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Abstract

This paper is concerned with the existence of extremal solutions of periodic boundary
value problems for second-order impulsive integro-differential equations with
integral jump conditions. We introduce a new definition of lower and upper solutions
with integral jump conditions and prove some new maximum principles. The method
of lower and upper solutions and the monotone iterative technique are used.
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1 Introduction
Differential equations which have impulse effects describe many evolution processes that
abruptly change their state at a certain moment. In recent years, impulsive differential
equations have become more important tools in some mathematical models of real pro-
cesses and phenomena studied in physics, biotechnology, chemical technology, popula-
tion dynamics and economics; see [1-5]. Many papers have been published about exis-
tence analysis of periodic boundary value problems of first and second order for impul-
sive ordinary or functional or integro-differential equations. We refer the readers to the
papers [6—29]. More recent works on existence results of impulsive problems with integral
boundary conditions can be found in [30-35] and the reference therein. This literature has
lead to significant development of a general theory for impulsive differential equations.
The monotone iterative technique coupled with the method of upper and lower solu-
tions has been used to study the existence of extremal solutions of periodic boundary value
problems for second-order impulsive equations; see, for example, [36—41]. This method
has been also used to study abstract nonlinear problems; see [42]. However, in most of
these papers concerned with applications of the monotone iterative technique to second-
order periodic boundary value problems with impulses, the authors assume that the jump
conditions at impulse point #; of solution values and the derivative of solution values de-
pend on the left-hand limits of solutions or the slope of solutions themselves, such as
Ax(ti) = I(x(6)), Ax(tie) = L&' (8)), Ax'(6) = Te(x(8)), Ax' () = I (¥ (£).
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In this paper, we consider the periodic boundary value problem for second-order im-
pulsive integro-differential equation (PBVP) with integral jump conditions:

&"(6) = f (&, x(2), (Kx)(0), (Sx)(2)), £ €] =[0,T], ¢ txs

tk—€k 1
Ax(ty) = ([, ' (s) ds),  k=1,2,...,m, )

AX (tr) = I ( t;k__;kx(s) ds), k=1,2,...,m,

x(0)=x(T),  %'(0) =«'(T),

where 0 =ty <ty <ty < - <l <+ <ty < byy1 = T,f:]xR3 — R is continuous ev-
erywhere except at {tx} x R3,f(t,j,x,y, z), f(t;,%,9,2) exist, f(t;,%,9,2) = f(tx, %, 9,2), Ix €
C(R,R), I € C(R,R), Ax(ty) = x(t{) — x(t), Ax'(tx) = x' (&) — ' (£), 0 < & < 8k < ti — tr_1,
O<or <t <tr—tr1,k=12,...,m,

t T
(Kx)(t) = /0 k(t, s)x(s) ds, (Sx)(¢) = [o h(t,s)x(s) ds,

k(t,s) € C(D,R*), h(t,s) € C(J x J,R*), D ={(t,s) e R*,0 <s <t < T}, R* =[0,+00), ko =
max{k(t,s): (t,s) € D}, hg = max{h(t,s): (¢,s) €] x J}.

In [43, 44], the authors discussed some kinds of first-order impulsive problems with the
integral jump condition

Ax(tk):1k< / ) ds / B x(s)ds), (12)

k—Tk k-1

where 0 < oy_1 < (tx —£4-1)/2,0 < Ty < (tx — £x-1)/2, k =1,2,...,m. We note that the jump
condition (1.2) depends on functionals of path history before impulse points ¢ and after
the past impulse points t;_;. The aim of our research is to deal with the integral jump
conditions

t—Ek . t—ok
Ax(ty) = I </ ) x'(s) ds), Ax (t) = I (/ x(s) ds), 1.3)
=0k LTk

where 0 < & <& <ty — tk-1, 0 < ox < T < tx — tyi1, k = 1,2,...,m. The integral jump
condition (1.3) means that a sudden change of solution values and the derivative of solution
values at impulse point # depend on the area under the curves of x'(¢) and x(¢) between
t=tr—0rtot=tr—erand t =ty — 1 to t = tx — 0y, respectively. It should be noticed that
the impulsive effects of PBVP (1.1) have memory of the past states.

This paper is organized as follows. Firstly, we introduce a new concept of lower and
upper solutions. After that, we establish some new comparison principles and discuss the
existence and uniqueness of the solutions for second-order impulsive integro-differential
equations with integral jump conditions. By using the method of upper and lower solutions
and the monotone iterative technique, we obtain the existence of an extreme solution of
PBVP (1.1). Finally, we give an example to illustrate the obtained results.

2 Preliminaries

Let J- =]\ {t,t2, ..., tm}, Jo = [to, 1], Jk = (b, txs1] for k =1,2,...,m. Let PC(J,R) = {x :
J — R; x(t) is continuous everywhere except for some £ at which x(¢;) and x(¢;) exist and
x(ty) = x(tx), k = 1,2,...,m}, and PCY(J,R) = {x € PC(J, R); ¥ (t) is continuous everywhere
except for some #; at which x/(£}) and &'(£;) exist and x'(¢;) = &'(t), k = 1,2,...,m}. PC(],
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R) and PC'(J, R) are Banach spaces with the norms ||x||pc = sup{x(¢) : t € J} and ||x|pc1 =
max{||x| pc, |#|| pc}. Let E = PCY(J,R) N C*>(J-,R). A function x € E is called a solution of
PBVP (1.1) if it satisfies (1.1).

