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Abstract

By energy estimates and by establishing a local (PS) condition, we obtain the
multiplicity of solutions to a class of Brezis-Nirenberg-type problem with singular
coefficients via minimax methods and the Krasnoselskii genus theory.
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1 Introduction and main results
This paper is concerned with multiple solutions for the semilinear Brezis-Nirenberg-type

problem with singular coefficients

: Du \ _ Iulz”’zu \u\q’zu .
—div(;7mz) =2 L FB T €S O

u=0, x €09,

where © C R” is a bounded smooth domain, and 0 € , —00 < a < ”2;2, a<b<a+l,
2 = %,d=a+l—be(0,1],1<q<2,a<(1+a)q+n(1—%).,3>O,A>Oaretworeal
parameters.

The starting point of the variational approach to the problem is the Caffarelli-Kohn-

Nirenberg inequality (see [1]): There is a constant C,; > 0 such that

2/2+
( o 7 | dx) = Ca,b/ x| | Du? dx, ()
R" R"

for all u € C§°(R"), where

-2 2
—oo<a<n , a<b<a+l, 2*:—}1 , d=a+1-b.
2 n-2d

Let DL%(Q) be the completion of C3°(R") with respect to the weighted norm || - || defined

by
1/2
||u||=< / |x|2“|Du|2dx) .
Q
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From the boundedness of 2 and the standard approximation arguments, it is easy to see
that (2) holds for any u € DY*(Q) in the sense:

2/r
(/ le_"lulrdx> SC/ x| 7*|Dul? dx 3)
Q Q

forl<r<2' =22 2% <(1+a)+ n(% - %), that is, the embedding D,?($2) < L"(2, |x|™)

n-2> r —
is continuous, where L"($2, |x|™) is the weighted L" space with the norm

1/r
Notllre = Nletll =) = (/ le_“lulrdx> .
Q

On D}?(Q), we can define the energy functional
1 A
Jw) = > / || Du|® dx - - / 20l - & / e ™| dix. @)
2 Ja 2: Jo qJa
From (4), ] is well defined in DY*(Q), and J € CY(DL*(Q), R). Furthermore, the critical

points of J are weak solutions of problem (1).
Breiz-Nirenberg-type problems have been generalized to many situations such as

[x

u=0, x €082

(5)

. ¢ Du u_ _ |w*2u u
{ —le( |x|24 ) K ‘x‘z(pﬁl) - ‘2*h +A |x|2(a+1)—c’ x € Q’

Xuan et al. [2] derived the explicit formula for the extremal functions of the best embed-
ding constant by applying the Bliss lemma [3]. They got a nontrivial solution for problem
(5) including the resonant and nonresonant cases by variational methods. He and Zou [4]
studied problem (5) and obtained the multiplicity of solutions with the aid of a pseudo-
index theory. In [5], problem (5) has been extended to the p-Laplace case by Xuan.

The purpose of this paper is to study the multiplicity of solutions for the Breiz-
Nirenberg-type problem (1) with the aid of a minimax method. We obtain multiple non-
trivial solutions of (1) by proving the local (PS) condition and energy estimates.

Our main results are the following.

Theorem 1.1 Supposel< q <2, then
(i) VB >0, 3o >0 such that if 0 < A < ko, problem (1) has a sequence of solutions {u,,}
with J(u,,) < 0 and J(u,,) — 0 as m — oo.
(i) VA >0, 3B >0 such that if 0 < B < Bo, problem (1) has a sequence of solutions {u,,}
with J(u,,) < 0 and J(u,,) — 0 as m — oo.

2 Preliminary results
Lemma 2.1 [5] Suppose that Q@ C R" is an open bounded domain with C* boundary and
0 € Q, —00 <a< (n-2)/2. The embedding DY*(Q) < L"(Q, |x|™*) is compact if 1 <r <2,

a<l+a)yr+n(l-73).

Lemma 2.2 (Concentration compactness principle [5]) Let —co<a<(n—2)/2,a<b <
a+1,2-=2n/(n-2d),d=1+a->be|0,1], and M(R") be the space of bounded measures
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on R". Suppose that {u,,} C DL*(R") is a sequence such that

Uy —U in D;’Z(R”),
o i= ‘|x|_“Dum‘2dx —~u in M(R"),
Uy 1= !le‘bum|2cdx —v in M( ”),
U, —u ae onR".

Then there are the following statements:

(1) There exists some at most countable set I, a family {xV : i € I} of distinct points in R",
and a family (V) : i € I} of positive numbers such that

v = ||x|’bu|2* dx+2v(i)5x(i), (6)

iel

where &, is the Dirac-mass of mass 1 concentrated at x € R".
(2) The following inequality holds

nw> ||x|‘“Du|2 dx + Z w98 (7)

iel
for some family {1? > 0 : i € I} satisfying
S(v("))Z/2 <u® foralliel, (8)

where S := infueDL,z(R,,)\{o} E, ,(u) to be the best embedding constants, and

S %1724\ Dul* dx
(fn 1720 0| dx)>

Eﬂ,b(”) =

In particular,y",.,(v?)?* < co.
Lemma 2.3 Assume {u,} is a (PS). sequence with c<0,1< q <2, then
(1) VA >0, there exists 1 > 0 such that for any 0 < B < By, {u,} has a convergent
subsequence in D~().
(2) VB >0, there exists A > 0 such that for any 0 < A < A, {u,} has a convergent

subsequence in D~().

