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Abstract

We tackle the existence and uniqueness of the solution for a kind of
integro-differential equations involving the generalized p-Laplacian operator with
mixed boundary conditions. This is achieved by using some results on the ranges for
maximal monotone operators and pseudo-monotone operators. The method used in
this paper extends and complements some previous work.
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1 Introduction

Nonlinear boundary value problems (BVPs) involving the p-Laplacian operator — A, arise
from a variety of physical phenomena such as non-Newtonian fluids, reaction-diffusion
problems, petroleum extraction, flow through porous media, etc. Thus, the study of such
problems and their generalizations have attracted numerous attention in recent years.

Some of the BVPs studied in the literature include the following:

-Apu+gx,ulx) =f(x), ae ing, w1
—g—’; =0, a.e.onl ‘

whose existence results in L?(£2) (for various ranges of p) can be found in [1-4]; a related
BVP

—Apu+gx,ulx)) =f(x), aeing,

(1.2)
—(0,|VulP?Vu) € B(u(x)),

a.e.onI’

was tackled in [5—7] and later generalized to one that contains a perturbation term |u[P—2u
(8,9]

—Apu + |ulPu + gx, u(x)) =f(x), ae.ing,

(1.3)
—(0,|VulP~Vu) € B(u(x)),

a.e.onl.

© 2012 Wei et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.boundaryvalueproblems.com/content/2012/1/131
mailto:agarwal@tamuk.edu
http://creativecommons.org/licenses/by/2.0

Wei et al. Boundary Value Problems 2012, 2012:131 Page 2 of 15
http://www.boundaryvalueproblems.com/content/2012/1/131

Motivated by Tolksdorf’s work [10] where the following Dirichlet BVP has been dis-
cussed:

—div[(Cx) + |Vu?) 7 Vil = f(x), ae inK(1,S),

(1.4)
u=g, ae.inX(1,5S),

several generalizations have been investigated. These include [11-14]
—div[(C(x) + |VM|2)£2__2 Vul + |ulP2u + glx, u(x)) = f(x), a.e.in R, (L5)
—(9,(C(x) + |Vu|) T Vu) =0, ae.onT, '
—div[(C(x) + |Vu|2)[%2 Vul + |ulP2u + g(x, u(x)) = f(x), ae.in <, L6)
—(,(C(x) + |Vu|2)1%2 Vu) € B,(u(x)), ae.onTl '

and
—div[(C(x) + |Vu|2)p%2 Vul + elul2u + g(x, u(x)) =f(x), ae.inQ, w7)

-8, (C(x) + |VM|2)1%2 Vu) € B(u(x)), ae.onT,

where 0 < C(x) € L#(2), ¢ is a nonnegative constant and ¥ denotes the exterior normal
derivative of T.

Inspired by all this research, recently we have studied the following nonlinear parabolic
equation with mixed boundary conditions [15]:

g—’: —div[(C(x, t) + |Vu|2)ll%2 Vul + elulP2u=f(x,t), (xt)eQx(0,T),
—(9,(Clo,0) + |Vul>) 2 Vi) € B) — h(x, 1), (x,8) €T x (0,T), (1.8)

ulx,0) =ulx,T), ae.xecq.

We tackle the existence of solutions for (1.8) via the study of existence of solutions for two
BVPs: (i) the elliptic equation with Dirichlet boundary conditions

—div[(C(x) + IVMIZ)I%2 Vul + elu|"2u = f(x), a.e.inQ,

(1.9)
yu=w, ae.onl
and (ii) the elliptic equation with Neumann boundary conditions
—div[(C(x) + |Vu|2)[%2 Vul + elul"%u =f(x), ae. inQ, (110)

-9, (C(x) + |Vu|2)1%2 Vu) € B(u) — h(x), ae.inT.

By setting up the relations between the auxiliary equations (1.9) and (1.10) and by em-
ploying some results on ranges for maximal monotone operators, we showed that (1.8)
has a unique solution in L#(0, T; W*(2)), where 2 < p < +00,1 < g < +00 if p > N, and
1<g< 213[%; ifp<N.