Definition 2.1 We say that the functions «g, By € E are lower and upper solutions of PBVP
(1.1), respectively, if there exist M >0, N > 0,L > 0, Ly > 0,L; > 0,0 < & <& < tx — tr1,
0 <0y < 7 < t; — ty_1, such that

ag(t) = f (&, a0 (8), (Keo)(2), (So)(2)) + alt), t€T,

Ao () Ik(ftk Kay(s)ds) +my, k=1,2,...,m,

tx—0k
Aaj(ty) > (f;(k;k s$)ds)+ Iy, k=1,2,...,m,
a0(0) = ao(T),
where
0 if o (0) > o (T),
a(t) = 1 L0000 o | AT — 2]+ N [ k(t, 5)(sT - 52) dis
+L fo h(t,s)(sT — s2) ds] if () (0) < a(T),
0 if ay(0) = o (T),
My = ah (T)—e, e
B0 it (7 _ 95)ds - if rp(0) <ty (1),
o = 0? if oy (0) > o (T),
Lik[ao(TT)i%(O) ,Z:Zk (ST -s*)ds if a)(0) < ay(T),
and

o () <f(t, Bo(t), (KBo)(®), (SPo)(t)) = b(t), te],
APBo(ty) = Ik(ftk gkﬁo (s)ds)-m,, k=1,2,...,m,
ABy(ty) <1 (ftk % Bo(s)ds) — L, k=1,2,...,m,
B0(0) = Bo(T),

where
0 if B (0) < By(T),
b(e) = LoD 4 MULT - 2] + N [L ki(t,5)(sT - 52) ds
+Lf0 (t,8)(sT — s?) ds] if B5(0) > BH(T),
o]0 if £3(0) < Bo(T),
O | AN ek (7 _agyds i g5(0) > By(T),
. |o if B;(0) < By(T),
lk =

Ll ©-74(T) JIESRST - ) ds i B3(0) > B (T).

Now we are in the position to establish some new comparison principles which play an
important role in the monotone iterative technique.

Page 3 of 21
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Lemma 2.1 Assume that x € E satisfies

X" (£) > Mx(t) + Nfot k(t,8)x(s)ds + L fOT h(t,s)x(s)ds, te],
Ax(t) = Le [, % (9)ds,  k=1,2,...,m,
AX () > Ly [ x(s)ds, k=1,2,...,m,

=Tk

x(0)=x(T),  «'(0) = x/(T),

(2.1)

where M >0, N >0,L>0,L; >0, Lz > 0 are constants and 0 < g < 8 <tx —t;_1, 0 <
ok < Tk <tk — k1, k=1,2,...,m, and they satisfy

[Z Li(8k — &x) + T:| [Z Li(t = o) + (M + Nko T + Lho T) T:| <1 (2.2)

k=1 k=1

Then x(t) <0,te].

Proof Suppose, to the contrary, that x(¢) > 0 for some ¢ € J. We divide the proof into two
cases:

Case (i). There exists a £ € J such that x(f) > 0 and x(¢) > 0 for all £ € J.

From (2.1), we have x”() > 0 for £ € J~. Since Ax'(t;) > L; ft;"__rzk x(s)ds > 0, then x'(¢)
is nondecreasing in t € J and so x'(0) < x'(T). However, by (2.1) x'(0) > x'(T), then
x'(0) = »/(T), which implies x'(¢) = constant for all ¢ € J. Thus, 0 = x”(£) > Mx(f) > 0, a
contradiction.

Case (ii). There exists ¢ , ¢ € J such that x(t") > 0, x(¢) < 0.

Let inf;c; x(t) = —A < 0, then there exists ¢- € J;, for some i € {0,1,..., m}, such that x(¢:) =
—Xorx(t]) = —A. Without loss of generality, we only consider x(t-) = —A. For the case x(¢]) =
— the proof is similar. It follows that

t T
x"(t) > Mx(t) + N/ k(t,s)x(s) ds + L/ h(t,s)x(s) ds
0 0

> MM + NkoT + LhoT), te],
. tk—0k .
Ax' () > Lk/ x(s)ds > AL (v —ok), k=12,...,m.
te—Tk

If ¥/ (t) > 0 for all £ € J, then Ax(tx) = Ly fti]:sik x(s)ds >0, k=1,2,...,m. Hence, x(¢) is
strictly increasing on J, which contradicts x(0) = x(T). Then there exists a £ € J such that
x'(£) <0.
Lette Ji»j €10,1,...,m}. By mean value theorem, we have
x () - AL;(q o) -x'(t) < x/(tj*) —x'(0) =—x"(s)(t - t;)
<AMM+NkT +LhoT)(E-t), s €(,0),
K (62) =MLy (g —0p0) = () </ (t) —2'(8) = =" (510 (4 - £-4)

< MM + NkoT + Lhy T) (t/‘ - t;—l)’ Sj-1 € (t]'_l, tj),
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x'(tl_) —AL(r1 — o) =X (ty) < x'(tf) —-x(t) = —x”(sl)(tz - tf)
SA.(M+NkOT+LhOT)(t2_t1+), 81 € (tl,tz),

x'(0) =&/ (1) = =" (so)(t1 — to) < MM + NkoT + LhoT)(t1 — to), so € (to, tr).

