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Abstract

This paper deals with the positive solutions of a fourth-order boundary value problem
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1 Introduction
In this paper, we consider the existence of multiple positive solutions for the fourth-order

ordinary differential equation boundary value problem in a Banach space E

x®(@) =f(t,x(),~x"(8), t€(0,1),
x(0) = x(1) =+"(0) =a"(1) =,

(1.1)

where f: I x E x E — E is continuous, I = [0,1], 0 is the zero element of E. This problem
models deformations of an elastic beam in equilibrium state, whose two ends are simply
supported. Owing to its importance in physics, the existence of this problem in a scalar
space has been studied by many authors using Schauder’s fixed-point theorem and the
Leray-Schauder degree theory (see [1-5] and references therein). On the other hand, the
theory of ordinary differential equations (ODE) in abstract spaces has become an impor-
tant branch of mathematics in last thirty years because of its application in partial differ-
ential equations and ODEs in appropriately infinite dimensional spaces (see, for example,
[6-8]). For an abstract space, it is here worth mentioning that Guo and Lakshmikantham
[9] discussed the multiple solutions of two-point boundary value problems of ordinary
differential equations in a Banach space. Recently, Liu [10] obtained the sufficient condi-
tion for multiple positive solutions to fourth-order singular boundary value problems in
an abstract space. In [11], by using the fixed-point index theory in a cone for a strict-set-
contraction operator, the authors have studied the existence of multiple positive solutions
for the singular boundary value problems with an integral boundary condition.
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However, the above works in a Banach space were carried out under the assumption
that the second-order derivative x” is not involved explicitly in the nonlinear term f. This
is because the presence of second-order derivatives in the nonlinear function f will make
the study extremely difficult. As a result, the goal of this paper is to fill up the gap, that s,
to investigate the existence of solutions for fourth-order boundary value problems of (1.1)
in which the nonlinear function f contains second-order derivatives, i.e., f depends on x”.

The main features of this paper are as follows. First, we discuss the existence results in
an abstract space E, not E = R. Secondly, we will consider the nonlinear term which is
more extensive than the nonlinear term of [10, 11]. Finally, the technique for dealing with
fourth-order BVP is completely different from [10, 11]. Hence, we improve and generalize
the results of [10, 11] to some degree, and so, it is interesting and important to study the
existence of positive solutions of BVP (1.1). The arguments are based upon the u,-positive
operator and the fixed-point theorem in a cone for a strict-set-contraction operator.

The paper is organized as follows. In Section 2, we present some preliminaries and lem-
mas that will be used to prove our main results. In Section 3, various conditions on the
existence of positive solutions to BVP (1.1) are discussed. In Section 4, we give an example
to demonstrate our result.

2 Preliminaries
Let the real Banach space E with norm || - || be partially ordered by a cone P of E, i.e., x < y
ifand only if y — x € P. P is said to be normal if there exists a positive constant N such that
0 <x <y implies ||x|| < N||y|l. We consider problem (1.1) in C[I, E]. Evidently, C[I,E] is a
Banach space with norm |lx||c = max;e [|%(¢)[| and Q = {x € C[[,E] : x(t) > 0, for £ € I} is
a cone of the Banach space C[I,E]. In the following, x € C2[I, E] N C*[(0,1), E] is called a
solution of problem (1.1) if it satisfies (1.1). x is a positive solution of (1.1) if, in addition, x
is nonnegative and nontrivial, i.e., x € C[I,P] and x(¢) #£ 6 for t € I.

For a bounded set V in a Banach space, we denote by «(V) the Kuratowski measure of
noncompactness (see [6—8] for further understanding). In this paper, we denote by «(-)
the Kuratowski measure of noncompactness of a bounded set in E and in C[/, E].

Lemma 2.1 [6] Let D C E and D be a bounded set, f be uniformly continuous and bounded
from I x D into E, then

a(f x V) :rrtla]xot(f(t, V)), YV CD.

The key tool in our approach is the following fixed-point theorem of strict-set-

contractions:

Theorem 2.1 [8] Let P be a cone of a real Banach space E and P,p = {u € P|r < |u|| <R}
with 0 < r < R. Suppose that A : P.r — P is a strict set contraction such that one of the
following two conditions is satisfied:

(i) Au ZuforueP, ||ull =rand Au# u forueP, |u|| =R;

(i) Au?uforuel, |ul| =rand Au £ u foru € P, |u|| = R;
then the operator A has at least one fixed point u € Py such that r < ||u|| < R.