In this paper, we shall employ the technique used in (1.8), viz. using the results on ranges
for nonlinear operators, to study the existence and uniqueness of the solution to a nonlin-
ear integro-differential equation with the generalized p-Laplacian operator. We note that
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most of the existing methods in the literature used to investigate such problems are based
on the finite element method, hence our technique is new in tackling integro-differential
equations. We shall consider the following nonlinear integro-differential problem with

mixed boundary conditions:

3 _ div[(C(x,t) + |Vu|2)l%2 Vul + elul®u+al [qudx
=f(xt), (x1)eQx(0,T),

—(0,(Clo0) + [Vul?) 2 Vi) € Be(w), (0 ) el x (0, T),

ulx,0)=uxT), xe.

(1.11)

Our discussion is based on some results on the ranges for maximal monotone operators
and pseudo-monotone operators in [16—18]. Some new methods of constructing appro-
priate mappings to achieve our goal are employed. Moreover, we weaken the restrictions
on p and g. The paper is outlined as follows. In Section 2 we shall state the definitions
and results needed, and in Section 3 we shall establish the existence and uniqueness of the
solution to (1.11).

2 Preliminaries

Let X be a real Banach space with a strictly convex dual space X". We use (-, ) to denote the
generalized duality pairing between X and X'. For a subset C of X, we use Int C to denote
the interior of C. We also use ‘—’ and ‘w-lim’ to denote strong and weak convergences,
respectively.

Let X and Y be Banach spaces. We use X < Y to denote that X is embedded continu-
ouslyin Y.

The function & is called a proper convex function on X [17] if ® is defined from X to
(—00, +00], @ is not identically +o0o such that ®((1-1)x+Ay) < (1-1)P(x) + AP (y), when-
everx,ye Xand0 <A <1.

The function ® : X — (—00,+00] is said to be lower-semicontinuous on X [17] if
liminf,_,, ®(y) > ®(x) for any x € X.

Given a proper convex function ® on X and a point x € X, we denote by d®(x) the set
ofallx” € X" such that ®(x) < ®(y) + (x—y,x") for every y € X. Such elements x" are called
subgradients of ® at x, and 0¥ (x) is called the subdifferential of ¥ at x [17].

A mapping T : D(T) = X — X is said to be demi-continuous on X if w-lim,_, o Tx, = Tx
for any sequence {x,} strongly convergent to x in X. A mapping 7: D(T) = X — X is said
to be hemi-continuous on X if w-lim;_, ¢ T'(x + ty) = Tx for any x,y € X [17].

With each multi-valued mapping A : X — 2%, we associate the subset A° as follows [17]:

A% ={y e Ax: |yl = Axl},

where |Ax| := inf{||z|| : z € Ax}. If X" is strictly convex, then D(A) = D(A®) and A° is single-
valued, which in this case is called the minimal section of A.

A multi-valued mapping B: X — 2% is said to be monotone [18] if its graph G(B) is a
monotone subset of X x X" in the sense that (u; — uy, w1 — wy) > 0 for any [u;, w;] € G(B),
i =1,2. The monotone operator B is said to be maximal monotone if G(B) is not properly
contained in any other monotone subsets of X x X".
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Definition 2.1 [18] Let C be a closed convex subset of X, andlet A: C — 2% be a multi-
valued mapping. Then A is said to be a pseudo-monotone operator provided that
(i) for each x € C, the image Ax is a nonempty closed and convex subset of X';
(i) if {x,} is a sequence in C converging weakly to x € C and if f, € Ax,, is such that
limsup,_, . (x, —%,f,) < 0, then to each element y € C, there corresponds an
f(y) € Ax with the property that

(x=9f®) < liminf(x, -, ,);

(iii) for each finite-dimensional subspace F of X, the operator A is continuous from
CNF to X in the weak topology.

Lemma 2.1 [19] Let Q be a bounded conical domain in RN . If mp > N, then WP (Q) —
Cp(2); if 0<mp <N and q = le—fnp, then WP (Q) — L1(Q); if mp = N and p > 1, then for
1 <g<+o00, W™P(Q) — L1(Q).

Lemma2.2 [18] IfB: X — 2X isan everywhere defined, monotone, and hemi-continuous
operator, then B is maximal monotone. If B: X — 2% is a maximal monotone operator
such that D(B) = X, then B is pseudo-monotone.

Lemma 2.3 [18] If X is a Banach space and ® : X — (—o0, +00] is a proper convex and

lower-semicontinuous function, then d® is maximal monotone from X to X .