Summing up the above inequalities, we obtain

j
x(0) <x'(t) + A |:Z Li(tx —ox) + (M + NkoT + Lho T)( - to):|
k=1

j
< )»|:ZLZ(U( —o1) + (M+NkoT+Lh0T)Z}. (2.3)
k=1

Lett €]y, h€{0,1,...,m}. If t <t by using the method to get (2.3), then we have

j
X (t) <x'(F) + A|: Z Li(tk —ox) + (M + NkoT + Lho T)(£ - t):|
k=h+1

< )L|:ZL;<(TI< —ox)+ (M +NkoT + LhoT)T:|.
k=1

If ¢ > £, then the above method together with (2.1), (2.3) implies that

X' () <x(T) + k|: Z Li(tx —ox) + (M + NkoT + Lho T)(T — t)j|
k=h+1

<#/(0) + ,\[ > Li(ti—01) + (M + NkoT + Lho T)(T - t):|
k=h+1

j
<A |:Z Li(tx — ox) + (M + Nko T + Lhg T)fj|
k=1

¥ x[ > Li(zi—ox) + (M + NkoT + Lhg T)(T - t):|
k=h+1

< )\[ZL;(rk —ox) + (M+Nk0T+Lh0T)T:|‘
k=1

Thus,

x(t) <A |:ZL;((T/< —oy) + (M + Nko T + LhOT)T:|, te] .
k=1

Let t € J, for some r € {0,1,...,m}. We first assume that t- < ¢, then i < r. By the mean
value theorem, we have

tr—&r

x(t) —x(t,) = x(t) —x(t;r) + Lr/ x'(s)ds

tr=5r

tr—€r

=x'(s)(t —t) + L, / X' (s)ds

tr=5r
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= ((t* - tr) +L,.(8, - gr))

X A[ZLZ(U( —o%) + (M+Nk0T+Lh0T)Ti|, s € (tnt),

k=1
tr-1—€r-1
56) = 5(60) =a(6) -3(e ) + Loy [ K@)
tr_1-8r-1
tr-1—€r-1
= x/(sr,l)(t, - t,*_l) +L,1 / x'(s)ds
tr-1=0r-1

= ((tr - tr—l) + Lr—l (Sr—l - 8r—l))

X A |:Z LZ(rk —0x) + (M +NkoT + LhyT) Ti| , Sr_1 € (E-1,t),
k=1

x(ti1) — x(t) < (i1 = 8) + Li1 (i1 — €i11))

x A[ZLZ(I,( — o)+ (M + NkoT + LhOT)T:|.
k=1

Summing up, we get
m m
0< x(t) <A+ k|:2 Li(8x — 1) + T:| [ZL;(U( —oy) + (M + NkoT + Lhy T)T].
k=1 k=1
Hence,
m m
|:Z Li(6x — 1) + T:| |:Z L;(‘L'k —0y) + (M + NkoT + Lhy T)T:| >1,
k=1 k=1

which contradicts (2.2).
For the case ¢ < t, the proof is similar, and thus we omit it. This completes the proof.
O

Lemma 2.2 Assume that x € E satisfies

[x'(T) - '(0)]

t T
x"(t) > Mx(t) + N/ k(t,s)x(s) ds + L/ h(t,s)x(s)ds + T
0 0

X |:2+M[tT—t2] +N/tk(t,s)(sT—s2) ds
0

T
+L/ h(t,s)(sT—sz)ds], te],
0

ti—ek L / T) — / 0 ti—¢Ex
Ax(tk):Lk/ x/(s)ds+M/ (T -2s)ds, k=1,2,...,m,
t—8k T ti—8k
. tx—ok L"‘ / T o, 0 ti—ok
AX () ZLk/ x(s)ds + M[ (sT—sQ) ds, k=1,2,...,m,
s T =Tk

x(0)=x(T),  &'(0)<x(T),
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where M >0, N >0,L >0, L, >0, L; > 0 are constants and 0 < g < 8 < tx — t_1, 0 <
Ok < T <tk — -1, k=1,2,...,m, and they satisfy (2.2). Then x(t) <0 forallt €].
Proof Let u(t) = [#][x’(T) —x/'(0)], t € ], and define

2

t}h«n-xmﬂ.

mmzmm+mn=mn+rT_

Note that u(0) = u(T), u(t) > 0 for ¢ € J. If we prove that w < 0, then x(¢) < x(¢t) + u(t) <0
and the proof is complete. Since u/(¢) = [%] [¥'(T) — «'(0)], then we get

w(0) = x(0) + u(0) = x(T) + u(T) = w(T),

w(0) =x'(0) + 4/(0) = x'(0) + x'(T) — x'(0) = x'(T),

W(T)=x'(T) +u'(T) =x'(T) - x'(T) + £ (0) = x'(0).

