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Abstract
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1 Introduction and main results

In this paper, we consider the following elliptic system:

Lu = B |2 ||y + 22|27 [v| P2+ 01 |u)Pu,
Lv= '“Zi et [v|Pr=2y + ”Zzﬁ le|22|v|P272v + oy [V] 172, (L.1)

u,v € H)(Q),

)
is the critical Sobolev exponent, ji := (%)2 is the best Hardy constant and H := H}(S2)

where © C RN is a smooth bounded domain such that 0 € Q, L := (-A - _MW)’ 2" = 2

denotes the completion of C§°(€2) with respect to the norm ||ullo = (f, |Vu|2dx)% and
H, = H,(Q) is defined as the completion of the C3°(2) with respect to the norm defined
by el = (foIVaul? — 1 25) dx)? for < fa.

Definitions of strongly and weakly coupled terms are as follows.

The terms |«|* and |v|? («, B > 0) are weakly coupled, |Lu|*|Kv|? (@, B > 0) is strongly
coupled when L or K is a derivative operator. Thus, ;|| |[v|?! + ny|u|*?|v|?? is strongly
coupled when 1, and 7, are positive.

The parameters in (1.1) satisfy the following assumption.

(H) N>3,0<pu<ii,1<g<2,m+1>0,0<n<+00,0;>0,a;,8;>1, a; + B;i =2,
i=1,2.
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The corresponding energy functional of (1.1) is defined in H x H by

lul® + |vI?
/>

Ju) = - f <|W|2 CV - )dx— L Q) - L,
2 Ja 2 q

where Q(u, v) := [, (m1|ul® |v|Pt + n2|u|*? |v|??) dx and K (4, v) := [,,(01]u|? + 03|v|?) dx. Then
J € CY(H x H,R) and the duality product between H x H and its dual space (H x H)™ is

defined as
(]/(u, s (¢1,¢2)> = / (VMV¢1 + VvV, — M%) dx
Q
_/ (m—?l|u|a1_2|1/|ﬁlu¢1 + nz—(?|u|a2_2|V|ﬂ2u¢l) dx
o\ 2 2

- f (”12—4?1|u|“1|v|ﬁ12v¢2 . ”22—’?2|u|“2|v|f’22v¢2) dx
Q

_ / (ol ugh + oV 2v) d,
Q

where u,v,¢1,¢, € H and J'(u,v) denotes the Fréchet derivative of J at (u,v). A pair of
functions (u,v) € H x H is said to be a weak solution of (1.1) if

(u’ V) 7!(0, 0): (]/(Lt, V)’ (¢1> ¢2)> = O, V(¢1,¢2) eH x H.

Therefore, a weak solution of (1.1) is equivalent to a nonzero critical point of J(x, v) [1].
Problem (1.1) is related to the well-known Hardy inequality [2]

2 1
/ ﬂdxgtf |Vul*dx, Yue CP(RY). 1.2)
R K JRN

N Jxf?

If < 1, by (1.2), [5(] Vul> - ﬁ) dx is an equivalent norm of H, the operator L is positive
and the first eigenvalue A;(u) of L and the following best constant are well defined:

2
) fRN(|VM|2—,U«|Z?)dx _
S(u):= inf s Yue(-oo, i), (1.3)
weDRENNO) ([ uf? dx)

where DY*(RY) is the completion of C§°(RY) with respect to ([pn |Vul? dx)? . Note that
S(0) is the well-known best Sobolev constant. For 0 < i < 1, the constant S(u) is achieved
by the following extremal functions [3]:

2-N

Vie@)=¢"2 U,(c7'x), Ve>0, (1.4)

where U, (x) = U, (]x|) is a radially symmetric function

.
IN(i— W\ T, Vi AR
U, (x) = <7(“_ “)) (o~ o w7V

Ji

On the other hand, forany i < i, m +12 > 0,0 <n; <00, a;, B; >land o; + B; = 2',i=1,2,
by the Young and Sobolev inequalities, the following best constants are well defined on the
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space © = (DY2(RN) \ {0})%:

f]RN(|Vu|2 + |VV|2 — MM)dx

. 22
Snp(p) = ( lvr)lgg i 5 1.5)
COSE (Jan (mlul [vIPr + na|ul2 |v|P2) dx) 2
We define
1 2
fr)y=—25 0. (1.6)

(mThr+ k)2

Since f is a continuous function on (0, 00) such that lim;_, ¢+ f(7) = lim;_, ;o0 f(7) = +00.

