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Abstract
We will consider the nonhomogeneous ¢-Laplacian differential equation

(@W'®) =-hf (@), te(@T),
u@) =) 1aU(n,) oW (M) =8,

where ¢ : R — (-b,b) (0 < b < 4+00) is an increasing homeomorphism such that
¢0)=0,h:[0,7]— R* and f : R* — R* are continuous, B > 0and 1, € (0, T) and
a;eR,i=1,2,...,k Based on the Krasnosel'skii fixed point theorem, the existence of
a positive solution is obtained, even if some of the «; coefficients are negative. Two
examples are also given to illustrate our main results.
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1 Introduction
We are concerned with the ¢-Laplacian differential equation with the nonhomogeneous

Dirichlet-Neumann boundary conditions

(@@ @) = -h(O)f (u(®)), te(0,T),
u(0) = () := i auu(n), o/ (1)) =B,

1.1)

where ¢ : R — (-b,b) (0 < b < +00) is an increasing homeomorphism such that ¢(0) =
h:[0,T] - R* and f : R* — R* are continuous (R* = [0,+00)), 8 >0, o; € Rand 7; €
(0,7),foriel:={1,2,...,k}.

Boundary value problems, including the ¢-Laplacian operator, have received a lot of
attention with respect to the existence and multiplicity of solutions. Since 2004, with a
number of papers, Bereanu and Mawhin have considered such problems with Dirichlet,
Neumann or periodic boundary conditions (see [1-4] and the references therein). In these
papers, the various boundary value problems are reduced to the search for fixed points of
some nonlinear operators defined on Banach spaces. In particular, they have studied some
boundary value problems with nonhomogeneous boundary conditions and obtained the
existence of solutions by the use of Schauder’s fixed point theorem (see [3, 4]). Recently,
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Torres [5] has proved the existence of a solution of a forced Liénard differential equation
with ¢-Laplacian by means of Schauder’s fixed point theorem.

However, many nonlinear differential equations need to seek the existence of positive
solutions because the positive solutions are very meaningful. The existence of positive
solutions for homogeneous and nonhomogeneous boundary value problems have been
studied by several authors and many interesting results have been obtained (only to men-
tion some of them, see [6—9], their references and the papers citing them). The problems
with negative coefficients for the boundary conditions (see [10-12]) often occur in some
heat flow problems, the deflection of a beam, and Floquet theory of the beam equation
and have been considered by some experts (see [7, 8, 10-12]). If the coefficient takes a
negative value, then it is sometimes difficult to find an appropriate cone to guarantee the
existence of a positive solution of the corresponding differential equation. Comparing with
the previous result [2—4], the cone may be smaller.

The purpose of this paper is to establish the criteria of the existence of a positive solution
to the problem (1.1) by utilizing the Krasnosel'skii fixed point theorem, even if some of the
«a; coefficients are negative. The method of proof is inspired by the ideas exposed in [3-5,
7, 8]. As we will see, our results are new, and the interesting points of those results are
the following two aspects: (i) Some of the «; coefficients appearing in (1.1) are allowed to
take a negative value. (ii) The existence of a positive solution for the class of ¢-Laplacian
differential equations with a nonhomogeneous boundary condition is proved. Notice that
the existence of a positive solution for the class of ¢-Laplacian equations has been less
studied in the related literature.

This paper is organized as follows. In Section 2, we give some lemmas, which play an
important role in the proof of the main theorem. In Section 3, we obtain the existence of a
positive solution to the problem (1.1). Moreover, two examples are also given to illustrate

the main results.

2 Preliminaries and lemmas
Let X denote the Banach space C([0, T],R) of continuous functions endowed with the

maximum norm ||| = maxe[o,] |4(¢)|. Define a nonlinear operator S: X — X by

k t T
(0= 3 autn / ¢1(/3+ / h(r)f(u(r))dt) s
t T
= - h dr | ds. )
a)(u)+/0 ¢ (/3+/s (r)f(u(r)) ‘L') s (2.1)

Deriving on both sides of (2.1) leads to

T
(Su)(t) = ¢~ (ﬁ + / h(s)f (u(s)) a’s), (2.2)

T
o ((Su) (1) =B +/ h(s)f (u(s)) ds. (2.3)
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Again, deriving in (2.3) implies
(¢ ((Su) ()" = =h(0)f (u(?).