Hence, w'(0) > w/(T). Indeed, for k =1,2,...,m,

Aw(ty) = Ax(tr) + Au(ty)

ti—ek / o ti—ex
:Lk/ x/(s)ds+Lk[xLTx(0)]/ T - 2sds
17

k—0k b=k

tk—&k
= Lk/ x'(s) + u/'(s)ds
L

k—Sk

tie—€k
=L / w(s)ds,
17

k—0k
and
AW (tr) = Ax (t) + Au' ()

. tx—ok L* "(T) - %' (0 ti—ok
sz/ x(s)ds+M/ sT —s*ds
17

k—Tk b=k

. [ %
> Lk/ x(s) + u(s)ds
t

k= Tk

. tk—0k
>L, / w(s) ds.
17

k—Tk

Meanwhile, for t # ¢, t €],
t T
W' (t) — Mw(t) —N/ k(t,s)w(s)ds —L[ h(t,s)w(s)ds
0 0

Mt t T
=x" - M. - —x T) - / 0)|-N k ) d -L h ’ d
x"(t) x(t) T [x( ) —x'( )] /0 (,5)x(s) ds /0 (,5)x(s) ds

_ W(T) -«'(0)]

T |:2+M[tT—t2]+NAtk(t,s)(sT—sz)ds

T
+L/ h(t,s)(sT—sz) ds:| >0.
0

Then by Lemma 2.1, we get w(£) < 0 for all ¢ € /, which implies that x(t) <0, t € /. O
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Consider the linear PBVP

x"(t) = Mx(t) + Nfot (t,8)x(s) ds + LfoT h(t,s)x(s)ds—g(t), te],
Ax(ty) = kazk ;kx/ (S)ds+y, k=1,2,...,m,
AX(8) =Ly [ x(s)ds + hey k=1,2,...,m,

x(0)=x(T),  %'(0)=x"(T),

(2.4)

where constants M >0, N >0,L >0,L; >0, LZ > 0, Yk, Ak are constants and g € PC(J, R),
O<er<&<tr—th, 0<ox < <th —tre1, k=1,2,...,m.

Lemma 2.3 x € E is a solution of (2.4) if and only if x € PC'(J,R) is a solution of the fol-
lowing impulsive integral equation:

T T
x(t) = / Gi(t, s)|: -N / k(s,r) / h(s,r)x(r) dr] ds
0 0

¥ Z[ Gi(t, tk)<Lk /tk_rkkx(s) ds + Ak>

tie—€k
+ Gyl tk)(Lk / () ds + yk)], 25)

k—0k

where

EN(T—HS) + e«/]T/I(t —s) 0<s<t T,

Gu(tys) = [2V/M (M7 ~1)] o DEssis

eVM(T+t=s) L oVM—t) 0 <t<gs<T,

eVM(T—t+s) _ pVMt=9) g <gsct<T,

<
Go(t,8) = 2(e¥YMT _ 1)1 ’ - -
2(69) [ ( )] _eVM(THt=) L VM) <t <s<T

This proof is similar to the proof of Lemma 2.1 in [36], and we omit it.

Lemma 2.4 Let M >0, N>0,L >0, L >0, Lk > 0 are constants and 0 < g < 8 <
tk_tkflyofo'kf katk—tkfl,kzl,z,..,,m.lf‘

VMT
w:m[/[ /k(srdr+Lf h(sr)dr:|ds+ZLk(rk—ok)j|

k=1

m

+ % D Li(dk—x) <1, (2.6)

k=1

T s T m
M:;%Ug [N/O k(s,r)dr+L/0 h(s,r)dr:|ds+kX;LZ(tk—ok):|

+\/—(1+e\/_T)

2T T) ;Lk(ak—ek (2.7)

then (2.4) has a unique solution x in E.
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Proof For any x € E, we define an operator F by
T s T
(Fx)(t) = / Gi(t,s) [g(s) —N/ k(s, r)x(r) dr—L/ h(s, r)x(r) dr] ds
0 0 0

+ Z[—Gl(t, tk)<L; / 9 ds + ,\k>
k=1 4

k—Tk

tk—&k
+ Go(t, tk)(Lk/ x'(s)ds + yk>],
t—8k

where Gj, G, are given by Lemma 2.3. Then Fx € PC'(/,R) and
T s T
(Fx)'(¢) = —/ G (t,s) |:g(s) —N/ k(s, r)x(r) dr—L/ h(s,r)x(r) dr] ds
0 0 0

+ Z[Gz(t, tx) <Lk /tkgk x(s) ds + Ak>
k=1 7

k~Tk

tk—¢ek
— MG (2, t) (Lk / x'(s)ds + yk>:|.
t—0k

By computing directly, we have

1+eYMT
max {Gi(t,s)} = ——————
(t,s)61x/{ 1(69)] 27/M(evMT _1)

and

(ax (Gt} =

N =

On the other hand, for x,y € PC'(J, R), we have

| (%) = (B o = Stu?|(Fx)(t) - B0

T s
f Gi(t,s) |:—Nf k(s,7) [x(r) - y(r)] dr
0 0

= sup
te]