Then there exists 79 > 0 such that
f(zo) = miélf(l') > 0. 1.7)

Set a; = B1, @y = B, 01 = 03 and u = v. Then (1.1) reduces to the semilinear scalar prob-
lems that have been extensively investigated by many authors. See [4—6] and the references
therein.

Regular semilinear elliptic systems have been studied extensively and many conclusions
have been established. For example, Alves et al. studied in [7] an elliptic system and some
important conclusions had been obtained. However, the elliptic systems involving the
Hardy inequality have seldom been studied and we only find some results in [8—16]. Thus it
is necessary for us to investigate the related singular systems deeply. Among the references
above, the elliptic systems involving the Hardy inequality and concave-convex nonlinear-
ities had been studied only in [12]. In this paper, only the case 1 < g < 2 of (1.1) involving
multiple strongly-coupled critical terms is considered.

Let |2| be the Lebesgue measure of 2. We define the following constant:

2-q

2*—q _1 q -1 2*—q _2: D)
Y= =—= A% |Q2 = 2(s p ) 1.8
) (2._2 el ) (2_q(n,ﬁ(m) (18)

Then the main results of this paper can be concluded in the following theorems and the
conclusions are new to the best of our knowledge. It can be verified that the intervals in

Theorems 1.1 and 1.2 for the parameters o3, 0y, it and g are allowable.

Theorem 1.1 Suppose that (H) holds and o1 + o5 < Y1. Then problem (1.1) has at least one

positive solution.

Theorem 1.2 Suppose that (H) holds, N > 4, < i — (% - V)? and ]% <q<2. Then
there exists Vo > 0 such that problem (1.1) has at least two positive solutions for all o1 and

0y satisfying o1 + o5 < Y.

This paper is organized as follows. Some preliminary results and properties of the Ne-
hari manifold are established in Sections 2 and 3, and Theorems 1.1 and 1.2 are proved in

Section 4.
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2 The local Palais-Smale condition
Throughout this paper, we always assume that the assumption (#) holds, |||y := ||l«|, =

(Jo(IVul* — ‘\Z\‘Z ) dx)'? denotes the norm of the space H, by the Hardy inequality || - ||,
is equivalent to || - ||o, i.e.,

1 12 1 12
(1 - Emax(,u, 0)) lullo =< llull, < (1 " min(ﬂro)) llullo, VueH.

A denotes the first eigenvalue of the operator L, ||z|| = |zlluxw = 1 V)| xr = (lull? +
[[v|%)Y? means the norm of the space E := H}(Q2) x Hy(2), E! is the dual space of E.
tz=t(u,v) = (tu,tv) for all z € E and t € R. z = (&, ) is said to be nonnegative in Q2 if u > 0
and v > 0 in Q. z = (&, v) is said to be positive in Q if >0 and v> 0 in Q. B,(0) = {x €
RN | x| < r} is a ball in RY. O(e’) denotes a quantity satisfying |O(s?)|/e’ < C, o(e’) means
lo(e?)|/e* — 0 as e — 0 and o(1) is a generic infinitesimal value. In particular, the quantity
O;(e?) means that there exist the constants C;, C, > 0 such that Cje? < O;(¢¥) < Cyet as e is

small. We always denote positive constants as C and omit dx in integrals for convenience.

Lemma 2.1 If{z,} C E is a (PS).-sequence of ] with z, — z in E, then J'(z) = 0 and ] (z) >
F (rél ,to ), where

1 .
F(T(() ) "'(g )) = ql,g{oF(Tl’TZ) <0,

_4q 1
» (N@ —A 2|Q i\ L
o - (R ) T 1,

F(t,170) = %(112 + r22) - 22—_qA |Q|1" (alth +c721:2q)

Proof Let z, = (uy,,v,) and z = (u,v). Since {z,} is a (PS).-sequence of ] with z, — z in E,
we can deduce that /'(z) = 0, and therefore (J'(z),z) = 0, that is,

Q(z) = l|zl|* - K(2).

Consequently,

(1 2_(1_1
I(Z)—(2 )II - - (q 2>K(Z).