The following concept is due to Krasnosel’skii [12, 13], with a slightly more general def-
inition in [12].
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Definition 2.1 We say that a bounded linear operator T : C[/,R] — C[I,R] is uo-positive
on a cone K = {v e C[[,R] : v(t) > 0,Vt € [0,1]} if there exists uy € K\{6} such that for

every u € K\{6}, there are positive constants k;(u), ko(u) such that
ki(w)ug < Tu < ky(u)uo.

Lemma 2.2 Let T be ug-positive on a cone K. If T is completely continuous, then r(L),
the spectral radius of T, is the unique positive eigenvalue of T with its eigenfunction in K.
Moreover, if A Tug = ug holds with Ay = (r(T))™Y, then for an arbitrary non-zero u € K (u #

kuo) the elements u and ’ Tu are incomparable
MTu £ u, MTu # u.
In the following, the closed balls in spaces E and C[/, E] are denoted, respectively, by

Q={xeE:|x| <} (I>0)and B;={x € C[LE]: ||xllc <I} (I>0).

For convenience, let us list the following assumptions:

(Hy) f € ClI x P x P,P), f is bounded and uniformly continuous in ¢ on I x (PN ,)? for

any r > 0, and there exist two nonnegative constants /3, /, with 25 + 2/, < 1 such that
Ol(f(t X Dl X Dz)) < llOl(Dl) + lel(Dz), te I,DI,DQ cPn Qr.

(H) There are three positive constants ay, by, ¢; such that

arllx|| + ballyll + a1
If &%) < ~

for all (¢,x,y) € I x P? and 7% + f:—lz <1
(H3) There is a ¢ € P° (P" denotes the dual cone of P) with ¢(x) > 0 for any x > 6, two

nonnegative constants a,, b, and a real number r; > 0 such that

o(ft,%,9)) = arp(x) + brp(y)

for all (¢,%,9) €I x (PN Q,)?and % + 2 >1.
(Hy) Thereisa g € P” with ¢(x) > 0 for any x > 6 and two nonnegative constants as, b3 and

a real number R; > 0 such that

o(ft,x,9)) = azp(x) + bsp(y), telLxyePl x|, |yl >R

and & + 2 51
T bLg

(Hs) There are three positive constants ay, by, r, such that

ag x|l + ballyll

] < 2L

for all (£,%,y) € I x (PN R,,)*> and %4 + % <1


http://www.boundaryvalueproblems.com/content/2012/1/107

Cui and Sun Boundary Value Problems 2012, 2012:107
http://www.boundaryvalueproblems.com/content/2012/1/107

(Hg) There exists n > 0 such that

sup  |[f(&xp)| < ‘]LV_U

teI,x,yePﬁQ,7

(H;) Thereisa @ € P" with ||¢] = 1and ¢(x) > 0 for any x > 6 and a real number 7 > 0 such

that

1
o(ft,xy) =an, telr,1-tlxy€P, neoon

where T € (0, %), a=(t(1- r)ffl_f s(1-s)ds)™L.

n
< Il Iyl =,

Now, let G(¢,5) be the Green’s function of the linear problem v’ = 0,¢ € (0,1) together

with v(0) = v(1) = 0, which can be explicitly given by

tl-s), O
G(t,s) =
s-¢), O

Obviously, G(t, s) have the following properties:

tl-t)s(1-s) <G(ts)<t(l-t), Vtsel0,1];

G(t,s) > t(1-1t)G(t,s), Vt,t,se][0,1].

Set
1
(Su)(t) = / G(t,s)u(s)ds, tel,ueC[lE]
0

Obviously, S: C[I, E] — CI[I, E] is continuous.

Let u = —x”. Since x(0) = x(1) = 6, we have

1
x(t) = (Su)(t) = /o G(t, s)u(s) ds.

Using the above transformation and (2.2), BVP (1.1) becomes

—u"(t) :f(t, (Su)(2), M(t))
with
u(0) = u(1) = 6.

From (2.3) and (2.4), we have

1
u(t):/0 G(t,s)f(s, (Su)(s),u(s)) ds.

(2.1)

(2.3)

(2.4)

Page 4 of 13
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Now, define an operator A on Q by

1 1
(Au)(t):/o G(t,s)f(s,/o G(s,r)u(r)dt,u(s)) ds. (2.5)

The following Lemma 2.3 can be easily obtained.

