) that vanish in the vicinity of
zero and are infinitely differentiable in the norm of H. Also, on D (L;) define the

operator Ly
LoY = {Ilyl,y(1) = iy (1)}.

Using integration by parts it is easy to see that L is symmetric. Denote its closure by
Ly and show that it is self-adjoint. To do that, consider the adjoint operator of Lj as
Ly*. By definition, vector Z = {z(t),z1} € D (L;") if for each Y € D (L;) it holds

1 1
[ aw oy -, 00 -z - [ 602 0)d 60),2) (1)
1 0

and Z* = {z* (¢), z*} € L,. However, using integration by parts from (1.1), it is
obvious that D (Ly*) = {Z: Z = {z(t), 21} € L, with z(t) € W3(H, [0, 1]) and [[z] € L,
(H, [0, 1])}. In other words, z(¢) has a first-order derivative on [0, 1] which is absolutely
continuous in the norm of H and z (0) = z’(0) = 0, Az(¢t) € L, (H, [0, 1]) and
Z* = Ly*Z = {l|z], 2(1) — h'(1)}.

Now, the vector Z € D (Ly™") if and only if for any Y € D (L") (1.1) holds, Z* € L,
and Z* = L™ Z.

By virtue of Lj C Lj*, Ly*™ C Ly, we can state that any vector Z from D (L{,**) must
also belong to D (Ly*) and Ly™Z = L,"Z. On the other hand, it could be verified that

relation (1.1) is also true for

Y e D(Ly*), Z(t) € W3(H, 0, 1]),
lz] € Lo(H, [0, 1])Z* = {I[z], 2(1) — hZ(1)}.

Therefore, Ly™ = Ly In other words, Ly" is a self-adjoint operator. However, we
know that L™ = Lj. Thus, the closure of L is a self-adjoint operator Ly*, which we
will denote by L.

By virtue of all as stated above, L is defined as

D(Lo) = {Y € Ly, y"(t), Ay(t) € L(H, (0, 1)),y1 = y(1)},
Loy = {lly], y(1) — hy/(1)}.

By the properties of v > 1, A > E, it follows that L, is a positive-definite operator. To
show that, for each Y e D (Ly), we have

1
(oY, V) = [ () de = | (1) = hy/(1), (1)
0
; ; 102 — ! 1
- [ dc [ @yopoyace [, Siora— ivoe
0 0
1 1
= [k aes [ .

Since the embedding W) (H, (0,1)) C C(H, [0, 1]) is continuous ([[31], Theorem
1.7.7], [[32], p. 48]), then, lIlY(1)II < clly()llw (11,(0,1)) Where ¢ >0 is a constant.
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Thus,
1
2 1 2 5
(LY, Y), = C flly(t)ll de— [y@]” | = CIVIE,
0

which shows that L, is a positive-definite operator.

To prove the discreteness of the spectrum, we will use the following Rellich’s theo-
rem (see [[33], p. 386]).

Theorem 1.1. Let B be a self-adjoint operator in H satisfying (B¢, ¢) = (¢, ¢), ¢ €
Dg, where Dy is a domain of B.

Then, the spectrum of B is discrete if and only if the set of all vectors ¢ € Dp, satisfy-
ing (Bo, ¢) < 1 is precompact.

Lety; < b <--- <7, <---be the eigenvalues of A counted with multiplicity and ¢,
D29eer Dy be the corresponding orthonormal eigenvectors in H.

Take yi(t) = (y (¢), ¢x). Then

(), y(1)) = D ()1,

k=1

o Sy :
2 E+Alyy] = Z 2tV [ye(t)]”.
k=1

Hence, using the Rellich’s theorem, we come to the following theorem:

Theorem 1.2. If the operator A is compact in H, then the operator Ly has a discrete
spectrum.

Proof. By virtue of positive-definiteness of Ly, by Rellich’s theorem, it is sufficient to

show that the set of vectors

Y = {Y € D(Lo) \(LoY, Y)y,

1 21
- / [()’/(t)r)’/(t)) + (( 2 4E+A) Y(t)r)’(t)ﬂ dt (1.3)
0

1
-0 = 1)

is precompact in L,.
To prove this theorem, consider the following lemma.
Lemma 1.1. For any given ¢ >0, there is a number R = R(e), such that

Z (1)) *dt — ;11 Z ye(1)1* < e.

k=R+1 k=R+1

Ot~

Proof. From (1.1) for Ye Y :

0/ > P [ 3 @Pwdes [ 3 ol

k=R+1 o k=R+1 0 h=R+1

iy

1 r & 1 : 1 1
< ye(O)? v dt = fA, dt < (LoY,Y), <
yRofgyk()m VRO(”) Ao
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Since Y — oo for R — oo, for any given ¢ >0, we could choose R(¢) such that