Lemma 2.4 [18] If By and B, are two maximal monotone operators in X such that
int D(By) N D(By) # @, then By + B, is maximal monotone.

Lemma 2.5 [20] Let X and its dual X be strictly convex Banach spaces. Suppose S : D(S) C
X — X' is a closed linear operator and S is the conjugate operator of S. If (u,Su) > 0
Yu € D(S) and (v,S'v) > 0 Vv € D(S), then S is a maximal monotone operator possessing a
dense domain.

Lemma 2.6 [18] Any hemi-continuous mapping T : X — X is demi-continuous on
IntD(T).

Theorem 2.1 [16] Let X be a real reflexive Banach space with X~ being its dual space. Let
C be a nonempty closed convex subset of X. Assume that
(i) the mapping A:C — 2X" is a maximal monotone operator;
(i) the mapping B: C — X' is pseudo-monotone, bounded, and demi-continuous;
(iii) if the subset C is unbounded, then the operator B is A-coercive with respect to the
fixed element b € X, i.e., there exists an element uy € C N D(A) and a number r > 0
such that (u — ug, Bu) > (u — uo, b) for all u € C with ||ul| > r.
Then the equation b € Au + Bu has a solution.

3 Existence and uniqueness of the solution to (1.11)
We begin by stating some notations and assumptions used in this paper. Throughout, we
shall assume that

1 1 1 1
l<g<p<+o0, —+—/:1 and —+—/:1.
p p q 4q
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Let V = 17(0, T; W(R2)) and V" be the dual space of V. The duality pairing between
V and V" will be denoted by ((-,-))y. The norm in V will be denoted by || - ||y, which is
defined by

||u||v—(/ @ o dt), Vil 1) € V.

Let W = L4(0, T; W' (R2)) and W~ be the dual space of W. The norm in W will be de-
noted by || - ||w, which is defined by

: :
Ivllw = (/; [v(®) ||(‘IVL,,(Q) dt) , Yl t) e W.

In the integro-differential equation (1.11), €2 is a bounded conical domain of a Euclidean
space RN where N > 1, T is the boundary of  with I" € C* [5], # denotes the exterior nor-
mal derivative to I". Here, | - | and (-, -) denote the Euclidean norm and the inner-product
in RV, respectively. Also, 0 < C(x, t) € L7(0, T; W*?(Q)), f(x,t) € V" is a given function, T
and «a are positive constants, and ¢ is a nonnegative constant. Moreover, §; is the subdif-
ferential of ¢,, where ¢, = ¢(x,-) : R > Rforx € I',and ¢ : ' x R — R is a given function.

To tackle (1.11), we need the following assumptions which can be found in [5, 14].

Assumption 1 Green's formula is available.

Assumption 2 For each x € T, ¢, = ¢(x,-) : R — R is a proper, convex, and lower-
semicontinuous function and ¢,(0) = 0

Assumption 3 0 € ,(0) and for each t € R, the function x € T — (I + AB,)1(t) e R is
measurable for A > 0.

We shall present a series of lemmas before we prove the main result.

Lemma 3.1 Define the function & :V — R by

T
:f /<px(u|r(x,t))d1’(x)dt, VueVv.
0 r

Then @ is a proper, convex, and lower-semicontinuous mapping on V. Therefore, 90 : V —
V', the subdifferential of ®, is maximal monotone.

Proof The proof of this lemma is analogous to that of Lemma 3.1 in [1]. We give the outline
of the proof as follows.

Note that for each s € R, the function x € I' — B2(s) € R is measurable, where B2(s)
denotes the minimal section of B,. Since for all 51,5, € R we have

{xeF:gox(sl)>sZ} U:xel" 251 <lsl>>S2},

it implies that for u € V, the function ¢,(u|r(x,£)) is measurable on I". Then from the
property of ¢,, we know that ® is proper and convex on V.
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To see that @ is lower-semicontinuous on V, let u,, — u in V. We may assume that there
exists a subsequence of u,, for simplicity, we still denote it by u,, such that u,|r(x,£) —
ulr(x,t) forx € I' and t € (0, T') a.e. This yields

@x(1lr (v, £)) < liminf g (1| (v, )

for all x € T" and each ¢t € (0, T) a.e. since ¢, is lower-semicontinuous for each x € T". It
then follows from Fatou’s lemma that for each ¢ € (0, T),

/ @ (ulr (%, £)) dT(x) < / liminf gy (1, |- (x, ) dT (x)
r r n— 00
< liminf/ @x (tnlr (%, 1)) dT (x).
n— 00 r
So, ®(u) < liminf,_, o, ®(u,) whenever u,, — u in V. This completes the proof. O

Lemma 3.2 Define S:D(S)={ue V: % e V', u(x,0) = ulx,T)} > V by

u d
Su=—+a— | udx.
ot at Jo

Then S is a linear maximal monotone operator possessing a dense domain in V.