Lemma 2.3 Assume that (H;) holds. Then A : Q — C?[I,P] and
(i) A:Q— Q is continuous and bounded;
(ii) BVP (1.1) has a solution in C*[I,P] N C*[(0,1), P] if and only if A has a fixed point
in Q.

Let
1
(Tdf)(t):/o G(t,s)¥(s)ds, Yy € C[I,R].

It is easy to see that T': C[I,R] — C[I,R] is a uy-positive operator with u,(¢) = sinzt and
r(T) = 2.

b

Lemma 2.4 Suppose that (H;) holds. Then for any [ >0, A: QN B; — Q is a strict set
contraction.

Proof For any u € QN B;and ¢ € [0,1], by the expression of S, we have

1
B /0 Glt,5)||u(s)| ds <1,

and thus S(Q N B;) C Q N B is continuous and bounded. By the uniformly continuous f

and (H;), and Lemma 2.1, we have
a(f(I x S(D) x D)) = nt1alxoz(f(t x S(D) x D)) < ha(S(D)) + La(D).

Since f is uniformly continuous and bounded on I x (Q N £2;)?, we see from (2.5) that A is
continuous and bounded on QN B;. Let D C Q N By, according to (2.5), it is easy to show
that the functions {Au : u € D} are uniformly bounded and equicontinuous, and so in [9]

we have

a(A(D)) = IItléalxa(A (D)),
where

A(D(9) = {Au(t) : u € D, tis fixed} C PN Q.

Using the obvious formula

1
/ u(t)dt ecofu(t):tel}, Vue ClLE]
0

Page 50of 13
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and observing 0 < G(¢,s) <1, we find

< a(f(I x S(B) x B)) < ha(S(B)) + la(B)
< ha(B) + La(B), (2.6)

where B = {u(s)|s € I,u € D} C P}, S(B) = {fo1 G(t,s)u(s)ds|t € I,u € D}.
From the fact of [9], we know

a(B) < 2a(D). (2.7)
It follows from (2.6) and (2.7) that

a(A(D(1)) <2 + L)a(D),
and consequently, A is a strict set contraction on Q N B; because 2(/; + /;) < 1. O
3 Main results

Theorem 3.1 Let a cone P be normal and condition (H) be satisfied. If (H,) and (H3) or
(Hy) and (Hs) are satisfied, then BVP (1.1) has at least one positive solution.

Proof Set
Q= {u € Q:u(t) > t(1-1t)u(s),Vt,s € [0, 1]}.

It is clear that Q, is a cone of the Banach space C[/, E] and Q; C Q. For any u € Q;, by (2.1),
we can obtain A(Q) C Qy, then

A(Q) C Q.

We first assume that (H,) and (H3) are satisfied. Let
W ={ue Qi|Au > u}.

In the following, we prove that W is bounded.

For any u € W, we have 6 < u < Auy, that is, 0 < u(f) < Au(t), t € I. And so |u(t)|| <
N|Au(®)l, set v(£) = lu(@) |, by (H2)

/(-

v(t) < N||Au(t) ||

1 1
SN/O G(t,s) /0 G(s,f)u(r)dt,u(s))‘ds
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1
< /0 G(t,s) (al

1 1
< / G(t,s) <a1 / G(s, 1:)||u(f) || dr + by ||u(s)||) ds +c1. (3.1)
0 0

1
/ G(s,t)u(t)dr
0

+ b ||u(s) ” + c1> ds

For ¢ € C[L,R], let L1y = a, T*Y + by T, then L; : C[I,R] — C[I,R] is a bounded linear
operator. From (3.1), one deduces that

(I=Ly)@®) < 1.

Since 7?2 is the first eigenvalue of T, by (H,), the first eigenvalue of Ly, r(L;) = % + % <1

Therefore, by [14], the inverse operator (I — L;)™! exists and
I-L) ' =I+Li+L2 4 +L+---.
It follows from L;(K) C K that (I — L;)"%(K) C K. So, we know that v(¢) < (I — L)) \c1,
t €[0,1] and W is bounded.
Taking R, > max{ry, sup W}, we have
Au?u, YuedBg, NQ. (3.2)
Next, we are going to verify that for any r3 € (0,7),

Aufu, YuedB,, NQ. (3.3)

If this is false, then there exists #; € 3B,, N Q; such that Au; < u;. This together with (Hs)
yields

1
@ (u1(t)) = @((Au)(®)) = w( /0 G(t,9)f (s, (Su)(s), ua(s)) dS)
1
- fo 66,0 (F (5, (S)(s), 11(s)) ) ds
1
- / Glt,9)(arp((S1)(s)) + brgp (1)) ds
0

