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—divia(|Vu)Vu) =f(x,u), in€;
u=0, on 082,

where © c R" is a bounded domain with a smooth boundary. The existence and
multiplicity of solutions are obtained by a version of the symmetric mountain pass
theorem.
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1 Introduction
In this note, we discuss the existence and multiplicity of solutions of the following bound-
ary value problem:

—div(a(|Vul|)Vu) =f(x,u), in Q;
u=0, on 092,

(1.1)

where Q C RN is a bounded domain with a smooth boundary 9. The function a is such
that p: R — R defined by

a(ltt, t#0;
0, t=0,

pt) =

is an increasing homeomorphism from R onto itself and the continuous function f(x, t) €
C(Q x R,R) satisfies f(x,0) = 0, x € Q. Especially, when a(t) = |£[’~2, the problem (1.1)
is the well-known p-Laplacian equation. There is a large number of papers on the exis-
tence of solutions for the p-Laplacian equation. But the problem (1.1) possesses more com-
plicated nonlinearities. For example, it is inhomogeneous and has an important physical
background, e.g.,
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(a) nonlinear elasticity: P(£) = (1+ %) -1,y > 3;

(b) plasticity: P(¢) = t*(log(1 + £))#, & > 1, B > 0;

(c) generalized Newtonian fluids: P(£) = Otsl“"(sinh’1 $)Pds,0<a<1,8>0.

So, in the discussions, some special techniques are needed, and the problem (1.1) has been
studied in an Orlicz-Sobolev space and received considerable attention in recent years;
see, for instance, the papers [1-9]. In paper [9], Fang and Tan discussed the problem (1.1)
under the conditions that f(x, £) was odd in ¢. They got the first result that when /4" < p~,
and f(x,t) > Ct?! for 0 <t < 8, q < p~, the problem (1.1) had a sequence of solutions by
genus theory. The second result is that when f (x, ¢) satisfies 0 < aF(x,£) < tf(x,t), Vx € Q,
t#0,a>p* and f(x,t) = o(p(|t])) as |t| — O, the problem (1.1) has infinitely many pairs
of solutions which correspond to the positive critical values by the symmetric mountain
pass theorem.

Motivated by their results, in this note, we discuss the problem (1.1) when f (x, t) is still
odd in ¢ but it satisfies weaker conditions than [9]; and furthermore, we need not know
the behaviors of f(x, ) near the zero. If #* > p~, we can get multiplicity of solutions by a
version of the symmetric mountain pass theorem.

The paper is organized as follows. In Section 2, we present some preliminary knowledge
on the Orlicz-Sobolev spaces and give the main result. In Section 3, we make the proof.

2 Preliminaries
Obviously, the problem (1.1) allows a nonhomogeneous function p in the differential oper-
ator defining the problem (1.1). To deal with this situation, we introduce an Orlicz-Sobolev
space setting for the problem (1.1) as follows.

Let

) - f oeds, B - / o) ds teR
0

0

then P and P are complementary N-functions (see [10]), which define the Orlicz spaces
L := [P(Q) and L := LP(R) respectively.
Throughout this paper, we assume the following condition on P:

et tp(t)
(p) 1<p ._iggﬁgp ._stljgm<+oo,

Under the condition (p), the Orlicz space L” coincides with the set (equivalence classes)
of measurable functions u : Q — R such that

/ P(Iul)dx < +00,
Q

and is equipped with the (Luxemburg) norm, i.e.,

|u|p::inf{k> 0: / P(M> dx < 1}.
Q k

We will denote by WP(R) the corresponding Orlicz-Sobolev space with the norm

el wreg) == lulp + [[Vullp
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and define W&’P (Q) as the closure of C{° in W'P(Q). In this note, we will use the following
equivalent norm on W/é’P (R):

v
] :=inf{k>0:/P<M) dx<1}.
o Uk

Now, we introduce the Orlicz-Sobolev conjugate P, of P, which is given by

t -1
_ (v)
P :=/0 2 2,

TN

where we suppose that

1.,-1 t -1
lim/ p N(j) dt < +00, lim / p N(:) dt = +00.
t N 1 N

T t—00 T

Let p; := infs 11:’ , Pt = SUDPp T P Throughout this paper, we assume that p* < p;.
Now, we will make the following assumptlons on f(x,t).