Proof (1) The boundedness of (PS). sequence.

For {u,} is a (PS). sequence, then

1 A
T = - f 1424 Dty e — 2= / 2P e — £ / 1 14 i, ©)
2 Ja 2+ Jg qJo

7 (), 1) = / (x| Dty — & / 2 a2 dx - B / ] 10| . (10)
Q Q Q
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oL+ L) + el 2 Juy) — o e 10

d 11 |1, |7
=—||un||2—(———)ﬁ dx
n q

2s Q ¥

d 1 1
> —[luqll* - (— - —)ﬂCallunllq-
n q 2

We have the boundedness of {u,} for 1 < g < 2, then there exists a subsequence, we still
denote it by {u,}, such that

U, —~u in Di;z(Q),

U, —u inl* (Q, |x|_2’b),

uy—>u inL'(Qx7),V1<r<

2n r
,a<(l+ayr+nll-=],
n-2 2

u,— u a.e.onS.

From the concentration compactness principle, there exist nonnegative measures x, v and
a countable family {x;} C Q such that

e 2P a2 dxe — v = | dx+ Y w080,
iel
%724 Du,|* dx — > x| |Dul* dx + SZ(v("))Z/ZQSx(i).
iel
(2) Up to a subsequence, u,, — u in L* (2, |x|~>?).
Since {u,} is bounded in DY%(Q2), we may suppose, without loss of generality, that there
exists T € (L¥ (2, |x|24))" such that
Du, =T in (L* (£, |x[79))".
On the other hand, |u,,|*~2u, is also bounded in L% (£, |x|"2%) and
|| 200 — > 20 in L% (S, 1] 720).
Note that
ollgll = ' (wn), @)
= / |%|~%Du, Do dx—)\/ 1% 72 1t |> 2t dx
Q Q

-B f 1%~ |24 10 i, (11)
Q

taking n — oo in (11), we have

/|x|_2“TD<pdx:A/ |x|_2’b|u|2’_2u<pdx+ﬁ/ %™ || T2 ug dx (12)
Q Q Q
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for any ¢ € DY*(Q). Let ¢ = Yru, in (12), where ¢ € C(Q), then it follows that

/ |%| "2 Dut,yu,, DY dix + / |%| 24| Du, | >y dx
Q Q

=k/ |x|’2*b|un|2*¢dx+ﬁ/ |~ |24 Y dx. (13)
Q Q

Taking n — oo in (13), we have
/ |x|‘2"uTD1pdx+/ wd;L:A/ wdv+,3/ ||~ |u|Tyr dax. (14)
Q Q Q Q

Let ¢ = Yru in (12), then it follows that
/|x|-2”wudx+/ |x|‘2“Tud1p=k/ |x|‘2“b|u|2*x0dx+ﬂ/ || |u|T dx.  (15)
Q Q Q Q

Thus, it implies that

_ i i —2a
/QWd/L-AZv,W(xl)+/Q|x| TDuvr dx, (16)

iel
which implies that
S < i = Ay

Hence, v; > (A18)"?? if v; #0.
On the other hand,

1
0> c= lim (](un) SR AL un)>
d 1 1
= lim <—||un||2 —ﬁ(— - —)/ le‘“lunlqu)
n—oo\ 1 q s Q
d
> ;IIMII2 = BCllull?,

then ||u]|? < CBY?9, 5o that

o
\Y

Cc= nlinolo (](un) - %(]/(un)’ un))

d 1 1
lim (—||un||2 - ﬁ(— - —) / |x|“|un|‘7dx)
n—oo\ n q D Q

d
> — i~ BCBTD
n
> L) H - cpra,
n

However, if 8 > 0 is given, we can choose 1; > 0 so small that for every 0 < A < A1, the last
term on the right-hand side above is greater than 0, which is a contradiction. Similarly, if
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A > 0 is given, we can take B; > 0 so small that for every 0 < 8 < B, the last term on the
right-hand side above is greater than 0. Then v; = 0 for each i.