T
_ L/ h(s, r)[x(r) - y(r)] dr] ds
0

+ Z[_Gl(t, tk)(LZ/ o [%(s) = ¥(s)] ds)
k=1 )

k= Tk

ti—€xk
+ Galt, 1) (Lk [ o=yl ds)] ‘

k—0k

T s
§sup/0 Gl(t,s)[N|x(s)—y(s)|/0 k(s,r)dr

te]

T
+ L|x(s) —y(s)| /0 h(s,r) dr:| ds


http://www.boundaryvalueproblems.com/content/2012/1/122

Thaiprayoon et al. Boundary Value Problems 2012, 2012:122
http://www.boundaryvalueproblems.com/content/2012/1/122

+ Z[Gl(t, )L (tk — 01) [(2) — y(2) |

=
+ Ga(t, ) Li (8 — €|’ (1) — ¥ (9)] ]

T s
< |lx=ylpcr |:sup/ Gi(t,s) [N/ k(s,r)dr
te] JO 0

T m
+ L/ h(s,7) dr} ds + Z[Q(t, t) Ly (tk — 0%)
0

k=1

+ Gao(t, tx) Li(8k — Ek)]]

= ¥lx-ylpc-

Similarly,

T s
_ / Gg(t,s)[—N / k(s, P)[x(r) - y(r)] dr
0 0

[(F2) = (EY [ = sup
T
- L/ h(s,r) [x(r) —y(r)] dr:| ds
0

+ Z |:G2(t, tr) (Lk / o [x(s) - y(s)] ds)

k=1 k—Tk
~ MGy(t,10) (Lk / K-y 6)] ds)]‘
ti—8k

T s
§supf0 Gg(t,s)[N’x(s)—y(s)‘/O k(s,r)dr

te]

T
+ L‘x(s) —y(s)’ /0 h(s,r) dr] ds

+ ) [Galts i) Ly (ri = 010 [x(2) = y(®)|
k=1

+ MG (&, t) Li(8k — &) |¥' () = ¥/ (5)]]

T s
< lx=9ylpc |:supf Gy (t,s) [N/ k(s,r)dr
0 0

te]

T m
+ L/ h(s,r) dr] ds + Z[Gz(t, tk)LZ(rk - 0%)
0

k=1
+ MG (t, tx) L (8 — 8k)]:|

< plx=ylpcr-

Thus,

|(Fx) = (Fy) | per < max{yr, w}llx - yllpcr.
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By the Banach fixed-point theorem, F has a unique fixed point x~ € PC!(J,R), and by
Lemma 2.3, x™ is also the unique solution of (2.4). This completes the proof. O

3 Main results

In this section, we establish existence criteria for solutions of PBVP (1.1) by the method of
lower and upper solutions and the monotone iterative technique. For «y, By € E, we write
ag < Bo if ag(t) < Bo(¢) for all £ € J. In such a case, we denote [, Bo] = {x € E : ap(t) <

x(t) < Po(t),t €]}

Theorem 3.1 Suppose that the following conditions hold.:
(H1) o and By are lower and upper solutions for PBVP (1.1), respectively, such that ag < fo.
(H2) The function f satisfies

St 22,52, 22) — f(t, 21,01, 21) < M(x2 —x1) + N(y2 — 1) + L(zo — 21),

forallt €], ap(t) <x1 < x3 < Bo(t), (Kao)(t) < y1 < 32 < (KBo)(t), (Sag)(t) < z1 <
22 < (SPo)(®).

(H3) M>0,N>0,L>0,L; >0, L;< > 0 are constants, and 0 < g < 8 <ty —ty_1, 0 <
ok < Tk <tk — b1, k=1,2,...,m, and they satisfy (2.2), (2.6) and (2.7).

(Ha) The functions Iy, I, satisfy

tk—ek tk—ek tk—€k
I (/ x'(s) ds) —I </ ¥ (s) ds) = Lk/ x'(s) =¥/ (s) ds,
L=k tk—bk t—8k
Li=0k . Lk=0k . [k
I </ x(s) ds) -1 (/ ¥(s) ds) < Lk/ x(s) — y(s) ds,
te—Tk te—Tk te—Tk

where ftk %k a0 (s)ds < f;(k Tik s)ds < ftk akx(s)ds<ftk akﬂo (s)ds, 0 <ox <1 <

tk—tk_ho58k§5k5tk—tk_1,k 12,.

Then there exist monotone sequences {o,},{B.} C E which converge in E to the extreme
solutions of PBVP (1.1) in [ay, Bo], respectively.