Proof It is obvious that S is closed and linear.
For u(x,t), w(x, t) € D(S), integrating by parts gives

S ow d J
{(w, u))v+<<u,§+a& Qw x>>v

T ou T d
:/ /—w(x,t)dxdt+a/ / —/ udx \w(x, t)dxdt
o Jo Ot o Ja\ot Jg
T T
+/ /u(x,t)a—wdxdt+u/ /(3/ wdx)u(x,t)dxdt
0o Jo at o Ja\dtJg

:/ u(x, T)w(x, T)dx—/ u(x, 0)w(x, 0) dx
Q Q
+a/gu(x, T)dx/gw(x, T)dx—aLu(x,O)dx/gw(x,O)dx=0.

Then S'w=-2% - a% Jowdx, where D(S") ={we V: ‘Z—Vt" e V', w(x,0) =wlx, T)}.

For u(x, t) € D(S), we find

T r du 2 2 T [ ou
/ /—u(x,t)dxdt:f|u(x,T)| dx—/|u(x,0)| dx—/ /—u(x,t)dxdt
0o Jo 0 Q Q 0o Jo ot

T
= —/ / a—Mu(ac,t)dxdt,
o Jo Ot

which implies that

T
/ / 8—Mu(x, t)dxdt = 0.
0o Jo 0t

Page 6 of 15
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Similarly, for u(x, ) € D(S),

a/OTAM(x,t)(%‘/S;udx)dxdt
:a</9u(x,T)dx>2—a(/ﬂu(x,O)dx)z—a/j/ﬂu(x,t)(%/ﬂudx)dxdt,

which implies that

a/OT/Qu(x,t)(%/s;udx)dxdt:O.

Thus,

T du r 9
((u,Su))v:/ /—u(x,t)dxdt+a/ /u(x,t)(—/ udx) dxdt =0.
o Jo ot 0o Ja ot Jo

In the same manner, we have {(w, S w))y = 0 for w € D(S"). Therefore, noting Lemma 2.5
the result follows. O

In view of Lemmas 2.3 and 2.4, we have the following result.
Lemma3.3 S+9®:V — V' is maximal monotone.
Lemma 3.4 [14] Define the mapping By, : WP (Q) — (W'P(Q))" as follows:

P2
2

(v, By 1) = / ((Cxt) + |VH*) T Vi, Vi)dx + & / %72 wvdx, Vu,ve W (Q).
Q Q

Then B, is maximal monotone.

Lemma 3.5 [14] Let X, denote the closed subspace of all constant functions in W (Q).
Let X be the quotient space %O(Q), Foru € WYP(Q), define the mapping P: W(Q) — X,
by

_ 1 _
Pu = 7/ udx.
meas(2) Jq

Then, there is a constant C > 0 such that for every u € W (Q),
% — Putllp(@) < ClIVHull gp @y -

Here meas(2) denotes the measure of 2.

Definition 3.1 Define A: V — V" as follows:
T T
{(v,Au))y = f (v, By qu) dt — / /f(x, Ovx, t)dxdt, Nu,veV.
0 o Ja

Lemma 3.6 The mapping A:V — V' is everywhere defined, bounded, monotone, and
hemi-continuous. Therefore, Lemma 2.2 implies that it is also pseudo-monotone.
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Proof From Lemma 2.1, we know that W?(Q) < Cs(Q2) when p > N, and W?(Q) —
L1(Q) when p = N.If p < N, then W?(Q) — LNLZ’ (Q) — LP(Q) — L1(Q)sincel<g<p<
+00. Thus, for all w € WY(Q), |Wllza@) < kWl wir) where k > 0 is a constant. There-
fore, for u,v € V, we have

T T
./o ||u||21q(9) dt < const - /(; IIMII?Vl,p(Q) dt = const - ||u||"1,(,

and

T T
./o IVI|74(q 9t < const - /0 ||V||£‘IX/LP(Q) dt = const - ||v||%,.

