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1 Introduction

The differential equations involving fractional derivatives in time have recently been
proved to be valuable tools in the modeling of many phenomena in various fields of en-
gineering and science. Indeed, we can find numerous applications in electrochemistry,
control, porous media, electromagnetic processing etc. (see [1-5]). Hence, the research
on fractional differential equations has become an object of extensive study during recent
years; see [6—11] and references therein.

On the other hand, the nonlocal initial condition, in many cases, has much better effect
in applications than the traditional initial condition. As remarked by Byszewski and Lak-
shmikantham (see [12, 13]), the nonlocal initial value problems can be more useful than
the standard initial value problems to describe many physical phenomena.

Let X be a Banach space with norm || - ||, and let 7 > O be a constant. Consider the
existence and uniqueness of mild solutions of fractional evolution equation with nonlocal
condition in the form

Du(t) + Au(t) =f(t, u(t)) + fot K(t,s)h(s,u(s))ds, te]=1[0,T],
u(0) +g(u) = xo,

(1)

where D7 is the Caputo fractional derivative of order g € (0,1), the linear operator —A
is the infinitesimal generator of an analytic semigroup {S(¢)}:>0 in X, the functions f, &
and g will be specified later. K € C(A,R*), where A = {(¢,5)|0 <s <t < T}, R* = [0, +00).
Throughout this paper, we always assume that K~ = maxgca K(£,s).

In some existing articles, the fractional differential equations with nonlocal initial con-
ditions were treated under the hypothesis that the nonlocal term is completely continuous
or global Lipschitz continuous. It is obvious that these conditions are not easy to verify in
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many cases. To make the things more applicable, in [6] the authors studied the existence
and uniqueness of mild solutions of Eq. (1) under the case K(¢,s) = 0. In their main re-
sults, they did not assume the complete continuity of the nonlocal term, but they needed
the following assumptions:

(F1) there exist a constant ¢; € [0,g) and m € L’I_ll (J,R*) such that ||f(¢,x)|| < m(t) for

all x € X and almost all £ € J;

(F2) there exists a constant L > 0 such that ||g(x) — g(v)|| < L||u —v|| for u,v e C(J,X);
and some other conditions.

In this paper, we will improve the conditions (F1) and (F2). We only assume that f
and / satisfy local growth conditions (see assumption (Hs)) and g is local Lipschitz con-
tinuous (see assumption (Hy4)). We will carry out our investigation in the Banach space
Xy := (DAY), || - lla), 0 < @ < 1, where D(A%) is the domain of the fractional power of A.
Finally, an example is given to illustrate the applicability of our main results. We can see
that the main results in [6] cannot be applied to our example.

The rest of this paper is organized as follows. In Section 2, some preliminaries are given
on the fractional power of the generator of an analytic semigroup and on the mild solutions
of Eq. (1). In Section 3, we study the existence and uniqueness of mild solutions of Eq. (1).

In Section 4, we give an example to illustrate the applicability of our results.

2 Preliminaries

Let X be a Banach space with norm || - ||, and let —A : D(A) C X — X be the infinitesimal
generator of an analytic semigroup S(£) (¢ > 0) of a uniformly bounded linear operator in
X, that is, there exists M > 1 such that ||S(¢)|| <M for all ¢ > 0. Without loss of generality,
let 0 € p(A). Then for any « > 0, we can define A™ by

70(_L * oa—1
A~ = r(a)fo £218(¢) dt.

A~ € L(X) is injective, and A% can be defined by A% = (A™)~! with the domain D(4%) =
A(X).Fora=0,let A* =1.

Lemma 1 ([14]) A“ has the following properties:
(i) D(A%) is a Banach space with the norm ||x|| := ||[A%x| for x € D(A%);
(i) S(¢): X — X, foreach t > 0;
(iii) A*S(t)x = S(£)A%x for each x € D(A*) and t > 0;
(iv) A™ is a bounded linear operator on X with D(A%) = Im(A™);
(v) If0 < < B, then D(AP) < D(A%).