Proof For any n € [ag, Bo], we consider linear PBVP (2.4) with

t T
&) =£ (&), Kn)(®), (Sn)(t)) — Mn(t) - N/O k(t,s)n(s) ds — L/O h(t,s)n(s)ds,

L=k Le—ek
yk:Ik(/ n’(s)ds)—Lk/ n(s)ds, k=12,...,m
tx—0k tg—0k

. =0k . 5%
)~k=1k(/ n(s)ds)—Lk/ n(s)ds, k=1,2,...,m
te—Tk =Tk

By Lemma 2.4, PBVP (2.4) has a unique solution x € E. We define an operator A from
[0, Bo] to E by x(£) = An(t). We complete the proof in four steps.

Step 1. We claim that oy < Aap and ABy < Bo. We only prove ag < Awg since the second
inequality can be proved in a similar manner.
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Let oy = Aap and p = a¢ — 1. Then o satisfies

oy (£) = Mo () = N(Kon)(¢) — L(Sor)(2)
=f(t a0 (t), (Ke)(2), (Seto) (1)) — Mexo(t) — N(Kero)(2)

—L(Sao)(®), te],

tk—¢k tk—¢k
Aai(ty) = Li / oy (s)ds + I </ o (s) ds)
t—Sk t—Sk

ti—ex
—Lk/ ay(s)ds, k=1,2,...,m,
t—8k

tk—0k

. tk—ok
Aoy (ty) = Lk/ ai(s)ds + Ik(/ ao(s) ds)
t—Tk =Tk

. [ %
—Lk/ ao(s)ds, k=1,2,...,m,
17

k= Tk

a1(0)=au(T),  1(0) = oy (7).

We finish Step 1 in two cases.
Case 1. ay(0) > ay(T), which implies that

a(t)=0,  ag(t) =f(t o), (Kao)®), (Seo)(2))-

As oy is a lower solution of PBVP (1.1), then for t € J~,

P"(t) - Mp(t) - N(Kp)(t) - L(Sp)(t)
=0 (t) — Mag(t) - N(Kag)(t) — L(Sero)(2)
—ay (&) + May (8) + N(Koq)(£) + L(Serr)(2)
> f(t o (8), (Kao)(2), (Seto) (£)) = Mexo (£) = N(Karo)(2)
— L(Sao)(2) — f (£, o (£), (Koto) (£), (Sexo) (£)) + Mat(2)
+ N(Kap)(t) + L(Sao)(2)

= 0,
and

Ap(ti) = Aag(te) — o ()

ti—&k tk—€x tie—€k
=1 (/ og(s) ds) — L / oy (s) ds — I (/ ag(s) ds)
t—8k ti—8k t—0k

k=€
+ L / ay(s)ds
4

k—Ok

L=k Le—ek
:Lk/ a(’)(s)—a{(s)ds:Lk/ ps)ds, k=1,2,...,m,
£

k=0 t—8k
Ap'(t) = Aot (t) — oy ()
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. tg—0ok . ti—ok . ti—0ok
z[k(/ oco(s)ds) —Lk/ al(s)ds—lk(/ oto(s)ds)
te—Tx L=k L=k

. t—0ok
+L / ao(s)ds
t

KTk
. [& %k . 5ok
=Lk/ ao(s)—ozl(s)ds=Lk/ p)ds, k=1,2,...,m,
te—Tk te—Tk

P(0) =ao(0) —1(0) = ao(T) — e (T) = p(T),

7(0) = (0) - 1 (0) > o (T) — o (T) = p(T).

Then by Lemma 2.1, p(¢) < 0, which implies that «o () < Aay(t), i.e., ¢p < Aag.
Case 2. a(0) < a(T), which implies that

g (T) — o (0)]
T

T
+L / h(t, s)(sT - 52) ds].
0

a(t) = |:2+M[tT—t2] +N/tk(t,s)(sT—sz) ds
0

Hence,

g [2 +M[tT - £]

P/ (t) = Mp(t) — N(Kp)(t) — L(Sp)(¢)

+N/:k(t,s)(sT—s2) ds+L/0Th(t,s)(sT—sz) ds:|

[ (T) — g (0)]

- [2 e M[T - 2]

= 0 (¢) = Mexo () = N(Koro) (£) — L(Set) (2) —

‘ T
+N /0 k(t,s)(sT —s*)ds + L /0 h(t,s)(sT - s*) ds:|
—af/(¢) + Mey (£) + N(Ko)(8) + L(Ser) (2)

= f (£ a0(8), (Kat) (), (Seto) (£)) — Maro (£) = N (Kxo) (2)
= L(Sao)(8) = f (£ a0 (8), (Ka)(£), (Seto) (1))

+ Ma(t) + N(Kog)(t) + L(Sag)(2) = 0,
and

Ap(ti) = Aag(ty) — Aaa(t)

te—¢k L / T) — / ti—€k
= Iy (f ag(s) dS) Pt A Al [ (T) = 2 (0)] T —2sds
t

k—Ok T t—0k

Le—€k L=k Lk—€k
— Ly / o (s) ds — I </ ay(s) ds) + Ly / ay(s)ds
tk—0k t)—0k ti—0k

ti—Ek L / T) — / 0 te—¢exk
:Lk/ p/(s)ds+M/ T -2sds, k=12,...,m,
t—8k te—Sk
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and

Ap'(te) = Aag(te) — o ()

. tp—og L"* "(T) = . (0 t—0p
ka(/ “0(s)d5>+ st Dl sT —s*ds
t

k—Tk T =Tk

. %ok X t—0k [tk
-L, / o(s)ds — I, (/ ap(s) ds) +L, / a(s) ds
=Tk =Tk =Tk

. tg—oy L* (T) — ' (0 ti—ok
:Lk/ p(s)ds+M/ ST — $2ds,
L 17

k—Tk T KTk

k=1,2,...,m,and
p(0) =p(T), P'(0) = a;(0) — 1 (0) < o (T) — oy (T) = p'(T).