Moreover, since 1 < g < p < +00, then L#(0, T; W*?(Q)) < L1(0, T; W (R)), which im-
plies that |lullw < llully and |[vlw < [[vIlv foru,ve V.
If p > 2, then for u,v € V, we have

| (v, Au))v |

T p2
5/ /|C(x,t)+ |Vul?| > |Vul - |Vv|dxdt
0 Q

T T
+e/ /|u|q‘1|v|dxdt+/ /[f|~|v|dxdt
0 Q 0 Q
p-2
2

T
5/ /|2max(C(x,t),|Vu|2)|*|w|-|Vv|dxdt
0 Q

%
+const - e[|vilwllully + Ifllv-lIviv

T r
r=2 r=2 r=2 v
<272 / /C(x,t) T |Vul - |Vvldxdt + 277 |ully IvIiv
0 JQ

q
a
+const - [[Vlwllully + Ifllv- vy

=

LT L PR, 4
<27 (/ / Cla, )7 |Vl dxdt>P leelly +2°7 [l Iy
0 Q

q
!
+const - e||vilw llully + Iflly-Ivilv
p=2 p-2 p2 1% ;
<277 |Cl )| Nullvivily +277 [ull} Ivllv + const - el[vivluly +If v IvIv,

which implies that A is everywhere defined and bounded.
If1<p<2,then for u,v e V, we have

| (v, Au))v |

T p2
5/ /|C(x,t)+ |Vul?| > |Vul - |Vv|dxdt
0 Q

T T
+s/ /|u|q‘1|v|dxdt+/ /[f|~|v|dxdt
0 Q 0 Q

T q

\Vul - |V 1

- —dxd + const- eVl Il + If - IVl
0 Ja |Cw o)+ 1Vup
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T q
|Vul - [V 7
< ——————dxdt + const - e||v| w|lull + “Iviiv
_/0 B Wl el g + 171

ya g
7

W
< lully IVIlv + const - [lvilv llully, + Ifllv-IVIlv,

which also implies that A is everywhere defined and bounded.

Since B,,; is monotone, we can easily see that for u,v e V,
T
(u—v,Au—Av))y = / (u—v,Byqu—B,,v)dt >0,
0

which implies that A is monotone.

To show that A is hemi-continuous, it suffices to show that for any u,v,w € V and k €
[0,1], {w,A(u + kv) — Au))y — 0, as k — 0. Noting the fact that B, is hemi-continuous
and using the Lebesgue’s dominated convergence theorem, we have

T
0< ,}in})K(W’A(” + kv) —Au))v| < / l{in})| (W,Bp,q(u + kv) —Bp,qu) | dt =0.
— 0 —

Hence, A is hemi-continuous.
This completes the proof. O

Lemma 3.7 The mapping A:V — V_ satisfies that for u € D(S),

(s — o, Au))y

— +00, (3.1)
llully

as ||u||y — +o0in V.
Proof First, we shall show that for u € V,
lully — +o0

is equivalent to

1
”u a meas(£2) /Q udx

In fact, from Lemma 3.5, we know that for u € V,

1
u—-——— | udx
H meas(£2) /Q
where C is a positive constant. Thus,
1 p
Hu— _— / udx
meaS(Q) Q wlr(Q)

1
=u—- —— d
Hu meas($2) /Qu *

»

— +0Q.
\4

< ClIVull @y,
2(Q)

p
+

1
V(“‘m/ﬁ‘”‘)

p
LP(Q) PN
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which implies that

1
- d
Hu meas(£2) /Qu *

T ;
P
§ < |:(C1”+1)/0 IVl dt}

< (€ +1)” lully. (3:2)

On the other hand, we have

1
u—if udx
meas(2) Jq

’

> ] H [
= [ Ullwir(Q) — uax
Wir(Q) @7 | meas(Q) Q

wbp(Q)

which implies that

il < H - / d ¢

Ullwipoy < |u— —— [ udx + const.

wbp(Q) meas(Q) o Wir@)
Hence,
1
lully < |u— ——— | udx| +const. (3.3)
meas(R2) Jq v

In view of (3.2) and (3.3), we have shown that for u € V, ||u||y — +o0 is equivalent to
Il — —meals(Q) Jqudx|ly — +oo.