Up to now, we have shown that

lim / |x|*2*b|un|2*dx=/ %722 u|* dx.
n—00 Q Q

So, by the Breiz-Lieb lemma,

o(1) ||| = ||un||2—A/ | 722 [, | > dx—ﬁ/ |~ 14, | dx
Q Q
= [luy — ull® - ||u||2—A/ | 722 || dx—ﬁ/ |~ |e|7 dx
Q Q
= [ty — ull* + o(1) 1]

since J'(u) = 0. Thus, we prove that {u,} strongly converges to u in DY*(Q). O

3 Existence of infinitely many solutions
In this section, we use the minimax procedure to prove the existence of infinitely many
solutions. Let = be the class of subsets of DY*(Q2) \ {0}, which are closed and symmetric

with respect to the origin. For A € ¥, we define the genus y (A) by
y(A) =min{k € N :3¢ € C(4,R"\ {0}), p(x) = —p(—)}.
Assume that 1 < g < 2, then we obtain

1 A A
J) = + f (a2 Dl dx - 2 / 2l - 2 / Il dlx
2 Ja 2« Jq qJa

1 Cpr . BG
> Slul® = = llul> = == llul?.
2 2: q

Define
L, 2
h(t) = Et —ACit” - BCyt.
Then, given B > 0, there exists A, > 0 so small that for every 0 < A < Ay, there exists 0 < Ty <
T; such that A(t) < 0 for 0 < t < Ty, h(t) > 0 for Ty < t < T3, h(t) < O for t > T3. Similarly,
given A > 0, we can choose B, > 0 with the property that Ty, 77 as above exist for each

0 < B < By. Clearly, h(Ty) = h(T1) = 0. Following the same idea as in [6—8], we consider the

truncated functional
T 1 —2a 2 A —2:by . 12+ A —a
J@) = = | 1x™Dul"dx— —¥(u) | |x|""|ul” de—— [ |x|*|ul?dx,
2 Q 2* Q q Q

where ¥ (1) = t(||u|)), and 7 : R* — [0,1] is a nonincreasing C* function such that t(t) = 1
ift < Ty and t(¢) =0 if £ > T}. The main properties of J are the following.

Page 6 of 8
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Lemma 3.1
(1) J € C* and J is bounded below.
(2) IfJ(u) <0, then ||ull < To and J(u) = J(u).
(3) Forany A > 0, there exists Bo = min{By, B2} such that if 0 < B < By and c <0, then ]
satisfies (PS). condition.
(4) forany B > 0, there exists ho = min{iy, Ao} such that if 0 < A < ko and c <0, then ]
satisfies (PS), condition.

Proof (1) and (2) are immediate. To prove (3) and (4), observe that all (PS). sequences for
J with ¢ < 0 must be bounded. Similar to the proof of Lemma 2.3, there exists a convergent

subsequence. O

Lemma 3.2 Given m € N, there is ¢,, < 0 such that
y({u e D(Q) : J(u) < &m}) = m.

Proof Fix m and let H,, be an m-dimensional subspace of D*(Q). Take u € H,,, u #0,
write u = r,,v withv € H,,, |v|| =1 and r,, = ||#||. Thus, for 0 < r,,, < Ty, since all the norms

are equivalent, we have

1 A A
J) = Jw) - - [ (x| Du dx— 2 / 2Pl de— 2 f Il ] dlx
2 Ja 2+ Jo qJe

A

1 AC . MG
Slul? - 2—||u||2 - —llull
* q

2

1, AG , AGC
2Tm = m g =&

Therefore, we can choose r,, € (0, Tp) so small that J (&) < ¢,, < 0. Let Sy, ={u € D*(Q):
llet|| = 1}, then S, N Hyy, C Jem. Hence, y (Jom) > y(S;, NH,)=m.DenoteI',, ={A e X:
y(A) > m} and let

¢ = inf supJ(u).
A€lm yeq

Then —oc0 < ¢;,, < €, < 0 because Jem € I, and J is bounded from below. O

Lemma 3.3 Let A, B be as in (3) or (&) of Lemma 3.1. Then all c,, are critical values of | as

cn— 0.

Proof 1t is clear that ¢, < ¢;41, ¢ < 0. Hence, ¢,, — ¢ < 0. Moreover, since all ¢, are
critical values of J, we claim that ¢ = 0. If ¢ < 0, because K; is compact and K; € X, it
follows that y (Kz) = Ny < +00 and there exists § > 0 such that y (Kz) = y(N5(Kz)) = Np. By
the deformation lemma there exist ¢ > 0 (¢ + € < 0) and an odd homeomorphism 7 such
that

(7 \ Ns(Kz)) €T~
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Since ¢, is increasing and converges to ¢, there exists m € N such that ¢,, > ¢ — ¢ and
Cm+Np < C and there exists A € I',,n, such that sup,, Ju)<c+e. By the properties of y,
we have

Y(A\N;(K2)) = y(A) -y (Ns(Ko)) = m,  y(A\Ns(Ko)) = m.
Therefore,
n(A\Ns(K7) ) € Ty

Consequently,

sup  Jw)>cu>c—¢,

uen(A\N; (Kz))
a contradiction, hence c,, — 0. O

With Lemma 3.1 to Lemma 3.3, we have proved Theorem 1.1.
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