1 1
= f G(t,s)(@/ G(s,r)go(ul(t)) dr +b2<p(u1(s))) ds
0 0

= (T + b T)p(m(t)), tel

For € C[I,R], let Ly = a; T*Y + by T, then the above inequality can be written in the
form

@ (u1(2)) = Ly (¢ (1 (1)) (3.4)

It is easy to see that

o(m(®) #0, tel
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In fact, p(u1(¢)) = O implies u;(¢) = 6 for ¢ € I, and consequently, |#;]¢ = 0 in contra-
diction to ||u;]c = r3. Now, notice that L, is a ug-positive operator with uy(£) = sinr¢,
then by Lemma 2.2, we have ¢(u;(¢)) = o sinmt for some po > 0. This together with
(z—i + %) sinwt = Ly(sinr¢) and (3.4) implies that

b
o sinmt = @(u1(£)) = Ly (¢ (41(2))) = La(wo sinmt) = ﬂo(% + n_zz) sinze,

which is a contradiction to z—ﬁ + % > 1. So, (3.3) holds.
By Lemma 2.4, A is a strict set contraction on Qy,z, = {# € Q1 : 13 < |ullc < R,}. Ob-
serving (3.2) and (3.3) and using Theorem 2.1, we see that A has a fixed point on Q,, z, .
Next, in the case that (H4) and (Hs) are satisfied, by the method as in establishing (3.3),
we can assert from (Hs) that for any r4 € (0,r,),

AuP?u, YuedB, NQi. (3.5)

Let
1 1
(Lzv)(¢) = / G(t,s) <43/ G(s,t)v(t)dt + b3V(S)) ds, veC[LR].
0 0

It is clear that L3 : C[/,R] — C[/,R] is a completely continuous linear u-operator with
uo(t) =sinzt and L3 : K; — Kj in which K} = {v € K C C[[,R] : v(¢) > t(1 - t)v(s), Vt,s € I}.
In addition, the spectral radius r(L3) = :—i + i—i and sin ¢ is the positive eigenfunction of
Ls corresponding to its first eigenvalue A; = (r(L3))L.

Let

1-5 1
(Lsv)(t) = /5 G(t,s) (a3/0 G(s,t)v(t)dt + bgV(S)) ds, veC[R],

where § € (0, %). It is clear that Ls : C[I,R] — C[/,R] is a completely continuous linear
ug-operator with uo(¢) = £(1 — £) and Ls(K7) C K. Thus, the spectral radius r(L;) # 0 and
L; has a positive eigenfunction corresponding to its first eigenvalue A5 = (r(Ls))™L.

Take 8, € (0,1/2) (n=1,2,...) satisfying §; > 8, > --- >3, > --- and §, - 0 (n — 00).

For m > n, v € Kj, we have
(Ls,v)(t) < (Ls,,v)(t) < (L3v)(t), Vtel.

By [12], we have r(Ls,) < r(Ls,) < r(L3). Let A5, = (r(Ts,))"}, by Gelfand’s formula, we have
As, > As,, > A1 Let As, — Xl as 1 — 00.
In the following, we prove that = AL

Let vs, be the positive eigenfunction of T, corresponding to As,, i.e.,

Vs, (£) = As, (Lsvs,) ()

1-8, 1
=As, ,/s G(t,s) (ﬂg/ G(s,T)vs,(v) dt + bsvs, (s)) ds, (3.6)
n 0

Page 8 of 13


http://www.boundaryvalueproblems.com/content/2012/1/107

Cui and Sun Boundary Value Problems 2012, 2012:107 Page9of 13
http://www.boundaryvalueproblems.com/content/2012/1/107

satisfying ||vs, || = 1. Without loss of generality, by standard argument, we may suppose by
the Arzela-Ascoli theorem and A5, — A; that vs, — Vg as n — co. Thus, [[¥|| = 1 and by
(3.6), we have

ol 1
Vo(t) = M / G(t,s) (613/ G(s, t)vo(r)dT + bg%(s)) ds,
0 0

that is, Vo (£) = A1 (L3V0)(¢). This together with Lemma 2.2 guarantees that = AL

By the above argument, it is easy to see that there exists a § € (0, 1) such that

1<r(Ls) < %+%.
Choose
R3 > max{Rl, r, % } (3.7)
5(1-6)
Now, we assert that
Au£u, VueQ,lulc=Rs. (3.8)

If this is not true, then there exists u; € Q; with ||u||c = R3 such that Auy < u,, then