Let X, be the Banach space of D(A%) endowed with the norm || - ||,. Denote by C(J, X,)
the Banach space of all continuous functions from J into X, with the supnorm given by
llullc = sup,¢; lu(®)llo for u € C(J, Xy). From Lemma 1(iv), since A™ is a bounded linear
operator for o > 0, we denote by C, the operator norm of A~ in X, that is, C, := [|[A™]|.
For any ¢ > 0, denote by S, (¢) the restriction of S(¢) to X,,. From Lemma 1(ii) and (iii), for
any x € X,, we have

Ist@], = 47 - o] = [50)- A%] < |s)] - |47s] = 50 - bl
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and
IS@)x - x|, = |A% - S@)x — A%%|| = || S(£) - A% — A%%| — 0

ast — 0. Therefore, S(¢) (¢ > 0) is a strongly continuous semigroup in X, and ||S,(¢)|l4 <
[IS(2)| for all £ > 0. To prove our main results, the following lemma is needed.

Lemma 2 ([15]) IfS(¢) (¢ > 0) is a compact semigroup in X, then Sy(t) (¢ > 0) is an imme-
diately compact semigroup in X, and hence it is immediately norm-continuous.

For x € X, define two families {U(£)};>0 and {V'(¢)};>0 of operators by
U(t)x = / nq(G)S(th)xdG, V(t)x = q/ an(Q)S(tqQ)de, 0<g<],
0 0

where

1

1 ;.1 _1
()= 0700y (070),

o]

Pq(0) = % > (e

n=1

r 1
w sin(ng), 6 €(0,00),
n

where 7, is the probability density function defined on (0,00), which has properties
1n4(6) > 0 for all 6 € (0, 00) and

[e¢] (o] 1
/0 n,(0)do =1, /0 Ong(0)do = Fira )

The following lemma follows from the results in [6-8, 10].

Lemma 3 The following properties are valid:
(i) For fixed t> 0 and any x € Xy, we have

qM M
ll%lle = [l

|us], <Mixle, VR, < 505 @

(ii) The operators U(t) and V (t) are strongly continuous for all t > 0.

(iti) IfS(¢) (¢ = 0) is a compact semigroup in X, then U(t) and V (t) are norm-continuous
in X fort>0.

(iv) IfS(¢) (t > 0) is a compact semigroup in X, then U(t) and V (¢) are compact
operators in X for t > 0.

In this paper, we adopt the following definition of a mild solution of Eq. (1).

Definition 1 By a mild solution of Eq. (1), we mean a function u € C(J, X,) satisfying

u(t) = U(t) (%o — g(w) + /Ot(t —8) V(e -3) |:f(s, u(s)) + fOSK(s, T)h (7, u(r)) dri| ds

forallt e].
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To prove our main results, we also need the following two lemmas.

Lemma 4 A measurable function H : [0, T] — X is Bochner integrable if |H| is Lebesgue

integrable.

Lemma 5 (Krasnoselskii’s fixed point theorem) Let X be a Banach space, let B be a
bounded closed and convex subset of X and let Q) and Q, be mappings from B into X
such that Qix + Quy € B for every pair x,y € B. If Q is a contraction and Q, is completely
continuous, then the operator equation Qix + Qux = x has a solution on B.

Lemmas 4 and 5, which can be found in many books, are classical.

The following are the basic assumptions of this paper.

(H1) S() (¢ > 0) is a compact operator semigroup in X.
(Hz) There exists a constant B € [«, 1] such that the functions f, /1 : ] x X, — X satisfy the
following conditions:
(i) For each x € X, the functions f(-,x), /(-,x) are measurable.

(i) For each ¢t €], the functions f(t, -), h(¢, -) are continuous.

(Hs) For t € J and r > 0, there exist positive functions ¢, satisfying (t(ff)(l')-q e LY([0,¢],R*)
and ¢, € L'(J,R*) such that

sup [[f(6,%)] 5 < ¢,0), sup ||t %)] , < ¢ (0),

llxlle <r lxlle<r

and there are positive constants o7 and oy such that

liminf - ds < 01 < +00, liminf - ds < 09 < +00,

r—>+00 1 Jo (t—s)l_q r—>+00 1 Jq (t_s)l—q

1 /t Qor(s) 1 [t fos ¢r(f)dt

(Hq) g:C(J,X,) — X, and for r > 0, there exists a positive constant L such that

lg() -gW)|, <Lllu-vic
forallu,ve B, :={uec C(J,X,): |u(t)|« <r,te]}.