From the Holder inequality it follows that

1 2 I 1 1-4 2% 2%
](Z)2<§—§)IIZ|I —(;1—;)|s2| <<71(/Q|u|) +02</Q|M|) )

q
-4 17&
21172 (ollullfy + oalvIIg)

Thus, the proof is complete. O
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Lemma 2.2 If{z,} C E is a (PS).-sequence of the functional ], then {z,} is bounded in E.
Proof See Hsu [12, Lemma 2.2]. O

Lemma 2.3 Suppose that (H) holds. Then ] satisfies the (PS), condition forall c < ¢, where

*

1
€=y (Sys(w))

Nz

+ F(rél), l'(()z)). (2.1)
Proof We follow the argument in [15]. Let {z,} C E be a (PS).-sequence of ] with c < c'.
Write z,, = (4,,v,). We know from Lemma 2.2 that {z,} is bounded in E, and then z,, —
z = (u,v) up to a subsequence, z is a critical point of /. Furthermore, we may assume that
u, — u, v, — v weakly in H and u,, — u, v, — v strongly in L5(Q) for all 1 < s < 2" and
u, —> u, v, — va.e.in Q. Hence, we have that

J(z)=0 and K(z,)=K(z)+o(1). (2.2)

Set i, = u,, —u, v, =v, —vand z, = (#,,V,). From the Brézis-Lieb lemma [17] it follows
that

1Z:1I* = llzall* = llzll* + o(1), (2.3)

and by Lemma 2.1 in [18] we have

[t = [t - [ o, i-12 (2.4)
Q Q Q
Since J(z,) = ¢ + 0(1), ' (z4) = o(1) and by (2.2) to (2.4), we can deduce that
1, 1
2 1zull” - ?Q(zn) =c~-J(z) +o(1) (2.5)
and
1Z41I” = Q(zn) = 0(1).
Hence, we may assume that
lim ||z,]? = lim Q(Z,) =L (2.6)
n— o0 n— 00

If [ = 0, the proof is complete. Assume [/ > 0; then from (2.6) and the definition of S, g(11)
it follows that

SppGl = Tim $,5(1) (Q(E)

< lim ||Z,)% =,
n—0o0

which implies that

Nz

1= (Syp(w)?. (2.7)
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In addition, from (2.5) to (2.7) and Lemma 2.1, we get

1 1
Cc = <§—2—>Z+J(Z)

1 N .
> N(S,,,,g(u))7 + F(tél), 'C(gz)) =c,

which is a contradiction. Therefore, the proof of Lemma 2.3 is complete. d

3 Nehari manifold
Since J is unbounded below on E, we need to consider / on the Nehari manifold

Mo ={z€E\{0}:(/'(2),2) = 0}.
Thus, z € M, if and only if
{/'(2),2) = llzI” = Q(2) - K(2) = 0. (31)

By the Holder inequality and the definition of A; it follows that

K(z) < (ol(/ |u|2)7 +a2</ |v|2)7)|sz|1-5’
Q Q

_4q
< (oa (Ilull )" + oo (Ivll) ) AL 219213

_q
< (o1 +02) A7 Q1 g9, (3.2)
Lemma 3.1 The functional ] is coercive and bounded below on M, .

Proof Suppose that z = (u,v) € M,,. From (3.1) and (3.2) we get

1 1\, ., (1 1
=(=-= (-2 )k 33
J(2) <2 2*>|IZII (q 2*> (2) 3.3)
1 2 - _q
> N llzlI* - (qu)(m +09)A; 1% 2|12 (3.4)
Thus, J is coercive and bounded below on M, . O

Define ®(z) = (J'(z),z). Then for all z = (4,v) € M, we have

(®'(2),2) = 2l1z]1* - 2°Q(2) - gK (2)
=2-9lzl” - (2 - 9)Q2) (3.5)
=—(2"-2)l2I* + (2 - 9)K(2). (3.6)

We split M,, into three parts:

M ={ze M, :(?'(2),2) > 0},
M2 ={ze M, :(?'(2),2) = 0},
M; ={ze M, :(?'(2),2) < 0}.
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Lemma 3.2 Suppose that z € E is a local minimizer of ] on M, and z ¢ ./\/12. Then]'(z) =0
in E7L.

Proof The proof is similar to that of [19] and the details are omitted. O
Lemma 3.3 M? = forall o1 + 03 € (0, 13).