1 2
w = (1_})2. Therefore, for this choice of R the inequality

1 o i 2
[ X mopa< © (14)
0 lk=R+1 (1 - h)
holds. On the other hand, by virtue of (1.3):
1 — 1&g
Y P = - / 020y ==, Y | [ 2itom a
k=R+1 k R+1 k=R+1 |
1/2

1 12,4
2 & 2 2
- V()| dt Ye(0) [ dt
h;(/\k | ) (/uk | )
1 1/2
-2 2
(5 freora) (£ fmora) <2

19 k=R+1

From (1.4) and the above, it follows that

P& &2 W & W€
/Zh’k(m dt — hZ|)’k(1)| 2 _1_2<(1_2)_1_2=8'
0

2
k=R+1 k=R+1 ( h)

This proves Lemma 1.1.
Now, turn to the proof of Theorem 1.2. Assume, Y € Y. Denote the set of all vec-
tor-functions Y = {Zle Ve(O)Prs fo:l yk(l)wk} € Ly, by Eg. Then, from Lemma 1.1 it

follows that for the set Y, Ep is an &-net in L,. Therefore, to prove the precompact-
ness of the set Y, we must prove the precompactness of Ep in L,. Since [y, (1)] < 1
(k = 1,..., R), it is sufficient to show that yx(¢) (k = 1,..., R) satisfies the criteria of pre-
compactness in L, (0, 1) [[34], p. 291]. In other words, y; (¢), (k = 1,..., R) must be
equicontinuous and bounded with respect to the norm in L, (0, 1). To show that,
using (1.3) results in

/ (O dr < / (), (1)) dt < / (Apy)de <1
0 0 0

which proves the boundedness of the functions y; (£) (k = 1,..., R). Assume that y; (£)
is a zero outside the interval (0, 1). Then, by using the following relation

n
Ve (t+ 1) — 1 (0] < / IV, L+ 6] dt,
0

we have

1 1-n 1
/ et + n) — pe(0)? de < / et + ) — (O de + / ()12 dt, (1.5)
0 0 1—
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/|yk(t)| dt—/ /;/kmdf dt</1 /;/k@)df dt < (1.6)

1-n
1-7 1-n / 7 2
/ et +n) — p(O)P dt < / f Wi+l de| dr
0 0o \o (1.7)

1 1—n
n/ Iy, (t + )] dr dt < /
0 0

From the above, for || < ¢ we have

n

1
n/ Y () dr dt <n(1—n) <.
0

O\T

/ lye(t +n) — ye(0)1* de < 2.

This shows the equicontinuity of Eg, and it completes the proof of the discreteness

of the spectrum of Lj,.

2 The derivation of the asymptotic formula for eigenvalue distribution of L,
Suppose that the eigenvalues of A are ¥, ~ an” (n — 0, a >0, & >0). Then, by virtue of
the spectral expansion of the self-adjoint operator A, we get the following boundary

value problem for the coefficients y(t) = (y(£), ¢x):

2 1

O+ L O =0 -, te ), 2.1)

Ve(1) = hy, (1) = Ape(1). (2.2)
The solution to problem (2.1) from L, (0, 1) is
n(0) = Vil (/3= ).
For this solution to satisfy (2.2), it is necessary and sufficient to hold
h
— _ — — —w] — — — =@2.3
Ty (x/A Vk) S (\/A Vk) hyi =, (x/A Vk) My (\/k Vk) §2.3)

at least for one y(A # ¥). Therefore, the spectrum of the operator L, consists of

those real values of 4 # ¥, such that at least for one k

(1= -2 =)@ i@ -o 24
where z = /A — ¥. Then, by using (2.4) and identity zJ; (z) = 2J,—1(z) — v, (2) [[35],
p. 56], we get

(1 - Z v hv) Ju(2) — haJy-1(2) = 0, (2.5)

Find the eigenvalues of the operator Ly which are less than ;. These values corre-
spond to the imaginary roots of Equation 2.5. By taking z = 2i,/y and using [[35], p. 51]:

Page 7 of 22
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. Y s (2iyy)
;n'l‘(n+v+1) (1Jy)

we get
u 1 o n h u > n
—2hi/y(iv/y) gn‘l“(n (4y+1—2+hv—yk> i/y) gn'l"(n+v+l) 0,
or equivalently
o o
h '
p+1— _ — h
Zon'F(n+v) (y+ Vet v);n'r(n+v+l)
Z —2h +4n Vet 11—
'(n+v) (v +n)l (n+v) (2.6)

x (v+n)(4n—2h)—(yk+g—1—hv)
=§n! w+n) T (n+v) =0

Now, consider the quadratic equation (4z — 2h) (v +2z) — (yk + g —-1- hv) =

whose roots are given as
—(2v —h)i\/(2v —h)? + 4y, +2h — 4 + 4hv
- . .