3 Main results
In this section, we introduce the existence and uniqueness theorems of mild solutions of
Eq. (1). The discussions are based on fractional calculus and Krasnoselskii’s fixed point

theorem. Our main results are as follows.

Theorem 1 Suppose that the assumptions (Hi)-(Ha) hold. If xo € X, and the following
inequality holds:

MCp_y

ML + g

(o1 +K'oy) <1, (3)

then Eq. (1) has at least one mild solution on J.
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Proof Define two operators Q; and Q, as follows:
(Quu)(2) = U(t) (%0 —g(w)), te],

(Quu)(t) = /:(t —)TV(t-3) |:f(s, u(s)) + /OS K(s, ‘L’)h(‘L’, u(t)) dr] ds, te]j.

Obviously, # is a mild solution of Eq. (1) if and only if  is a solution of the operator equation
u = Qiu + Quu on J. To prove the operator equation u = Q;u + Q,u has solutions, we first
show that there is a positive number r such that Q;u + Q,v C B, for every pair u,v € B,. If
this were not the case, then for each r > 0, there would exist u,, v, € B, and ¢, € J such that
1(Quutr)(t) + (Qavy)(E)|le > 7. Thus, from Lemma 3, (H3) and (Hy), we have

r< || (Quuy)(t) + (QZVr)(tr)”a = “ U(tr)(xo _g(”r)) Ha

tr
+/ (tr_S)LF1
0

= M0 - [g(a) - £(0)] -0

M [h
— £ —s)dt
* r(q)/o (t:=5)
< M| \xollo + MLr + M| g(0)],

+ AT,C(Z;“ /Otr(t,—s)"1 [wr(S) +K /Osdh(f)df] ds.

ds

o

Vit - s)|:f(s, v,(s)) + /OSK(S, T)h(z, v, (7)) dr:|

o

ds

AB . AP [f(s, v,(s)) + /3 K(s,7)h(z, (1)) dti|
0

Dividing on both sides by r and taking the lower limit as » — +00, we have

MCp_y

ML + e

(o1 + K*az) >1,

which contradicts (3). Hence, for some r > 0, Qiu + Qv C B, for every pair u,v € B,.
The next proof will be given in two steps.
Step 1. Q; is a contraction on B,.
For any u,v € B, and ¢ € ], according to Lemma 3 and assumption (Hy), we have

[(Quo®) - (@@, = [U®)[gv) - gw)]], = M[g@) -gW)|, < MLIlu-vic,

which implies that ||Q,u — Q1v||¢c < ML||u - v||c. It follows from (3) that ML < 1, hence Q;
is a contraction on B,.

Step 2. Q, is a completely continuous operator on B,.

We first prove that Q, is continuous on B,. Let {u,,} C B, with u,, > u € B, as n — 0.
Then for any ¢ €/, s € [0, £], by assumption (H;), we have

S (s, u4(5)) = f (s, u(5)), h(s, un(s)) — h(s, u(s))
as n — 00, and from assumption (Hs), we have
[f (s, 1u(5)) =f (s, u(s)) | s < 200(5), || Ba(s, su(s)) = (s, (9)) || 5 < 201(5),

/0 K(s, )| (7, un(0) = h(z,u(0)) | s dv < 2K [yl -
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This together with the Lebesgue dominated convergence theorem gives that

| (Quutn)®) - (Qu)@)],
< / (=) | ViE=9) - [f (5 0a(5)) —f (5, u(s))] |, ds

+ /:(t — 57t

1| 498 . AP
2 9 a0 om9) ot

ﬂ ' _ )1
+F(4)/0(t )