Proof We argue by contradiction. Suppose that there exist 01,02 > 0 such that 0 < o7 + 03 <
Y; and M? (. Then the fact z = (u,v) € M2 together with (3.5) and (3.6) imply that

llz)1? = Q(Z) 3.7)

and

2-q
2

= —K(2). 3.8
ll2ll” = - K(2) (3.8)

By (1.5) and (3.7) we have

*

2 —q 2 e
2l = 5= (Sus) 7 117,

which implies that

1
)

2 - q 2\ 2o
> —(S 2 . 3.9
M”_(z_q(mﬂﬂ» ) (3.9)
By (3.2) and (3.8) we have
. _—

2 1-9 2 L

llzll < (.—A 12| ) (01 +02) >, (3.10)
2 -2

From (3.9) and (3.10) it follows that

2 g 1 L d\(2—q 7\
op+0y > =—ZA 2 IQI 2 — 2 =7y,
1 2_<2*_2 1 | | ) (2 q(nﬂ(ﬂ)) 1

which is a contradiction. O

By Lemma 3.3, we write M, = M? UM and define

a, = inf J(z); af: inf ](z)
zeMo zeME
Lemma 3.4

(i) o <af <0 forall oy + 0y €(0,77).
(ii) There exists a positive constant dy depending on o1, 02, q, N, S, p(1t), A1 and ||
such that a; > dy for all o1 + o5 € (0, £77).

Page 7 of 14
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Proof
(i) Let z = (u,v) e M. By (3.1) and (3.6) it follows that

2_
= L2012 > Q). (3.11)
-q

According to (3.1) and (3.11), we have that

(oLl L
I(Z)—(2 q)IIZII +<q 2*)(2(2)
<[(1—3)+(1—é)%_qymw
2 q q 2/2-q

2 —-
-2 z2 <0,
gN

which implies that o, <o} <O0.
(i) Suppose that o1 + 03 € (0, £77) and z = (u,v) € M. By (1.7), (3.1) and (3.5) we have
that

2— _2 .
3= g1l < Q@) = (S,p(0) I

which implies that

1

2-g\72 2
llll > (ﬁ) (Sn.p(w)) 2020 (3.12)

From (3.4) and (3.12) it follows that

1 2 — _q
J(2) = ||z||q<ﬁ||zll” - (qu)Al 210" 4 (o + 02)) > dy,

where dy = dy(01,02,9,N, A1,S,,8(1), |2]) is a positive constant. (|

Lemma 3.5 Suppose that o1+ 0y € (0,Yy) and z € E with Q(z) > 0. Then there exist unique
t*,t” >0 such that t*z € M} and t™z € M. In particular, we have

L (e-9l\TE
i (G gi) 7

J(t*z) = ming<; <, J(¢2) and J(t"z) = max;s,,, J(¢z).
Proof The proof is similar to that of [20] and is omitted. O
For each z € E with K(z) > 0, we write

L

_(@—mKw)ﬁ>0
TNQT-2) 22

Then we have the following lemma.
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Lemma 3.6 Suppose that o1 + 05 € (0, 1) and z € E\ {(0,0)} with K(z) > 0. Then there
exist unique 0 < t* < bax <t~ such that t*'z e M}, t7z € M and

J(t'z) = inf J(t2);](t z) = sup](tz).

0<t<tmax t>0

Proof The proof is almost the same as that in [20, Lemma 2.7] and is omitted here. O

4 Proof of Theorems 1.1 and 1.2

Lemma 4.1
(i) If o1+ 02 € (0, 1), then the functional ] has a (PS),, -sequence {z,} C M.
(i) Ifor+0,€(0, %Tl), then the functional ] has a (PS),--sequence {z,} C M.

Proof The proof is similar to that of [21] and is omitted. O

Lemma 4.2 Suppose that o1 + 0y € (0,Y1). Then ] has a minimizer A= M such that

2 is a positive solution of (1.1) and J(zV) = a, = o} < 0.

Proof By Lemma 4.1(i), there exists a (PS),, -sequence {z,} C M, of J such that
J(z,) =ay +0(1) and J'(z,)=o0(1) inE™" (4.1)

Since J is coercive on M, (see Lemma 3.1), we get that {z,} is bounded in E. Passing to

a subsequence (still denoted by {z,}), we can assume that there exists z!) = (uV,v®) ¢ E

such that
u, — uW, v, — vV weakly in H,
u, — uh, v,— W ae ing, (4.2)
u, — uW, v, — v strongly in L5(Q2) forall1 <s <2,
which implies that
K(z,) = K(z") +0(1) asn— oo. (4.3)

First, we claim that z) is a solution of (1.1). By (4.1) and (4.2), it is easy to see that z(!) is
a solution of (1.1). Furthermore, from {z,,} C M, and (3.3), we deduce that

q(2" -2) 2'q
I 2all* = =

K=o 2—q

J(zn). (4.4)

Taking n — oo in (4.4), by (4.1), (4.2) and the fact o, < 0, we get

K(2V) > - 2

o, > 0.