Moreover, from (2.1) and (2.3), we get that (Su)(0) = w(x) and ¢((Su)' (T)) = 8. Therefore,
the existence of a solution for Eq. (1.1) is equivalent to seeking a fixed point of the nonlinear
operator S.

For the sake of convenience, we give the following conditions.

(A) Denote A:={iel:a;<0}and V:={iel:q; >0}, and o; satisfies the conditions

k
E o, >0
i=1

and

Zai<1.

ievV

(F) The function f : R* — R* is continuous and satisfies M; < f(u) < M,, for any
u > 0, where 0 < M; < M, are two constants.

(B) B+M, foT h(t)dt < b (for 0 < b < +00).

(H) There exists a d € (0, T) such that 4(d) > 0, and let the inequality

Zaifo""¢-1[,3+M2/STh(r)dr} ds+zai/0m¢-l[ﬁ+M1fSTh(r)dr} ds>0

ieA ieVv

be true.
For the unbounded ¢-Laplacian (b = +00), we obtain the following results.

Lemma 1 Assume that the conditions (F) and (H) hold, u(t) > 0, w(u) > 0,and 0 <a < T.
Then there exists a constant y € (0,1) such that

min (Su)(t) > y||Sul|.
€la,T]

t

Proof From the representation (2.2) and the conditions (F)-(H), we have

T
(Su) (1) = 9™ (ﬂ o [ by (uto) dr> -0,

Again since 8 > 0, we get that ||Su| = (Su)(T). Therefore, applying the condition (F) leads
to

[|Sull = (Su)(T)

T T
“ot+ [ (ﬁ o[ ) dr) s
0 s

T T
<ow(u) +/ ¢ <ﬂ +M2/ h(f)dr) ds,
0 s
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and

min (Su)(t) = (Su)(a)
tela,T)

a T
~o)+ [ ¢>1(/8+ / h(t)f(u(r))dr)ds
a T
> o)+ | ¢‘1(ﬁ+M1 / h(r)dr) s
0 s

=y | Sull,
where
 Jy 7B+ My [ hx)dr)ds
Jo 7B+ My [ h(rydr)ds
This completes the proof. 0

Next, let us define a cone by

P = iueX:uzO,w(u) >0, min u(f) > y||u||}.
tela,T)

The definition of the cone is inspired by the results in [7, 8]. To show our main results, the

following lemma is essential.

Lemma 2 Let the conditions (A), (F), and (H) hold and the nonlinear operator S be defined
by (2.1). Then S: P — P.

Proof From the definition of the operator S, we find for any u € P that

t T
(500 =)+ [ ¢-1(5+ / h(r)Jv(u(f))df) ds > 0.

The conditions (F) and (H) yield

k
o(Su) = Z {(Su) ()
k
h dt )d
21205 {w(u)+/0 (,3+/ (t)f(u(r)) 1') s}

i=

= w(u) - (Z a,) Y o / (5 + / Th(r)f(u(r)) dt) ds

ieA

Y o / (ﬂ + f h(T)f (u(2)) dl’) ds

eV

>Z°‘t/ (ﬂ+M2/sTh(r)dt>ds
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+Zai/()ni¢_1(ﬁ +M1/3Th(t)dt> ds

iev
> 0.
Further, Lemma 1 shows

min (Su)(£) > y || Sull.
tela,T)

Consequently, we get that S: P — P. O

Remark 1 If the coefficients {«; : i € I} are nonnegative, then the conclusion in Lemma 2
also holds without the hypothesis (H).

Lemma 3 If0 < b < +00 and, in addition, the assumptions of Lemma 2 and the condition
(B) are satisfied, then the conclusions of Lemma 1 and Lemma 2 hold.

Lemma 4 (See [13]) Let X be a Banach space and P C X be a cone. Suppose that Q, and
Q, are bounded open sets contained in X such that 0 € Q; and Q1 C Q. Suppose further
that S : P N (Q,\Q1) — P is a completely continuous operator. If either

(i) ISull < ull for u € PN Qs and ||Sull > |\u|| for u € P NI, or

(ii) ||Sull = llu|l for u e PN and ||Sull < ||ul| for u e P N a2y,
then S has at least one fixed point in P N (Qx\Q1).