Therefore, the coefficients for y" in (2.6) become positive for

h \/(2v—h)2 ho_
v — + Vi + 1+hv
0| 22+ 4 ”’; 2 ‘ 2.7)

Further, let N be the number of positive roots of the function in (2.6), and W be the
number of sign changes in its coefficients. Because the radius of convergence of this
series is oo, then by Descartes’ rule of signs [[36], p. 52] W - N is a nonnegative even
number. From (2.7), W = 1, therefore N = 1. Hence, beginning with some k, Equation
2.6 has exactly one positive root corresponding to the imaginary root of Equation 2.5.

Now, find the asymptotic of the imaginary roots of Equation 2.5. For z = iy and
using the asymptotic of J, (z) for imaginary z a large |z| [[37], p. 976]

. T i e Uz_zll 1

This means (2.4) is equivalent to

ho, ol 1 -1y -1 1)
(1_2+y _)/k)(l_ 2 +O<y2) Ty +O<y2) -0

from which

2 _1
v:— , +2h Ve, 1
~ — — 2.8
Y 4 +\/yk ) (v 4) (2.8)

Page 8 of 22
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Using (2.8) in /% — A =y, we come up with the asymptotic formula for the eigenva-
lues of Ly which are less than

A ~ —h/ V. (2.9)

Now, find the asymptotic of those solutions of Equation 2.3 which are greater than
Yo i.e., the real roots of Equation 2.5. By virtue of the asymptotic for a large |z| [[35],
p. 222]

he - 2o T T) (1e0(1))

Equation 2.5 becomes

(1—Z—zz—yk>\/nzzcos<z— vzn —Z)(HOC))
+hz\/nzzsin(z— ”2” —Z) <1+o<i>> - 0.

Hence,

VT T 1

z= _ — +mm+0 ) (2.10)
2 4 z

where m is a large integer. Therefore, we can state the following Lemma 2.1:

Lemma 2.1. The eigenvalues of the operator Ly form two sequences
Ay~ —hyyr and  Ayi = Vi +zﬁ1 = Vi + O,

where ay, ~ (mm + "} — Z)z. Denote the imaginary and real roots of Equation 2.2 by

%o and x,,, i, respectively.

State the following two lemmas.

Lemma 2.2. Equation 2.5 has no complex roots except the pure imaginary or real
roots.

Proof. A is real since it is eigenvalue of self-adjoint operator associated with problem
(2.1), (2.2). ¥ is real by our assumption (A* = A). Hence, the roots of (2.5) are square
roots of real numbers. Lemma 2.2 is proved.

Let C be a rectangular contour with vertices at +iB, +iB + A,, where
Ap =mm + "7 +7, and B is a large positive number. Further, assume that this contour
bypasses the origin and the imaginary root at -ixo; along the small semicircle on the
right side of the imaginary axis and ixy on the left.

Then, we claim that the following lemma is true.

Lemma 2.3. For a sufficiently large integer m, the number of zeros of the function

z7v ((1 — Z -2 = )/k> J» () — hd)',, (Z)>

inside of C is exactly m.
Proof. Since z7" ((l — g —z? - yk) I, (z) — hz]', (z)) is an entire function of z, then

the number of its zeros inside of C equals:

Page 9 of 22
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. / [z"’ ((1 - - m) Iy (2) 7hz]’v(z)>], .

h
i &z ((1 - z —z2— Vk) Iy (@) — hz];(z))

|:va (hz]m (2) + (1 - hy — 2% — Vk) I (Z)ﬂ
1 f 2 d

27 h o
i Z ((1 -, 7= yk) Jo@— hzu(z))

vz ! (hZ]wl () + (1 _h hv — 2% — Vk) L (Z)>

1 / - 2
- ,
) Z ((1 - 2= yk) Jo @) — hzf;(z))

- (le @ + el (@ — 220,(2) + (1 R n) J, <z>)
+ dz

Fad ((1 - Z —z2 - yk) I, (&) — hz];(z))

Y h
B /. 7 (—vhlm(z) _— iz) (1 -, -2 - Vk))
2 c zv ((l — z —z22— yk) Iy (z) — hz];(z))

v (h]m () + ha],,, (z) — 22],(z) + (1 - Z —hv -2 — Vk) I, (Z)>
+ dz

z7v ((1 - Z —z2 — Vk) Iy (=) — hz/(,(z))

h
—Vh]a1(2) = Jos1 @) (1 —, —z2— Vk)

s .
2 C Y ((1 5 —22— )/k) Iy (@) — hz}(,(Z))

27" (Wy (@) + by (2) — h(v + 1))y (2) — 22],(2))
+ dz

Fad ((1 - g —z2 - m) I (=) — hz](,(z))

h
—Jua1 (2) (1 5 22— yk> — 2vh)y,1(2) + 1y () 2(h — 2)
dz.