Aus(t) < uy(t). Moreover, by the definition of Q;, we know

MZ(t) = t(l - t)u2(s)’ Vt,S € Ir

1

1
(Suy)(¢) = /(; G(t, 8)ux(s)ds > t(1 - t)/O $$(1-3s)%ds-uy(zr), Vi tel

Thus, Nuz(0)l| = (1 =) |usllc, N1l (Suz)(@)]| = “55% s [, which implies by (3.7) we have

lullc = Ry,

min_[u(@)] = 24=2)
te[5,1-4] N

and

5(1-36)
30N

min_|[(Su)(®)] = lullc = R
te[8,1-5]

So, by (H,), we get
9(u2(0)) = o ((Aur)(t))
1
= w(/ G(t, 9)f (s, (Su2)(s), ua(s)) ds)
0
1-5
> / G(t, )0 (f (5, (Su)(5), o(5)) ) s

)

1-8
- /5 G(t,9) (a3 ((Su2)(s)) + bsp (12(5)) ) ds
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1-5 1

> / G(t,s) (ag / G(s, T)g(ua(7)) dr + bg(p(uz(s))) ds
B 0

= Ly (¢ (ua(t)))-

It is easy to see that

<p(u2(t)) #0, tel

In fact, ¢(uy(t)) = 0 implies u,(¢t) = 6 for ¢ € I, and consequently, ||u#;]|¢c = 0 in contra-
diction to ||uy||¢c = R3. Now, notice that L; is a ug-positive operator with uy(¢) = £(1 - ¢£).
Then by Lemma 2.2, we have ¢(u5(£)) = povs(t) for some g > 0, where v; is the positive
eigenfunction of Ls corresponding to As. This together with r(Ls)vs(£) = Ls(vs(¢)) implies
that

ovs(t) = p(uz(t)) > Ls (¢ (u2(2))) = Lz (10vs(2)) = por(Ls)vs(t),

which is a contradiction to r(Ls) > 1. So, (3.8) holds.

By Lemma 2.4, A is a strict set contraction on Q,,z, = {# € Q; : 4 < |lullc < R3}. Ob-
serving (3.5) and (3.8) and using Theorem 2.1, we see that A has a fixed point on Q,, .
This together with Lemma 2.3 implies that BVP (1.1) has at least one positive solution.

O

Theorem 3.2 Let a cone P be normal. Suppose that conditions (H,), (Hs), (Hy) and (Hg)
are satisfied. Then BVP (1.1) has at least two positive solutions.

Proof We can take the same Q; C C[/,E] as in Theorem 3.1. As in the proof of Theo-
rem 3.1, we can also obtain that A(Q;) C Q;. And we choose r5, Ry with Ry > 71 >r5 >0

such that
Aufu, YuedB,NQ, (3.9)
Au£u, YuedBp, NQ;. (3.10)

On the other hand, it is easy to see that
AuZu, YuedB,NQ. (3.11)

In fact, if there exists u3 € Q; with |lusl|c = n such that Aus > us, then observing
max;e; G(¢,5) = 7 and [|Suz || c < 7, we get

1
0 <us(t) < /0 G(t,s)f (s, (Sus)(s), us(s)) ds
1
= fo (5, (Sus)) us(s) ds, Vel
and so

1
Jua)] =5 [ I Su)ohs) | ds = N0, te, (3.12)
0
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where, by virtue of (Hs),

4
M= sup Hf(t,x,y)” < ﬁ’l (3.13)
telx,yePNQ2y,

It follows from (3.12) and (3.13) that
4n
n=llusllc < WM <,

a contradiction. Thus (3.11) is true.

By Lemma 2.4, A is a strict set contraction on Q,,,, = {# € Qi1|r5 < |lu| /¢ < n},and also on
Qury = {1 € Qi|n < |lullc < R4}. Observing (3.9), (3.10), (3.11) and applying, respectively,
Theorem 2.1to A, Q; , and Q, z,, we assert that there exist u#; € Q,,,, and uy € Q, g, such
that Ay = u; and Auy = uy and, by Lemma 2.3 and (3.11), Suy, Su, are positive solutions
of BVP (L.1). O

Theorem 3.3 Let a cone P be normal. Suppose that conditions (H,), (H,) and (Hs) and
(H7) are satisfied. Then BVP (1.1) has at least two positive solutions.