3 The main result
Theorem 1 Assume that the conditions (A), (F), and (H) hold and b = +oco. Then Eq. (1.1)
has at least one positive solution.

Proof Lemma 2 shows that S: P — P. In addition, a standard argument involving the
Arzela-Ascoli theorem implies that S is a completely continuous operator.
Now, we choose a positive constant r; such that

a T
n < f ¢! (ﬁ +M1/ h(T)d‘L') ds
0 s

and define ©; := {u € X : ||u|| < r1}. For any u € P N €2, we get from the condition (F) that

T T
sl = s(7) = o)+ [ ¢1(ﬁ+ / h(f)f(u(f))df) ds

T T
> /0 ¢1<ﬂ+ / h(r)f(u(r))dr)ds

Zfoaq)l(ﬂ +M1/3Th(r)dr) ds

>ry = |ul.
Thus, for any u € P N 921, we find that

Sull = flall. (3.1)
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From the hypothesis (A), we canlet ), .y o; =1—¢, € € (0,1). Next, we choose a positive
constant r, such that

T T
rZ:max{é/‘o ¢1(ﬂ+M2‘/s h(r)dr)ds,%}

and define Q; := {u € X : ||u|| < rp}. Clearly, for any u € P N 92;, we obtain
T T
15l = (5)(T) = o)+ [ 9" (ﬂ o [ He(uto) dr) s
0 s

<D aillul +/OT¢‘1</3 +M2fTh(r)dt) ds

ievV

<> aillull +ery

ievV

= rz[Zai + 8] =ry = |ul.

iev
Then, for any u € P N 92, it implies that

I Sull < llull. (32)

Based on Lemma 4, we get from (3.1) and (3.2) that the operator S has at least one fixed
point. Thus, it follows that Eq. (1.1) has at least one positive solution. d

Remark 2 If the coefficients {«; : i € I} are nonnegative, then the condition (A) is replaced
with

(A) Eiei € (0,0),
Applying the results in Remark 1 and Theorem 1, we get the following result.

Corollary 1 Assume that the conditions (A') and (F) hold and b = +oo. Then Eq. (1.1) has
at least one positive solution.

If ¢ : R — (=b,b) (0 < b < +00), then we have the following result.

Theorem 2 Assume that the conditions (A), (F), (B), and (H) hold. Then Eq. (1.1) has at

least one positive solution.
Proof Using Lemma 3 and the proof of Theorem 1, we get that the conclusion holds. O

Example 1 Consider the differential equation
(| @[ ©) = =t(e "0 1 cosu?(£) +5), e (0,4), (3.3)

subjected to the boundary conditions

1 1 1 N L
u(0) = gu(1) - Zu(z) + 514(3), P(u'(4) =1 (3.4)
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Clearly, we find
¢ = ¢4 is one p-Laplacian operator, p = 4,
h(t) =t, f(u) = e 5 4 cosu® +5,

o) = Sult) ~ @) + Su(3),

3

1 1 1 3 5

=—, 0y =——, o3 = —, o;=— and +a3=—.

(251 3 2 4 3 B ; i3 251 3 3
Computing yields

1
4+-<f(u)<6+e
e
1 2 4 1 1 1 4
——f ¢_1|:1+(6+e)/ rdr:|ds+—/ ¢‘1|:1+<4+—)/ rdr:|ds
4 0 s 8 0 e s
13 1\ 4
+—/ ¢_1[1+(4+—)/ rdrj|dsz86.65>0.
2 0 e s

Therefore, we conclude from Theorem 1 that Eq. (3.3)-(3.4) has at least one positive solu-

tion.

Example 2 Consider the differential equation

(%) =—t*(sinu(t) +2), te(0,1), (3.5)

subjected to the boundary conditions

1 1 1 1
u(0) = —EM(O.Z) + Zu(o.g) + 5u(0.7), P(u' (1) = T (3.6)
Obviously, we obtain
u
P (u) = ,
V1 +u?
h(t) = t4, f(u) =sinu(t) +2,
1 1 1
w(u) = —Eu(0.2) + Zu(O.?)) + Eu(0.7),
3
1 1 1 29 3
alz—ﬁ, OIQZZ, 05325, ;%:E and a2+a3:1.

It is easy to verify that the conditions (B), (F), and (H) hold. Consequently, we get from
Theorem 2 that the equation (3.5)-(3.6) has at least one positive solution.
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