)
T 2mi
C

In the above, we have used the following identities:

Z]/v(z) = V]v(z) —zJui1 (Z)r
z],w-l (Z) = Z]v(z) - (V + 1)]v+1 (Z)

(1 - 121 —z2 - yk) Iy () — haJ,(z)

As the integrand is an odd function. the order of its numerator in the vicinity of zero
is O(z"*"), and the order of its denominator is O(z"), the integral along the left part of
contour vanishes. Now, consider the integrals along the remaining three sides of the
contour. On these sides [[35], p. 221, p. 88]

(1) (2)
)

where

HY (z) = (nzz) 22 %) [1+mu @},
1

H? (2) = (;) 22 0) {1+m, @),

N1y (z) and 1., (2) are of order O (l) for large |z|.

Page 10 of 22



Aslanova Boundary Value Problems 2011, 2011:7
http://www.boundaryvalueproblems.com/content/2011/1/7

For simplicity, denote the integrand by f(z), then

) iB . iB+mm+ V; +Z
2mi / J(z) dz = i _/ J() dz
iB

iB+mn+vg+Z
iB+mn+U;+ﬂ
1 z 1
-~ ‘ / ]v+1()(1+o( )) dz
2mwi Iy () z
iB
iBmm+ " + 7

1 1 Vi . 1
- / + 12,041 (2) [1+0 ()] dz— m v 1
2mwi 1+1n2, () 2 4 8

iB

One can analogously show that the integral along the lower side tends to the same

number.

To calculate the integral along the fourth side, use the relations:
]u+l vir b v+

]u(g) —gz—"7 —-7)=""+0(}) for large |z|, and

Bimm+ VT 4T
2 74 v T
f b gz—"7 —7)dz=0.
4

—iB+mm+ 5

Since O (;) is bounded on the right-hand side of the contour, we get

. v
iB+mm+ +

o S (e 2))
2mwi I, (2) z
—iB+mrr+U§+Z
iB+mrr+V§+n

1 / 2v+1 ; ( VT 71) o 1
=— + z— — +
2mi 2z 8 2 4 z2

—iB+mm+ T+
274

1 1 1
x(1+O( )) dz ~ — (2v+1)+O( )
z 4 m

Consequently, the limit of the integral along the entire contour is m + O (11,) How-
ever, as the integral must be an integer, it should be equal to m. This completes the

proof of Lemma 2.3.
By using the above results, derive the asymptotic formula for the eigenvalue distribu-
tion of Ly. To do that, denote the eigenvalue distribution of the operator Ly, by N (4,

Ly). Then:
NGLoy= D 1=Ni () +Na(h),
Aj(Lo) <A
where
Nty =) "1, Noy= ) L
Me<A Aml <A

Since % ~ a - k% then », ~ Clkg. That is

2
N1 (&) ~ Cihre. (2.11)
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From Lemmas 2.2 and 2.3 and the asymptotic of x,,, , it follows that one can find a

number ¢ such that for a large m

TM < Xpjp < TM+C.

From this inequality, it follows that N,(4) is less than N} (1), where N} (1) is the
number of the positive integer pairs (1, k) satistying the inequality

7im? + ak® < A. (2.12)

Also, N»(A) is greater than N7 (1), where N7 (X) is the number of the positive integer

pairs for which
(Tm +¢)? +ak® < A (2.13)
To summarize, we have
Ny (A) <Na(W) < N5 (). (2.14)

Thus, by (2.12) and (2.13) as in [[38], Section 3, Lemma 2] we have:

2+a 1 2+a
2y A 2o Ae 11 . , 2y 2a
—(+1 — A2 =N, M) <N (W) =N; (W) < ,
Ta/a a 7 Tas/a
T
2, . 21
where y =/cos tsine "t dt.
0
From the above, we have
2+a
2yA 2
Ny () ~ ;aJZ : (2.15)

Therefore, by virtue of (2.11) and (2.15), we have

2+a

2
N()\) ~ ClA® + CoA 20,

For o >2

2+a

N()», L()) ~ CyA 2o

2+a _ 2
and consequently, hon (Lo) ~ dn 200 4 = ¢, 2+

3 2
For o >2, N()w LO) ~ Cl)ta or, )»n (LO) ~ ang.

Fora =2, NQA) ~ (¢; + ¢3) A from which 4,,(Lo) ~ dn, d = (c; + ¢o) ™.
Then, as Q is a bounded operator in L,, it follows from the relation for the resol-
vents of the operators Ly and L [[30], p. 219]

Ry (L) = Ry (Lo) — Ry (L) QR;. (Lo)

that the spectrum of L is also discrete. By virtue of the last equality and the proper-
ties that hold for s numbers of compact operators [[30], pp. 44, 49] as in [[38], Section
3, Lemma 2], for the eigenvalues of L denoted by 4,(L), we have

pn(L) ~ dn’.
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Therefore, we can state the following theorem:
Theorem 2.1. If y, ~ an® (0 < a, o >0), then

An (Lo) ~ pn (L) ~ dn’, (2.16)
where
2
“ fora > 2,
s +2
= or 2,
) for o <
1 fora =1.