Proof We can take the same Q; C C[[,E] as in Theorem 3.1. As in the proof of Theo-
rem 3.1, we can also obtain that A(Q;) C Q;. And we choose rg, Rs with Rs > 1 >rg >0

such that
Au?tu, YuedB,NQ, (3.14)
Au?u, YuedBr NQ. (3.15)

On the other hand, it is easy to see that
Ausu, YuedB,NQ. (3.16)
In fact, if there exists uy € Q; with ||u4 | c = 1 such that Aug > uy, then
0 < (Aua)(t) Sua(t), tel.
t(1-t)

Observing u4(t) € Q1 and =55~ ua(s) < (Sua)(t) < ua(s), we get

n = llellluallc > ¢(ua(®)) > @((Aua)(2))

1
- /O Glt, ) (F (5, (Suea) (), ua(s))) ds
1-t
> f Glt, ) (F (5, (Sua) (), ua(5))) s
1-t
> anr(l—r)/ s(1-s)ds=n,

which is a contradiction. Hence, (3.16) holds.


http://www.boundaryvalueproblems.com/content/2012/1/107

Cui and Sun Boundary Value Problems 2012, 2012:107
http://www.boundaryvalueproblems.com/content/2012/1/107

By Lemma 2.4, A is a strict set contraction on Qy, , = {z € Q1|rs < ||u||c <7} and also on
Qnrs = {u € Qin < |lullc < Rs}. Observing (3.14), (3.15), (3.16) and applying, respectively,
Theorem 2.1to A, Q,,,, and Q, ,, we assert that there exist u#; € Q,,, and u; € Q, z; such
that Au; = u; and Au, = uy and, by Lemma 2.3 and (3.16), Su, Su; are positive solutions
of BVP (1.1). O

4 One example
Now, we consider an example to illustrate our results.

Example 4.1 Consider the following boundary value problem of the finite system of scalar

differential equations:

8) = fult, (), —x" (1)), t€(0,1),

(4.1)
x(0) =x(1) =x"(0) =x"(1) = 0,
where
. Xn
t,x,y) = +(1+ 2nt)———, =12,...,9, 4.2
Solt53) =gl + (L4 sin2mt) oSt 4.2)
Folt:%,9) = glyno) + (L + sin278) ———20
1085%. 8o 100(1 + X10 +_)/1)’
x:(xl,xz,...,xm), )’=0’1,}/2:---r3’10)»
100w, 0<u<0.02
2, 0.02 <u <0.51,
g(u) = (4.3)
200 -100, 051<uc<l,
100w, u>1.

Claim (4.1) has at least two positive solutions x (t) = (x;(£),%,(£), ..., %)0(£)) and x”(¢) =
() (@), %5 (), ..., %x70(£)) such that

0< max |x:(t){ <0.51< max |x:*(t){.
1<i<10,t€[0,1] 1<i<10,¢€[0,1]

Proof Let E = R = {x = (x1,%),...,%10) : %, € R,n = 1,2,...,10} with the norm || =

maxj<y<io0 %], and P = {x = (x1,%2,...,%10) : &, > 0, = 1,2,...,10}. Then P is a normal

cone in E, and the normal constant is N = 1. System (4.1) can be regarded as a boundary

value problem of (1.1) in E, where x = (x1,%2,...,%10), ¥ = (1, Y2, - - -»¥10)>

ftxy) = (ilt:%9), &%), ... folt, x,9)).
Evidently, f : I x P> — P is continuous. In this case, condition (H;) is automatically sat-

isfied. Since «a(f (¢, D1, D,)) is identical zero for any ¢ € I and D;,D, C PN ;. Obviously,
P’ =P, sowe may choose ¢ = (1,1,...,1), then for any x,y € P, we have

10
o(f(t,x,9) =Y fult,x,).
n=1
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Noticing ||| < ¢(x) < 10]|x||, we have

10
o(ft%,9) = > fult,x,y) = 100]lyl| = 10 (y)
n=1

for all (t,x,y) € I x P?> with ||x|| < 0.02 and ||y|| < 0.02, and

10
P(f(t,x,9) = D fult%,5) = 100]yl| = 10¢(y),
n=1

for all (t,x,y) € I x P?> with ||x|| > 1 and ||y|| > 1. So, the conditions (H3) and (H,) are
satisfied with a, = a3 = 0 and b, = b3 = 10.

Choosing n = 0.51 for t € I and x,y € P with |||, ||ly|| < 0.51, we have

If(&%,9)|| < 2.0102 < 2.04 = 4.

So, condition (Hs) is satisfied. Thus, our conclusion follows from Theorem 3.2. O
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