Then by Lemma 2.2, p(¢) < 0, which implies o (t) < Aag(2), i.e., g < Aay.
Step 2. We prove that if g < 71 < 1y < By, then An; < Ans.

Let n, = Am, n, = Any, and p =, — 1,, then for ¢ € /-, and by (H,), we obtain

p"(t) - Mp(t) - N(Kp)(t) - L(Sp)(®)
=f(&m(@), Kn) (@), (Sm)(®)) = M () - N(Km)(2)
= L(Sm)(®) —f (£, 2(2), (Kn2)(2), (Sn2)(2))
+ Mo (2) + N(Kn2)(2) + L(Sn2)(2)

>0 (by (Hy).

From (H3), we obtain

tr—€k
Ap(ty) = Lk/ ps)ds, k=1,2,...,m,
tre—0k
tk—ok
Ap' () > Lk/ ps)ds, k=1,2,...,m,
=Tk

p0)=p(T),  p'0)=p(D).

Applying Lemma 2.1, we get p(t) < 0, which implies An; < Any.
Step 3. We show that PBVP (1.1) has solutions.

Let o, = Aayq, By = APByu-1, n=1,2,.... Following the first two steps, we have

o< L=< =B, < <P <Po, VneN.
Obviously, each o, B; (i = 1,2,...) satisfies

o () = Ma(t) — N(Ke)(t) - L(Sa;) ()
=f (6 i1(8), (Kei1)(2), (Seati1)(2)) — Mot () = N(Ketj—1)(2)

—L(Sa;1)(t), te],

Page 14 of 21


http://www.boundaryvalueproblems.com/content/2012/1/122

Thaiprayoon et al. Boundary Value Problems 2012, 2012:122
http://www.boundaryvalueproblems.com/content/2012/1/122

tk—&k

ti—Ek
Ao;(ty) = Ly / ai(s)ds + I (/ ol 4(s) ds)
=0k tie—0k

tk—€k
—Lk/ o (s)ds, k=1,2,...,m,
t

=0k

. t—0k . tk—0k
Aaj(ty) =Ly / oi(s)ds + I, (f a;_1(s) ds)
17 t

k= Tk k= Tk

. [ %
—Lk/ ai(s)ds, k=1,2,...,m,
t

k—Tk

0[,'(0) = ai(T)’ (X:(O) = a:(T):
and

B (&) = MBi(t) = N(KB:)(t) — L(SBi)(2)
=f (& Biar(8), (K Bi)(2), (SBi1)(8)) — MBi1 (£) — N(K Bi1)(2)
- L(SBi)(0), te],

tk—é‘k tk—sk
At = L / Bi(s)ds + Iy ( / BLL(5) ds>
L

tk—0k k—Ok

tk—¢k
—Lk/ Bi(s)ds, k=1,2,...,m,
£

k—Sk

Bi(s)ds + 1;:( f ) ds)

k—Tk

, . 5%k
a0 -1

=Tk

. ti—ok
_Lk/ Bici(s)ds, k=1,2,...,m,
4

k= Tk

Bi(0) = Bi(T), B;(0) = {(T).

Thus, there exist x- and 5™ such that
lim o;(t) = x-(2), lim B;(t) = x(t), uniformly on t € /.
11— 00 11— 00

Clearly, x-, x~ satisfy PBVP (1.1).

Step 4. We show that x-, x” are extreme solutions of PBVP (1.1).

Let x(t) be any solution of PBVP (1.1), which satisfies () < x(t) < Bo(2), £ € J. Suppose
that there exists a positive integer n such that for ¢ € J, «,(£) < x(t) < B,(£). Setting p(t) =
y41(8) —x(f), then for t € ],

P = o, —a"(0)
= May1(8) + N(Ket1)(8) + L(Set41)(2)
+f (& @n(8), (Ka)(2), (Sat,)(£)) — Mo, (2)
— N(Ka,)(#) = L(Set,,) (2)
- f(&%(0), (Kx)(2), (Sx)(2))

= Moty1(2) + N(Kot1)(8) + L(S041)(2) — Mx(t)
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— N(Kx)(£) = L(Sx)(®) + £ (£ 00u(£), (Kera) (1), (Set,)(2))
—f (&:2(8), (Kx)(0), (Sx)(8)) — M (0t (£) - x(2))
— N (K(an)(t) = (Kx)(0)) ~ L((Setu) (8) ~ (Sx)(1))