For simplicity, we will denote the eigenvalues of Ly and L by A,, and u,,, respectively.

3 Regularized trace of the operator L
Now make use of the theorem proved in [20] for abstract operators. At first, introduce
the following notations.

Let A be a self-adjoint positive discrete operator, {4,} be its eigenvalues arranged in
ascending order, {¢;} be a basis formed by the eigenvectors of A,, B be a perturbation
operator, and {y,} be the eigenvalues of Ay + B. Also, assume that Aal € o1(H). For
operators Ay and B in [[20], Theorem 1], the following theorem is proved.

Theorem 3.1. Let the operator B be such that D(Ay) € D(B), and let there exist a
number 0 € [0, 1) such that BAa‘S has a bounded extension, and number o € [0, 1), @
+ 0 <1 such that Ag(l_a_w)is a trace class operator. Then, there exists a subsequence of
natural numbers (N Yo and a subsequence of contours T',,, € C, that for o > 0 the for-
mula

Nm
Jim. 21: (1j = 4 — (Byj, ¢j)) = 0
i:
is true.
Note that the conditions of this theorem are satisfied for Ly and L. That is, if we take
Ag = Lo, B = Q, then Lng is bounded. For w =6 < a{f and o >2, from asymptotic

(2.16), we will have that Ag(lf‘sf“’) = La(pzs) is a trace class operator. If o <2, then

a—2

Lg(l_z‘s) will be a trace class operator for w = § < w

Thus, by the statement of Theorem 3.1, for o >2, we have
N N
Jim Y (e — ha) = Jim Y Qv Y, (3.1)
n=1 n=1

where (%), wo(),... are the orthonormal eigenvectors of L.
Introduce the following notation:

n; ni
A0 Z e pu® = Z we (=1,2,...), (3.2)

k=ni,1+1 k=ni,1+1

o) . .
and investigate the sum of series ) (1 — 1), which as will be seen later, is inde-
i=1

pendent of the choice of {n,,}5e.;. We will call the sum of this series a regularized trace
of the operator L.
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Now, we calculate the norm for the eigen-vectors of the operator L, in L,. To do
this, we will use the following identity obtained from the Bessel equation”

1

/t]v (at)]v (:Bt) dt =

0

o2 — /32 []v (0[) ,B]/v (:B) - (:B) O[]/u (Ol)] .
As o0 — B, we get

1

[0 ai-

0

27 2 2,2y 12
BT(B) +§;;2 v () (3.3)

We also consider the following identities:
v
Jo(@) = ~Jui(2) + Ju(2),
1" / v v /
Jo@) =@ = 0@+ T,
2 ve1(2) = 2 (2) — (v + 1)1 (2).
By the above identities and also by the equation

/ h 2 ]v(,B)_
ﬁ]v(ﬂ)—<1—2—ﬂ —)’k) P =0

satisfied by x,,, 1, we obtain

(B2 =) 2(B) + B 2(B)

1—h—28% -2y, + If + BPh+ yeh + B+ 20 B + v + PR — VPR,
= hz ]U(ﬂ)

Therefore,

1

1
[ st om0 dt = )0

0

2

21,2
mk h

1—h—2x, —2m+ ;Z —x2 i+ yh+ x5+ 2y 5
= ]u (xm,k)-

2 12
me’kh

+ ykz + hzxfn RV
So, the orthonormal eigen-vectors of Ly are

2 12
1 2xmkh
Jo(mi) | 1 —h — fon'k —2Y + }f - xfmk + yeh + x4mlk + 2ykxfnlk + Y2+ hzxiyk — v2h2 (3.4)

x {\/ ty (Xm,et) @i o (Xm ) §0k} (

m=1,00;k=1,00
m=0; k=N,o0 )"

Now, we prove the following lemma.
Lemma 3.1. If the operator function q(t) has properties 1, 2, and also o >0, then

o 00

/‘1 Qxiykhzt]?, (Xm,1et) (q() @, @) dt
0 J2(xmk) (1 —h=2x2 =2+ =2 e 2pad b R R, — vzhz)

k=1 m=1
1 (3.5)

/ 2x3 20 (x0, k) () r 1)t
T2 (xo0,1)

(1 —h=2x3, =27+ ’f — X}l vl xG )+ 201050, + v+ B2 ) — vzhz)

s3]
+
k=N

< 00,

0
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Proof. Assume that f;() = (q(¢) ¢x ¢x). By Lemma 2.1 we have Xmr ~wm+ "7 — 7.