Therefore, z» € M, is a nontrivial solution of (1.1).
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Next, we prove that z, — z® strongly in E and J(z) = a,,. Noting z!) € M, and apply-
ing the Fatou lemma, we have

*

1 2 2 —¢q
e <I() = I - K )
.. 1 2 2&_q
§hnn_1>£f(ﬁ||znll - 74 K(Zn)>

=liminf/(z,) = ay.

n—00

Therefore, J(z\V) = a, and lim, .« [|z,]|> = |2V |12. Set Z, = z, — 2. By the Brézis-Lieb
lemma [17], we get

- 2
1Zal? = l1zal* = 2] + 0(0).
Then standard argument shows that z,, — z{!) strongly in E. Moreover, we have z!) € M.

Otherwise, if z") € M, then by Lemma 3.5 there exist unique 7 such that 5z e M*
and £j < t; = 1. Since

2
i](té’z(l)) =0 and d—](tgz(l)) >0,

dt de?
there exists 7 € (], £;) such that J(£5z") < J(zz"). By Lemma 3.5 we get that

J(t52Y) <J(227) < J(2") =1 (),
which is a contradiction. Since J(z!V) = J(|zV|) and |z\V| € M, by Lemma 3.2 we may
assume that z(!) is a nontrivial nonnegative solution of (1.1).

In particular z® # 0, vV # 0. Indeed, without loss of generality, we may assume that

v = 0. Then as @ is a nontrivial nonnegative solution of

-2 .
—Au—u# =oylu|T*u in L,

u=0 on 0%2,
by the standard regularity theory, we have #\V > 0 in € and
| (@,0)]* = K (u,0) > 0.
Moreover, we may choose w € Hy(2) \ {0} such that
|©,w)|* = K(0,w) > 0.
Now,

K(u™,w) = K(u,0) + K(0,w) >0

Page 10 of 14
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and so by Lemma 3.6 there is unique 0 < £* < f;nay such that (¥ u®, t*w) € M. Moreover,

, Q2" - @KV, w) 2 —q\V*?
Imax = a = * >1
2 = 2)l1 (D, w2 2'-2

and

](t*u(l),t*w): inf ](tu(l),tw).

0<t<fmax
This implies
oy 5](t+u(1),t+w) 5](u(1),w) <](u(1),0) =a,
which is a contradiction.
Finally, from the maximum principle [22] we deduce that zV > 0 in Q and z") is thus a

positive solution of (1.1). O

Let V,,.(x) be defined as in (1.4) and set u(x) = ¥ (x)V,,-(x), where ¥ (x) is a cut-off
function:

V(x) e D(Q):= {w € C°(2) : ¥ (x) =1 in a neighborhood of x = 0}.
The following results are already known.

Lemma 4.3 [4] As e — 0 we have the following estimates:

el = S +O(>V7F), (4.5)
f e = S(w)? + O(s? VIR, (4.6)
Q
Ol(SNiqﬁ% Mm< :EL - (% - \/ﬁ)2’
lue|” = 01NV Inel), p=j—(E - VR? (4.7)
Q =
Oy (171, > i— - V2.

Lemma 4.4 [11] Suppose that (H) holds, f(t) is defined as in (1.6) and V, . (x) are the
minimizers of S(u) defined as in (1.4). Then S, (1) = f(t0)S() and has the minimizers
(Ve (%), 7o Ve (1)), where f (1) := min, > f(t) > 0.

Lemma 4.5 Under the assumptions of Theorem 1.2, there exist Z € E\ {0} and A" > 0 such
that for all o1 + 03 < A" there holds

. . 1 N
sup/(z) <c = ﬁ(snﬂ(ﬂ)) 2y F(rél), Téz)). (4.8)

t>0

In particular, a < c forall oy + oy < A,

Page 11 of 14
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Proof For all t > 0, define the functions g (¢) := J(tu., ttou,) and

2
gﬁ%=%0+%fﬂ%%—

2
; (m (o)™ + ﬂz(To)ﬁz)/QWdz*'
Note that lim;_, ;. g2(£) = —00 and g(¢) > 0 as ¢ is closed to 0. Thus, sup,.. g(t) is attained
at some finite ¢, > 0 with g)(¢,) = 0. Furthermore, C’' < ¢, < C”, where C’ and C” are the
positive constants independent of ¢.