MCpo (' 4 ~
< ) /(t s) Hf(s,uy,(s)) f(s,u(s))”ﬂds

Mcﬁ i
I'(q)

ds

o

V(t-s)- /SI((s,r)[h(r,u,,(r)) - h(r,u(r))] dt
0

ds

A""ﬂf K(s, 1) -A‘S[h(r,un(r)) —h(t,u(r))]dr
0

/ (t—s)1" 1/ K(s,r)”h(r u, r)) (t,u(r)) ||ﬁdt ds— 0

as n — 00. Hence, lim,,_, , || Qa1 — Qau||c = 0. This means that Q, is continuous on B,.
Next, we will show that the set {Q,u : u € B,} is relatively compact. It suffices to show
that the family of functions {Q,u : u € B,} is uniformly bounded and equicontinuous, and
for any ¢ € J, the set {(Qu)(¢) : u € B,} is relatively compact.
For any u € B,, we have ||Quu| ¢ < r for some r > 0, which means that {Qu : u € B,} is
uniformly bounded. In what follows, we show that {Q,u : u € B,} is a family of equicon-

tinuous functions. For ¢ € [0, T), we have

[(Qu)(®) - (Quu)(0)], MFC(;) /O t(t-s)q-l[ga,(sma /O s¢,(f)df]ds.

Hence, it is only necessary to consider £ > 0. For 0 < #; < £, < T, from Lemma 3 and as-

sumption (H3), we have

[(Qu)(82) - () (1),
ftl(tz _S)q—l[v(tz —s) - Vit —s)] ) |:f(s, ”(s)) . fsj((s,r)h(r,u(r)) dr:| ds
0 0

=<

o

. / (o= — (6 - 57 V(6 -9)
0

x | f(s,uls)) + /SK(S, T)h (7, u(r)) dr:| ds

L 0 13

+ /t2(t2 —8) 1V (ty —s) - |:f(s, u(s)) + /SK(s,r)h(r,u(r)) dr:| ds
0

i

5]
< / (6 — 1!
0

x AP [f(s, u(s)) + /SI((s,r)h(r,u(z)) dt]
0

o

AO[_/S [V(tg - S) - V(tl - S)]

ds

% /0 Ut - 97 = (1 — 7|


http://www.boundaryvalueproblems.com/content/2012/1/113

Yang Boundary Value Problems 2012,2012:113 Page 7 of 12
http://www.boundaryvalueproblems.com/content/2012/1/113

ds

< l4%F . 4P |:f(s,u(s)) + /SK(S,T)I”(T’”(T)) dr]
0

M 2 1
+ Wq) \/t; (t2 - S)q

<Cpa /0 (=9 Vit =)= V(e -9)] - [q)r(s) oK fo ¢,<r)df]ds

ds

AP . AP |:f(s, u(s)) + fsl<(s, T)h (7, u(r)) dri|
0

t S
Nl[_,C(';u /0 |(t2 -9 = (1 - S)q71| : |:‘/7r(5) + K*/o ¢r(f)df:| ds
A/I{C(jﬁfa tz(tz —s)7t. |:§0r(5) +K*/‘s¢r(t)df} ds
q) t 0
é [1 + 12 + 13;

where
L=Cpa / by — s [Vts—5) - Vit -3)| - [sor(s)+1<* / ¢,(r)dr]ds,

_ MCp g
= ﬁ /|t2—s tl_squ [W +K/¢, dr]ds,

I = A/f_‘c(v;“ /tl (ty —s)T. |:<p,(s) +K*/O ¢)r(‘r)d1':| ds

For any & (0, 41), we have
h=Co | -9 Ve -9 - vin 9] [gor(s) o [ @(r)dr} ds
G | - V-9 - V-9 [00 1k [omar]as
<Co [ R [q)r(s) o [ S«m(r)dr] dse s [Viea=9=Vie =)

s€[0,t1—¢€]

+ 2]\1_/{(6;3)7“ /J;(h —s)1 . |:‘PV(S) +K /OS ¢r(f)dt:| ds.

It follows from Lemma 3 that [; — 0 as #, — ¢; and € — 0 independently of u € B,. From

the expressions of I; and I, it is clear that I, — 0 and I35 — 0 as £, — t; independently of
u € B,. Therefore, we prove that {Qu : u € B,} is a family of equicontinuous functions.

It remains to prove that for any ¢ € J, the set W(¢) := {(Qau)(t) : u € B,} is relatively
compact.