Ils (xm,k I)

So, in virtue of the inequality P (o)

< ¢ [[35], p. 666] and properties 1 and 2 we
have

k=1 m=1

- “ii/ Ifi()1dt
0

hZ
1—h—2y+"y +phay2—vh?
2 +y g
x/k—h+2yk+h2—2+ 2

oo 00 1 *
szo<le )/Ifk(f)ldt<oo.
0

m,k

1
/ 2x2 B2 (e pt)fie (1) dt
o J2(%m k) (1 —h=22, = 2m+ Zz XXy 2mxd v+ B — vzhz)

T mk

To estimate the second series in (3.5), we wuse the relation

2

— 42
xor~ " ET 4 v v~ ak®
By hypothesis of Lemma 3.1 & >0. Therefore, denoting this sum by s, we have

<y !

<
2
X,

k=N "0k

[ ey aty < .

This proves Lemma 3.1.
Now, assume that

1

/ RO 4 < o, (3.6)
cos 2

1-45

)

/ 'fkgt” dt < oo 3.7)
0

for small ¢ >0.

Then, we can state the following theorem.

Theorem 3.2. Let the conditions of Theorem 2.1, (3.6) and (3.7) hold. If the operator-
value function q(t) has properties 1-3, then the following formula is true

_ 2vtrg(0) + trq(1)

Nm
lim > (un —An) = (3.8)
m—00 ;- 4
Proof. By virtue of lemma 3.1 we have
o0
Z (M(i) _ A(i))
i1
e /1 22 1202 (% )fe (1) p
et me1 % [1 —h=2x,— 2%+ ZZ —x) v+ Xy 202+ Y A — uzhz] J2 (X, 1) (3.9)
1
. i i / 202, W22 (xm 1) fie(£) i
k=N m=0}) [1 —h-— Zx;/k — 2y + fﬁ: - x,zn/kh +yh + x:ln,k + Zy;,xfn’k TV hzxfn’k — vzhz] J2(xm,1e)

At first evaluate the inner sum in the second term on the right hand side of (3.9). To
do this, as N — o investigate the asymptotic behavior of the function
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N-1 zthz 2 k]Z(xm kt)

Ry(t) =)

m=0 ]lz;(xm,k) {1 —h— zx,zn'k — 2]/k + 4 — xm'kh + ]/kh + xm,k + 2yerzn,k + sz + than'k — v2h2}

To derive a formula for Rx(£), show for each fixed value of k, the mth term of the
sum Ry(t) as a residue at the point x,,, , of some complex variable function with poles
at xp (m=0,N—1).

For this purpose, consider the following function:
~ 2izhj?(1z)

1) {~har'v(@) + (1= b =22 = p)h@)}

The poles of this function are xg. xx - 14 and ji,..., jv (L(j,) = 0). The residue at j,
equals

2thjnJ? (L 202 (tjn
r_e_sg(z): (s .o s / (]h) 2 . =T, (]2)
2= Vo () (=hint v (n) + (1 = 5 = j& — e)Ju(in)) ' (jn)

Now, compute the residue at x,,,

(—hz]'v(z) + (1 - ;l -z - n) Iv(Z)),

=7, (Z)<1 - == ) hz]" () — 22),(2)
N ) ) (3.92)

- (D@ @) (15 =2 =) - ke (St - @+ @) - 29000
= — ],,(z) (1 - h -2 - yk) + ' (2) +Jo-1(2) (1 - Z e h) —hz]',-1(z) — 22, (z).
Denote the right hand side of (3.10) by G(z). Since x,,, ; satisfies equation (2.4), by

setting z = x,,, « and using the identity

2, _1(2) = (v =1)]o-1(2) — 2u(2),

we have
3h
G(xm1) = Jo—1(Xm) (1 -, - X2, Vk) h((v = D)Jo—1(Xmp) — XmpeJv (xm,r))
3h
= 2% efy (Xm1e) = Jo—1 (Xm k) (1 - 2 - xyzn,k - Vk)
—h(v — 1)1 (Xmr) + Xmp(h — 2)] (Xm,x)
h
L 1) R A
’ v h 2
= (T (xXmr) + X ;]v (xm,1e) 1- 2 — Xk — Ve~ hv ) + (h = 2)xm1Jy (X))
h
(o) ) (1= 0= == )+ (0= 205, o)
- X,k
_ —hvxm i s (Xmie) — hUz]v(Xm,k) N (em )y (1) + Iy (Xmz)) (1 — Z - x,zn,k — )+ (h— 2)xfn,k13(xm,k)
Xm,k Xm,k

h
=12y (%me) + Xmged v (X i) (1 e X3 = )’k) +(h—2)x3 Jo (X )