> Mp(t) + N(Kp)(t) + L(Sp)(t),

and
tie—€k
Ap(ti) = Actna () = Axlti) = L / pE)ds, k=12,..,m,
L=k
and
AP () = Adly, () — Ax (&)
. [ % N t—0k
= Lk/ oy (s)ds + I, </ a,(s) d5>
=Tk tg—Tk
. [ o%k t—0k
_Lk/ Oln(S)dS—Ik(/ x(S)dS>
L=k b~k
a: b=k " tk=0k
z L}(/ 11 (8) ds + Ly / ay,(s)ds
L=k t—Tk
. [%k . [ok
- Lk/ a(s)ds — Ly / x(s) ds
k=Tk =Tk
(%%
=ka p)ds, k=1,2,...,m,
=Tk
and

p(0)=p(T),  p'(0)=p(T).

Still by Lemma 2.1, we have for all £ € J, p(¢) < 0, i.e., &,41(£) < x(¢). Similarly, we can prove
that x(¢) < B,11(¢), t € J. Therefore, a,,,1(¢t) < x(¢) < B, (t), for all ¢ € J, which implies
x:(t) < x(t) < x°(£). The proof is complete. O

4 An example

In this section, in order to illustrate our results, we consider an example.

Example 4.1 Consider the following PBVP:

u'(6) = 33(u() - 2) + 5 [fot £2s*u(s) ds)?
+ 1y BsPuls)ds)>,  te=[0,1],t 71,
Au)=1 B us)ds, k=1, 1)

3

Au(3)=1 1i?u(s)ds, k=1,

u(0) = u(1), u'(0) =u'(1).
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Set k(t,s) = t2s*, h(t,s) =t3s>, m=1,1, = %, 8 = %, & = %, 7= %, o1 = é, T = 1. Obviously,

ag =0, Bo = 3 are lower and upper solutions for (4.1), respectively, and «y < fo.
Let

1 5 1
ft,x,91,21) = Etg(xl -2)+ 183’1 + 821’

we have
f&%2,92,22) — f (&, %1, 91, 21) < —(xz —x1) ()’2 -+ — (Zz - z1),

where a(t) <% <x; < B(¢), (Ka)(t) <y1 < y2 < (KB)(D), (Sa)(t) <21 <20 < (SB)®), L €].
It is easy to see that

I (/110 x'(s) ds) -4 (‘/lwy/(s) ds) = %/;m X (s) —y/(s)ds,

6 6 6
and
3 3 3
10 10 1 10
I (/1 x(s) ds) -1 (/1 y(s) ds> =3 /1 x(s) — y(s) ds,
0 0 10

whenever ftk % a(s)ds < ftk %k y(s)ds < ftk_"k x(s)ds < ftk %k B(s)ds, k =

Taking M = N 1 ,L= L1 % L= g, it follows that

{Z Li(S — ex) + T:| [ZL;(rk —03) + (M + Nko T + Lhy T)T]
k=1 k=1

DD (e oo (o]

and

1+ eVMT
2/M(eVMT 1)

X |:/0T|:N/Osk(s,r)dr+L/.OTh(s,r)dri| d5+2m:L;<(Tk—(7k):|

k=1

/A

l m
tg kZI:Lk(fSk —&x)

= Lrel 11324 1132 1/2 1
_M[/O |:§/Osrdr+1/;srdr]ds+§<g_g)j|
()G)G-3)

~ 0.4246196990 < 1,
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0 02

Figure 1 Time history of aq.

=
1l

VMT
\/—(1 Al > Li(8k — &)

eVMT _1) 4

17 1 ¢ 1t
—|:/ |:—/szr4dr+—/ sgrza’r:|
21Jo L3 Jo 4 Jo
llved) (1\/1 1
+==— =l z-=

20z -1)\2/\3 5

~ 0.1159664694 < 1.

Therefore, (4.1) satisfies all the conditions of Theorem 3.1. So, PBVP (4.1) has minimal and

maximal solutions in the segment [w, Bo]-

ds + —
3

i

2

5

1
5

)

1 T s T m )
5[/0 [N/O k(s,r)dr+L/0 h(s,r)dr:|ds+k21:Lk(tk—ak)i|

Substituting &g, By into monotone iterative scheme, we obtain

o (£) - %al(t) -1 Ottzs‘*al(s) ds — ifol 3521 (s) ds

1

2
A0!1( )=

Aal(%)
a1(0)

= O51(T)7

£, J=[01},t#3,
otl(s)ds, k=1,

3
3 1 % ay(s) ds,

1 k=1,

1(0) = 4(7),

4.2)
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2124

2114

2.10

2109

Figure 2 Time history of ;.

and

0= 10~ L [y 25 Bis)ds— L [ £5°r(s) ds
= ot - ét: +3t°-3, J=[0,1L,t#13,
ABi(3) =3 f Bi(s)ds, k=1, (4.3)
MG =L pods, k=1,
FIO) =T, Bi(0)= B{(T).

After using the variational iteration method [45] for (4.2), (4.3), the approximate solutions

for oy and B; can be illustrated as Figure 1 and Figure 2, respectively.
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