(i) There exists an odd increasing homeomorphism / from R to R, and nonnegative
constants ¢, ¢y such that

[f(x, 0| <c1+cah(lt]), VEeRVxeQ,

and limy_, ;o 2 Vo kt) =0, Vk > 0, where

H(t) := /:h(s) ds.

Let
H(t):= / t hl(s)ds,
0

then we can obtain complementary N-functions which define corresponding Orlicz
spaces L and L+,

Similar to the condition (p), we also assume the following condition on H:

g O O
(hy 1<h —1nfm <h t>OH(t) < +00

In order to prove our results, we now state some useful lemmas.

Lemma 2.1 [10] Under the condition (p), the spaces L (), W&’P (Q) and W (Q) are sep-
arable and reflexive Banach spaces.

Lemma 2.2 [10] Under the condition (f.), the embedding WS’P(Q) — L"(Q) is compact.

Lemma 2.3 [2] Let p(u fQ P(u) dx, we have
(1) if lulp <1, then lully < p(u) < |ul} ;


http://www.boundaryvalueproblems.com/content/2012/1/136

Yang and Zhang Boundary Value Problems 2012, 2012:136 Page 4 of 7
http://www.boundaryvalueproblems.com/content/2012/1/136

) if lulp > 1, then |uly < p(u) < |uly ;
(3) if0<t<1,then t* P(u) < P(tu) <t/ P(u);
(4) ift>1, then t* P(u) < P(tu) < t" P(u).

Lemma 2.4 [11-13] Let E =V + X, where E is a real Banach space and V is finite dimen-
sional. Suppose I € C'(E, R) is an even functional satisfying I(0) = 0 and

() thereis a constant p > 0 such that Il3p,nx > 0;

(I2) there is a subspace W of E with dimV < dim W < oo and there is M > 0 such that
max,cw I(u) < M;

(I3) considering M > 0 given by (1), I satisfies (PS). for 0 <c¢ <M.

Then I possesses at least dim W — dim V pairs of nontrivial critical points.

Using the version of the symmetric mountain pass theorem mentioned above, we can
state our result as follows.

Theorem 2.1 Assume that f(x,t) is odd in t, satisfies (f.) with p~ < h* < p* and the follow-
ing assumptions:

(fi) there exist n >p* and 1< o < p~, and ay, ap > 0, such that %f(x, it — F(x,t) > —a; —
ay|t|° foreveryt € R, a.e. in Q.

(f2) there is Qo C Q with || > 0 such that liminf,_, o F(x, £/t = oo uniformly a.e. in
Q.

Then for any given k € N, the problem (1.1) possesses at least k pairs of nontrivial solutions.
3 Main results and proofs

In this section, we assume that N > 1 and E = W&‘P(Q), u € E is called a weak solution of
the problem (1.1) if

/aﬂVWﬁMV¢¢wi/fWMde V¢ € E.
Q Q
Set
I(u)=/P(|Vu|)dx—/1—"(x,u)dx, YueE
Q Q

and we know that the critical points of I are just the weak solutions of the problem (1.1).
For E is a separable and reflexive Banach space, then there exist (see [9]) {e,}i°; C E and
{ex}o°, C E* such that

i 1, ifn=m; i
er(em) = Spm = and € (v)=a, forv= Zaiei eE.
0, ifn+#m. i=1

Now, we set V; ={u e Wé’P(Q) ref(u)=0,i>j}, Xj={uc Wé’P(Q) cef(u)=0,i <j},s0

Wyt (Q) =V, @ X;. (3.1)
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Lemma 3.1 Given § >0, there is j € N such that for all u € Xj, |uly < §|lul|.

Proof We prove the lemma by contradiction. Suppose that there exist § > 0 and u; € X;
for every j € N such that |u;|y > 8||u;||. Taking v; = ﬁ, we have |vj|y =1 for everyje N
and |vj|| < % Hence, {v;} C W, ($2) is a bounded sequence, and we may suppose, without
loss of generality, that v = v in Wé’P(Q). Furthermore, €}(v) = 0 for every n € N since
e (v;) = 0 for all j > n. This shows that v = 0. On the other hand, by the compactness of
embedding WS’P(Q) s L"(Q), we conclude that |v|y = 1. This proves the lemma. O

Lemma 3.2 Suppose f satisfies (f), then there exist j € N and p,o > 0 such that
IsB,nx; = a.
Proof Now suppose that ||| > 1. From (f;), we know that
I(u) = / P(|Vul)dx - / F(x,u)dx
Q Q
> lull”” = Ciluljy - Co.