Next, we shall show that A satisfies (3.1). In fact, we have

(1 — uo, Au)) v

llaelly

fo Jo(C, ) + |Vul) T Vi, V) dx dt

lleellv
o Jo luttdxdr [ Jof @0~ uo) dxdt
lluellv lluell v
fo Jol(Cl ) + IVu) T Vu,Vuo)dxdt I Jo g dxc dt 34)
llully lee]l v '

If1<p<2,then

ST [o4(C ) + [ Vul?) 2 Vi, Vi) dac it  Ja Jolultdxdt

llall v llaellv

1 r nZ
= [/ f(C(x,t)+|Vu| )dedt
lullv Lo Je
T T
_/ / C(x, ¢) — dxdt+8/ f|u|qudt]
0 Jo (Clx,t) +|Vul?) = o Ja
z |:/ /|Vu|pdxdt+8/ /|u|qudt]
llullv

C(x,t)
— dxdt
|”“v/ /sz(C(x,t>+|Vu|2)z" g

Page 10 of 15
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>

> |:/ /|Vu|1’dxdt+8/ /|u|qudt]
llullv
i g e
||u||v Q C(x, t)
1 T 1 r v
> f f|Vu|”dxdt— / /C(x,t)2 dxdt. (3.5)
lully Jo Ja lullv Jo Ja

From (3.2) and (3.3), we know that

T 1 1 p
/ / |Vulf dxdt > u-— / udx
0o Ja cr+1 meas(2) Jqo

>
v CP+1

||u||f/ + const.

Also,

T
/ / Clx,t)% dxdt < [Cex )], < +oo.
0o Ja
It follows from (3.5) that

ST o l(Clxt) + VU)o Vu,Vu)dxdt+€f0TfQ|u|qudt

’

leellv lellv
as [|ully — +oo.
Moreover, we have
p-2
fo Jo((Clx, t) + [Vul? )57 Vi, Vi) dxdt
llzellv
T - T

efo Jo 1l uo dxdt + Jo Jof @, t)(u - uo) dxdt

lullv (EZ210%

fo [o(Clx,0) + |1Vu?) *|\Vul - |Vuo| dxdt
llellv

gfonQ || 1o | dx dt . T UL = uo| dxdt

llaellv llatll v

\% v
// |u||u0|2pdxdt
IIMIIV )+ |Vul2)z

//lmql%'dxdt Wyl = wolly

llaellv

||M||v
1,

ellully lluollvy Il llu = uollv
llaelly llaelly

=
llaelly

/ /|Vu|p1|Vu0|dxdt+cont

1 —/ i/
= ] [Nully, Nuollv + const - llully, o llv + IF 1y lsollv] + If Il
Vv

< const. (3.6)

Therefore, it follows from (3.4), (3.5), and (3.6) that A satisfies (3.1) when 1< p < 2.
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If p > 2, then

(v — uo, Au))y
[zl v
- fonQ((C(x, )+ |Vu|2)l%2 Vu, Vu) dxdt
- [zl v
N EfonQ |9 dx dt ~ fOTfQ If] - et — uo| dx dt
Izl v llzllv
I [(Cl ) + VUl 2 |Vl - [Vuglddt [ [ 1l uo| dxdt
— —-&

llaellv llaell v

-2
= o Jol(Clut) + IVuP)T Vi, Vuydrde [ [olult dxde |yl uollv

llullv lullv llullv
2% [T [ Cle, )" |Vul - |Vuoldxdt 2" [ [ |VuulP™!|Vuo| dxdt
B laelly ) laelly
I fo 114 o dx dit

llaelly

_ 1
o JoVupdxde 2 () [o|Vul dxd)? () [o|Vuop dxd)?

el el

! 1dxd r 9 g dp)T

Wiy lle—uolly | Jo Joluldxde  luollv(fy Jolul*dxde)s
el el Nl

—2 _
—27 | )| ol
A
_ Mlu - o Joudxlly — luollvllu— & foudxll) ]y llu - uolly
- lully lully
T LT -1
, €U Jolul"dxdD)T [(Jy Jglul"dxde) T —lluollv]

llaellv

—2" [, )| Nuollv,

where M is a positive constant. We can easily see that

3 s

1 V4 1
lu— 17 Jqudxlly = lluollvllue - 1o [qudxlly

llaellv

<

— +00,

o T
as ||ully — +oo. Moreover, if [ [, |u|?dxdt < +o0, then

1 _1
g(fOTfQ |u|? dxdt)? [(foT fg |u|qudt)1 7 —luollv] IR

0,
llallv

as ||lu||y — +oo; while iffOT Jo lul?dxdt — +o0,

1 1
g(fonQ |u|? dxdt) 7 [(foT Jo |u|qudt)1 7 —luollv] N
Izl v

0.