X,k

h 2
(14 )

ToGoma) | (=hv2 e (h =202, ) + \

o Cmp)
X, X,k
hz
|:1 —h— 2xm P e+ i xfn/kh + yxh +xfn'k + 2)/kxfn’k + ykz — h2v? 4+ h2x fn ki|

x h
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Therefore,
2uhx2, JE (%) /T2 (m )
res 8(z) = > 2 > 4 2 2, 12,2 212
=X (1 —h—=2x, =2y + "y — X b+ yeh X0 4 200+ Y+ R, — V2R >

Consider the contour C mentioned in Lemma 2.3 as the contour of integration.
According to Lemmas 2.1 and 2.3, for a sufficiently large N, we have xy . 14 <Ax <xn,
x and jy <Axn <1

It could easily be verified that in the vicinity of zero, the function g(z) is of order O (z").
By virtue of this asymptotic and because g(z) is an odd function, the integral along the
left-hand side of the contour C vanishes when 7 (radius of a semicircle) goes to zero.

Furthermore, if z = u + iv, then for large |v| and u > 0, the integrand will be of order
O (e!"1®*2)), That is, for a given value of Ay, the integrals along the upper and lower
sides of C go to zero as B — < (0 < ¢ <1). Thus, we obtain

An+iB

2
RN(t) — TN(t) = ma i 2Zﬂ’l]v ([z’)/l dz I
An—iB ]v(z) {-thu(z) + <1 _ ) _2_ Vk) ]v(Z)}

(3.10)

where
N .
21J7 (tjn)
Tn(t) = .
N( ) ; ],v(].h)z

1
2

fore, in integral (3.11), we could replace the Bessel functions by their asymptotic at

Also, along the contour C for x'*

N71,k§t<1’0<‘9<

we have |tz| — oo. There-

large arguments. Hence, from

2 21 sin (2z — vrr) 1
]v(z)—ﬂz[2+ ) ](1+O<z>>

as N — « we have

AN+iB h AN+iB X
lim f o(2)dz~ " 1im 1 +sm.(2zt— V)
2miBooo ) miBooo J  —z(1+sin(2z —vr))
An—iB AN—iB (311)
o0 [o¢]
1 / dv 1 / sin(2tAN — v + 2tiv) dv
bid —(An +)(1 +cos2iv) m (AN + ) (1 + cos 2iv)
Denote the right side of (3.12) by J:
o0
Il < const. / 1+ ch2tw dy = const.ﬂ . const. 1 (3.12)
AN ch2v T 2AN Ay cos™ '
0
Then the limit of (3.11) becomes:
1 1 1 1 AN+i0O
Jim [ Ru@A() de= lim [ s ) tim [ | [ s | aw a
0 0 0 N—i00 (313)

ANM 1 An+ioco

1
- Jim [ @@ e im [ e =T @ de [ [ @ de| st
0

0 Aglee | An—ico
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Using (3.6) and (3.13), we obtain

1 AN+iOO

/ / 8(z) dz | fir(t)| dt
A | [An—ico

(3.14)
1

const.

< lim / |fk(t)|dt+1}im

1
t. t
- cons / Ifie( )t| dt=0.
N—oco AN

AN cos’
A;]lw A;]lw

Moreover, if (3.7) holds, then by virtue of the known relation for a large N [[35], p.
642]

1 sin 2ANt
Tn(t) ~ 1-— .
n(t) 2t [ sinrt ]

Hence, we will have
AK’1+S

lim / Tn(0)fu(t) dt = 0. (3.15)
0

Using property 2 and the asymptotic of x,,
AKllw

Jlim. / R (0)fe(t) dt = 0. (3.16)
0

Earlier it was obtained that under the assumptions 1-3 (see [[7], Theorem 2.2])

A}LH;Q/ITN(t)fk(t) dtz = _2"fk(0)4+ﬁe(1)' 51)
0
Thus, from (3.14) to (3.18), we have
,}ggojRN(t)fk(t) dt = _2"fk(0)4+fk(1)'
0
Consequently,
ii Of $ma)il) di = i 2RO ) -

In a similar way to the one considered above, we get (this time Equation 2.5 has no
imaginary roots, so the contour C will only bypass the origin on the right half-plane):

N—-1 N-1

s 1
Z/g(xm,k)fk(t) dt=->" 20fil0) + fil1), (3.19)
0

4
k=1 m= k=1

—_
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Finally, combining (3.19) and (3.20), we get
o0
; ; 2vtrq(0) + trq(1)
) _ 0y = _
> (1 =20 f
i=1
which completes the proof.