Consequently, considering 6 > 0 to be chosen posteriorly by Lemma 3.1, we have for all
u € X; and j sufficiently large,

1) > lull? (1= 8" Jul” ") - C,.

1
2csh*
8 > 0 such that %,of > Cy, p >1,and I(u) > 0 for every u € Xj, ||| = p, the proof is com-

plete. d

1
Now, taking [|u|| = p(8) = ( )"~ and noting that p(§) — +00,if § — 0, we can choose

Lemma 3.3 Supposef satisfies (). Then given m € N, there exist a subspace W of W&’P(Q)
and a constant M,, > 0 such that dim W = m and max,cw (1) < M,,.
Proof Let xp € Q2 and rg > 0 be such that B(xo,70) C €2, and 0 < [B(xo, 7o) N Qo < %
First, we take v; € C§°(€2) with supp(v;) = B(x0,70)- Considering €2; = €9 \ [B(xo, 70) N
Qo] C Qo = m, we have || > ‘92—0‘ > 0. Let x; € Q1 and r; > 0 be such that
B(x1,r1) C Qo, and 0 < |B(x1,m1) N ] < % Next, we take v, € C3°(R2) with supp(vy) =
B(x1, ). After a finite number of steps, we get vi,Vy,. .., v,y such that supp(v;) Nsupp(v;) = 9,
i #j, and |supp(v;) N Q| > 0 for all i,j € {1,2,...,m}. Let W = span{vi,vy,...,V}, by con-
struction, dim W = m, and fQ [vIP" dx > 0 for everyve W\ {0}.

Since maxyew\(oy (%) = maxeo,ewnos o) ([ PEIVV) dx — [, F(x,tv)dx), if £ > 1, then
Itv) <t — [ Fx,tv)dx=t7" (1 - % Jo F(x,tv) dx). Now, it suffices to verify that

1
lim —; / F(x,tv)dx > 1.
t—o0 P Q
From the condition (f;), given L > 0, there is C > 0 such that for every s € R, a.e. x in Q,

F(x,s) > Lls?" - C.
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Consequently, for v e 9B;(0) N W and £ > 1,

‘/F(x,tv)dsztf/ [v|?" dx — CE"* H®W)dx - C,,
Q Qo Q\Qo

and

lim J2/ @M,

/ [vI?" dx — c/ H(v)dx > Lr - CR,

t—00 174 o \Q0

where r = min{fQO [vIP" dx,v € 9B1(0) N W} and R = max{fﬂ\QO H(v)dx,v € 0B(0) N W}.
Observing that W is finite dimensional and we have R < +oo, r > 0, the inequality is ob-
tained by taking L > (1 + CR); the proof is complete. O

Lemma 3.4 Suppose f satisfies (f1), then I satisfies the (PS) condition.

Proof We suppose that ||u,| > 1,

M + o) [lun|

1
> I(un) - _1/(74;'1)”71
n

:ng(Wu,,Ddx—%Lp(|Vun|)Vundx+f

Q

(%f(x, u,)u, — F(x, un)) dx

.
> <1— ’%) Nl - @11 — Cla|°.

Noting that1 <o <p~, n > p*, {u,} is bounded. By [9], Lemma 3.1, we know that [ satisfies
the (PS) condition. O

Proof of Theorem 2.1 First, we recall that W' () = V; ® Xj, where V; and X; are de-
fined in (3.1). Invoking Lemma 3.2, we find j € N, and I satisfies I; with X = X;. Now,
by Lemma 3.3, there is a subspace W of W,’(2) with dim W = k +j = k + dim V; and such
that [ satisfies (I3). Since I(0) = 0 and [ is even, we may apply Lemma 2.4 to conclude that
I possesses at least k pairs of nontrivial critical points. The proof is complete. 0
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