Obviously, W(0) is relatively compact in X,,. Let 0 < ¢ < T be fixed. For each § € (0, ),
€ >0 and u € B,, we define an operator Q) by

t—§ 00
(ngf u)(t) = /0 (¢ —s)7t / q@nq(e)S((t - s)qG)f(s, u(s)) db ds

t-§8 00 s
+A (t—s)q_I/ q@nq(Q)S((t—s)qQ)/O K(s,r)h(t,u(t))drd@ds

€

t-8 [e'e)
= S(Sqe) [/ (t—s)‘H/ q@nq(G)S((t—s)qQ —8qe)f(s, u(s)) db ds
0

€
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t-§8 00
+ /(; (¢ —s5)Tt / q6 nq(G)S((t —s)10 — 8‘76)

€

X /s K(s, r)h(r, u(r)) dt db ds]
0

Then the sets W . (¢) := {( g,e u)(t) : u € B,} are relatively compact in X, since by Lemma 2,
the operator S,(t) is compact for ¢ > 0 in X,. Moreover, for every u € B,, from Lemma 3
and assumption (Hsz), we have

|(Qu)®) - (B u) @)

o

[ -9 [ aon,@s(ce-sy0)
0 0

=<

x | f (s u(s)) + /:K(s, h(t,u(t)) dr:| do ds

o

+ /H(t — )t /; q6 nq(G)S((t - s)qe)

x | f (s u(s)) + /:K(s, h(t,u(t)) dr:| do ds

< /0 (e sy
+ /t;(t—s)q1

< qMCpa /0 (- [gor(s) LK fo s@(r)dr] ds f “on,(6)d

0

o

ds

A%P /eqenq(Q)S((t—s)qG)dQ : [(pr(S)H(* /Sd)r(f)df]
0 0

ds

A* P /wqenq(G)S((t—s)qQ) do - |:<p,(s) + K /S ¢r(f)dri|
€ 0

i o o [

Therefore, there are relatively compact sets arbitrarily close to the set W(t) for ¢ € (0, T']
and since it is compact at ¢ = 0, we have the relative compactness of W (t) in X,, forallz € J.

Therefore, the set {Quu : u € B,} is relatively compact by the Ascoli-Arzela theorem.
Thus, the continuity of Q, and relative compactness of the set {Qyu : u € B,} imply that
Q> is a completely continuous operator. Hence, Krasnoselskii’s fixed point theorem shows
that the operator equation u = Q;u + Qyu has a solution on B,. Therefore, Eq. (1) has at
least one mild solution. The proof is completed. O

The following existence and uniqueness theorem for Eq. (1) is based on the Banach con-
traction principle. We will also need the following assumptions.

(Hs) There exists a constant 8 € [«,1] such that the functions f,/%:] x X, — Xp are
strongly measurable.
(Hg) For r > 0, there exist functions py, o2 € L'(J,R*) such that

lf &) = f &9 | 5 < 1 @llx = Yllas

|n(t,2) = h(t.9)| 5 < P2 1% =yl

foranyx,y € B, and t € /.
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Theorem 2 Let the assumptions (Hz)-(Hg) be satisfied. If xo € X, and the inequalities (3)
and

MTCy_
AML+ — L2 K 1 4
1 i) (ol + Kl palln) < )

hold, then Eq. (1) has a unique mild solution.

Proof From Lemma 4 and assumption (Hs), it is easy to see that (t —s)72V (£ —s)[f (s, u(s)) +
fos K(s,t)h(t,u(r))dr] is Bochner integrable with respect to s € [0, ] for all ¢ € J. For any
u € B,, we define an operator Q by

(Qu)(t) = U(E) (x0 - g(w)) + /0 (E-8)V(E—s)

X |:f(s,u(s)) + /OSK(S, T)h(‘[,u(l’)) dT:| ds, te].