(3.7)
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Hence, the right side of (3.7) tends to +o0 as |u||y — +00, which implies that A satis-
fies (3.1).

This completes the proof. d
Lemma 3.8 If w(x,t) € 30 (u), then w(x, t) = w(x,t) € 38,(u) a.e.on T x (0, T).

Proof If w(x,t) € 0P (u), then from the definition of subdifferential, we have

T T
/ / o (ulr-(,0)) T () dt < / / 0 (Wl (1)) dT () dt
0 T 0 r

T
+/0 /Fw(x,t)(u—w)dl”(x)dt,

which implies that the result is true. d
We are now ready to prove the main result.

Theorem 3.1 The integro-differential equation (1.11) has a unique solution in V for
flxt)eV .

Proof First, we shall show the existence of a solution. Noting Lemmas 2.6, 3.6, 3.7 and 3.3,
and by using Theorem 2.1, we know that there exists u(x, £) € D(S) C V such that

0=S8u+Au+0d(u). (3.8)
Then we have for all w € V,
{u—w,Su))y + {(u—w,Au))y + ((u —-w, 8<I>(u)))v =0.

The definition of subdifferential implies that

ou 0
<<u —-w, —>> + <<u - W,a— / udx>> + {u—w,Au))y + ®(u) - d(w) <O0.
at ot Jo v

From the definition of S, we have
u(x,0) = u(x, T). (3.9)

Moreover,

//—(u w)dxdt+ ( udx)u w)dxdt

// C(x,t) + |Vul )TZ u, V(u—w))dxdt

+8/ /|u|q’2u(u—w)dxdt
o Ja

T
—/ /f(x, £)(u—w)dxdt + ®(u) — d(w) <0. (3.10)
0 Je
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Let w=u £, where ¢ € C5°(2 x (0, T')). Then we have

fo a—uwdxdt+/T/<a3/ ua’x)v,&dxdt
o Jo Ot o Ja\ 9t Jg

T 2
2\ 72
+/0 /Q((C(x:t)ﬂwl )7 Vi, Vi) dxdt

+£/OTL|u|q_2uwdxdt:ATLf(x,t)wdxdt.

From the properties of a generalized function, we get

-2
T

0
— +a— | udx—div[(Clx, 1) +|Vul?) 7 Vu] +elul">u
ot at Jq
=f(x,¢t), ae inQx(0,7). (3.11)

Noting (3.10) again, by using Green’s formula, we have

fon i;_btl(w—u)dxdt+/T/‘<u%fudx>(w—u)dxdt

/ /le C(x, + |Vu| )pT ](w—u)dxdt

// +|V”|)Tz Vu)w - u)|r dl' (%) dt

q-2 _ _
+e/0 /Q|u| ulw—u)dxdt + d(w) — D(u)

Z/OT/Qf(x,t)(w—u)dxdt.

Then using (3.10), we obtain
p-2
d(w) — P(u) > / / )+ IVul*) = Vu)(w - u)|r dT (x) dt.

Thus, — (9, (C(x, t) + |Vul|? ) Vu Y € 0D (u).

In view of Lemma 3.8, we have —(3, (C(x, £) + |Vul|? ) = Vu) € B(u) a.e.on T x (0, 7).
Combining it with (3.8) and (3.11), we know that (1.11) has a solution in V.

Next, we shall prove the uniqueness of the solution. Let u(x, t) and v(x, £) be two solutions
of (1.11). By (3.8), we have

((u -1, (A+0P)u—-(A+ 8CI>)V))V =—(u-v,Su-Sv))y <0
since S is monotone. But A + d® is monotone too, so {(&z — v, Su — Sv)) = 0, which implies

that u(x, £) = v(x, £).
The proof is complete. d
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