Remark. It should be noted that in condition 1, property 4“(t) € &1, 1 = 0,2 may be
weakened. Namely, we may just require to hold

Z 1(d" ()g;, ¢j)| < const.

i=1

23 [@(0)g0)+ (9]

j=1

Then formula (3.8) takes the form io: (“(i) _ A(i)) _

. There
. 4
i=1

exist the bounded functions that are not from the trace class, even compact, but satisfy
the above stated condition. Now, introduce an example.

Example. We consider the following boundary value problem:

ou 9%u d%u 4

o T o T T o —qxy2u, >0 (3.20)
(e

— u — —_ U[ = .
2 an 30x[0,1]
9%u 9%u

0 = Uy = -0 3.22
Ulz=0 = Ulz=1 02| " a2 | (3.22)

in the cylinder 90Q x [0, 1], where Q is a circle in R? ((x, y) € R?) of radius 1. Also,
0Q) is a circumference of this circle, n is an exterior normal to the surface 0Q x [0, 1]

and & = const.. Looking for the solution of this problem, which can be represented as
u(x, v, z, t) = U(x, y, 2)T(t), we have

T 92U 1 92U

1 193*U
+
T o2 U

o2 U U IPA)

Thus, the left-hand side of this equality depends only on ¢, while the right-hand side

on x, y, z. This means they are equal to some constant which we will denote by -A.
Therefore,

32U 3*u o ( ) = U
- + +q(x,y,z)U =
9x2 9?2 9zt q\xy

and (3.22) becomes like

h ou
1-— U-—h — AU =0.
2 on aQx[0,1]

(3.23)
Using the cylindric coordinates x = r cos ¢, y = r sin ¢, z = z, we have

—3?U 13U 193%U

tu
or?

— ,@,2)U = AU.
r or r28<p2+8z4 +4(r.¢.2)
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The boundary condition in (3.24) becomes

h au
((1 — 2) U-—h o kU)r_l =0. (3.24)

We will solve this problem by separation of variables. Taking U(r, ¢, z) = V (r, 2)¢

(0), q(r, ¢, 2) = Q(r, 2), and 4; = —v2 v = const., we get

-3’V 19V v2V Y% Q) = AV
- + + +Q(r,z)V =AV.
ar? ror 12 az4

By making V(r,z) = Vl\(/rr’z) substitution, we get

—2vy v - v
02 'y L tvis 8z41 +Q(r,2)Vy = V1, (3.25)

and (3.25), (3.23) take the form:

oVi(r, z
(Vl(r,z) —h 18( )> =AVi(1,2)
T _
SO 5 (3.26)
32V, 32V,
V](T,O) =V1(T,1) = 9 = ) ,
0z% |, 0z% |,

where Q(r, z) is a real-valued function which is continuous on [0, 1] x [0, 1], and has
second partial derivative with respect to r on [0, 1] for each fixed z. Fourier series of
this function and its partial derivatives converge, respectively, to their values. Also
assume that

O/Q(O,z)dz=O/Q(1,z) dz = 0.

Now, rewrite the problem in the differential operator form:

b2 1
—v'(r) + " u(r) + Av(r) + q(r)v(r) = rv(r)
v(1) — /(1) = (1),

(3.27)

where v(r) = Vi(r, -) is a vector function with the values from L,(0, 1). Operators A
and ¢g(r) are defined in the following way:
4
D(A) = {u € W5(0,1) /u(0) = u(1) =u"(0) =u"(1) =0}, Au= ng +ou, >0,
D(q(r)) =L2(0,1), q(r)u=Q(r,z)u — wu.

(3.28)

Obviously, the operator A is self-adjoint, positive-definite, and Alis a compact
operator in L,(0, 1). Also, the eigenvalues of A are of the form:

wr(A) o+, k=1,2,...
Then, by virtue of Theorem 2.1, the eigenvalues of this problem behave like

4
Am ~ const. m3:
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Using the statement of Theorem 3.2, we have

’

= , 2vtrq(0) + trg(1)
() _ 50y = _
;(u A1) f

where u; are the eigenvalues of problem (3.28) with g(r) = 0. Now calculate

trq(0)

j=1

28 [ t\ 1—cos2jt © 7 t

- ) = ) 2j

o /Q(O n) ) dt ]»_1/Q(0 n)cos jt dt
0 =10

j=1

1 kg
[o¢] 2 [o¢]
ZZfQ(O,Z) sin’jrz dz = N Z/Q(O, j:) sin?jt dt
=179 =1 o

o0

1| < 2 t [ t
j-0- 0, jt dt T - 0, jt dt
4 j_ZOCOS] rr/Q< n>c051 +Zc05]rr /Q( n>c051
= 0 0

j=0

412(0,0)+ Q0. 1]

In a similar way, we can find

m(1) = ,1Q(1,0) + Q1L )]

Therefore,
= oo 2vQ(0,0)+Q(0,1)] +Q(1,0) + Q(1, 1)
() _ 5@y = —
;(M Ay = i :
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