According to the proof of Theorem 1, we know that Q(B,) C B, for some r > 0. For any

u,v € B, and t € J, from Lemma 3, assumptions (H4) and (Hg), we have

[ - @],
< |u@[g) -gw)]],

N /0 (=) | V(- 9)[f (s, u(s)) - f(s,v())]], ds

+ /Ot(t — )1

ds

o

V(t-s) fSK(s,r)[h(t,u(r)) —h(t,v(x))]dr
0

MCs_o [*
< MLlu=vie s £ [ =90t - o) ds
Fg+1) Jo
MCys_o K~ [* [f
%/ (t-s) 1/ pg(r)Hu(r)—v(r)”adrds
'g+1) Jo 0
MCp_o ]
<MLu-vlic+ =22 [ (=5 ds - pllp - lu—vilc
F'g+1) Jo
gMCp_o K /t i
- = t—8)9"ds - . —
a9 ds el v

ML TCha (Lol + K Npalin) | - | ||
= + + Nu—vlc.
Tg+1) P11 P21l1 C

Thus,
1Qu-Qvlc < ullu—vic
which means that Q is a contraction according to (4). By applying the Banach contraction

principle, we know that Q has a unique fixed point on B,, which is the unique mild solution
of Eq. (1). This completes the proof. d
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4 An example
Let X = L2[0, ] equip with its natural norm || - ||, and inner product (-, -). Consider the

following system:

Nl—

A u(t,x) - %u(t,x) = u(t,x)sint? + [y K(t,s)u(s,x) cossds,

a2
te[0,T],x€[0,m],
u(t,0)=u(t,7)=0, tel0,T],

u(0,x) + Y, fon Ko (e, y)ult;,y) dy = ug(x), x€[0,7],

(5)

where T > 0 isa constant, 0 < f; < --- < £, < T, up € X and K, will be specified later.
Let the operator A : D(A) C X — X be defined by

9%u

D(A) := {veX:v/,v”eX,v(O)=V(n)=0}, Au:—ﬁ.
x

Then —A generates a compact analytic semigroup S(-) of uniformly bounded linear oper-
ators and ||S(¢)|l zcx) < e* for all £ > 0. Hence, we take M = 1. Moreover, the eigenvalues

of A are n2, n € N and the corresponding normalized eigenvectors are z,(x) = ,/ % sin(nx),

n=12,.... The operatorA% is given by

A2E =" (g, 2z,

n=1
for each £ € D(A%) ={veX:) o nv,z,)z, € X} and ||A‘% lzoo =1.
Lemma 6 ([16]) If¢ € D(A%), then & is absolutely continuous, &' € X and ||€'||, = IIA%Sllz.
Let X; = (D(A2), ] - ), where ]| = IAZE|x for all £ € D(A?). Assume that

(P;) The function Ky € L2([0, 7] x [0,7],R), Ko(0, ) = Ko (7, y) = 0, and the partial deriva-
tive (x,y) > %Ko(x,y) belongs to L([0, 7] x [0,7],R).

Define

F(&,u(6)) (&) = ult, x)sin£?,

h(t, u(t))(x) = u(t,x) cost,

g0 = [ Kalw)ute)
i=1 V0

Let& e X% , it follows from

(f(t,é),zn> = /On u(t,x) sin t3 ~\/gsin(nx) dx

1 (™[ d /2
== / |:—u(t,x)i| sint? -/ = cos(nx) dx
n 0 ax T
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and

(h(6,€),2.)

/ u(t,x)cost -/ E sin(nx) dx

0 T

1 f [iu(t,x):| cost -,/ 2 cos(nx) dx
nJy [0x T

that f and % are functions from [0, T] x X 1 into X 1 and they are continuous. Moreover,

a similar computation of [17] together with Lemma 6 and assumption (P;) shows that
g(u) e X% whenever u € C([0, T],X%).
Then for any r > 0, we see that the assumptions (H3)-(Hg) are satisfied with

1 1
@ (t) =rsint2, ¢,(t) = rcost, 01=09=2T2,

LA 2 %
L=+ 1)(/0 /0 [al(o(x,y)} dxdy) , o1(t) = po(t) = 1.

Thus, the system (5) has at least one mild solution due to Theorem 1 provided that L +
1

% (1+K") < 1. And by Theorem 2, this mild solution of the system (5) is unique on [0, T] x

[0,7].
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