Choose §; > 0 small enough such that ¢’ > 0 for all o7 + 03 < 8;. Set z; = (u,, Tou,). Then
J(tze) < %”ZE |? for all £ > 0 and 01,0, > 0, which implies that there exists , € (0,1) satis-

fying SUPg<s<sy / (tz.) < ¢, for all o7 + o3 < 8;. Note that

tZB t2¢B —1(33_227)% Bi,By >0 (4.9)
1?22105(21—2*2—1\[12 ’ 1,52 > V. .

From (4.9) and Lemmas 4.3, 4.4 it follows that

4

(1 + (zo)*)llue I, )

mm<1( —
((n(z) + ma(zo)) [ e 7 )F

-N

N
2

am¥+m¥ﬁﬂ))

<1Qm) )2 o)
(S()¥ + O(e? Vi)

- N

Consequently,

t1
supgi(t) < sup(gz(t) - —I((zg))
t>to q

t>to
1 ¥ N =]
< 1 Gu00) ¥ + 0T = 2 o1+ (w)1en) [ fue
N q Q
1 N _
= 5 Sns (W) + O[>~ Clor +02) f o419
< %(sn,ﬂ(ﬂ))%{ + O(S2m) — (01 +02)0 (5N*‘Ix/ﬁ)

and

2 —
(N -qv/0) qq<2\/ﬂ—u—(N—qx/ﬁ),

where we have used the assumption u < it — (% - i)
Therefore we can choose o1 = O;(¢™), o3 = O1(£"2) such that

N -2 <rrs <2JF— - (N - gy/)

q
((71 + 0'2)01 (ENiq\/ﬁ") = 01 (Smin(rl,r2)+N—q\/ﬁ).
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The definition of F (rél), 1'(52)) in Lemma 2.1 implies that
2 .
F(T(()l), .L_(EZ)) _ _O1 (8 b mm(rl,rz)).

Note that

min(ry, r5) + N — q/i < min(ry, r2),

2-q

min(ry, rp) + N — q\/ﬁ <2/ L — .
Taking ¢ small enough, there exists §; > 0 such that for all 0 < 07 + 03 < 8,

O) (01 + 0O X) < E( ). 10
Choose A" = min{8y,8,} > 0. Then for all o7 + 05 € (0, A”) there holds

supJ(tz,) < c . (4.11)

t>0

Finally, we prove that « < ¢’ for all o7 + 03 < A". Recall that z; = (u,, Tou.). By Lemma 3.5,
the definition of « and (4.11), we can deduce that there exists %o > 0 such that %z, € M
and

o, <J(toz:) < supJ(toz:) < c .
t>0

The proof is thus complete by taking z = z.. O

Lemma 4.6 Set Yy := min{A’, Y\}. Then for all o, + o3 € (0,Y3), problem (1.1) has a
positive solution 22 such that 2% € M and J(z?) = a;.

Proof By Lemma 4.1, there exists a (PS),--sequence {z,} C M of ] forall o7 + 05 < %Tl.
From Lemmas 2.3, 3.4 and 4.5, it follows that & > 0 and J satisfies the (PS)a; condition for
all o7 + 09 < Y. Since ] is coercive on M,,, we get that {z,,} isbounded in E. Therefore, there
exist a subsequence (still denoted by {z,}) and z® = (u®,v?) € M such that z, — pag
strongly in E and J(z?) = o > 0 for all oy + 03 < Y. Since J(z?) = J(|z?)]) and |z?)| €
M, by Lemma 3.2 we may assume that z? is a nontrivial nonnegative solution of (1.1).
Moreover, by (3.7) and z® = (u®,v®) € M, we get
2 2-q @2
Q") = m”z( " >o.

This implies that #® # 0 and v 2 0. From the strong maximum principle [22] it follows
that z? is a positive solution of (1.1). O

Proof of Theorems 1.1 and 1.2. By Lemma 4.2, we obtain that (1.1) has a positive solution
ZWe M for all o7 + 09 < Yi. On the other hand, from Lemma 4.6, we can get the second
positive solution z? € M forall o7 + 03 < Ty < Yy. Since M} N M = ¢, this implies that
z® and z® are distinct. O
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