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Abstract

In this paper, we consider some nonlinear pseudo-parabolic
Benjamin-Bona-Mahony-Burgers (BBMB) equations. These equations are of a class of
nonlinear pseudo-parabolic or Sobolev-type equations u; - Auy —a Au=f(x,u, Vu), o
is a fixed positive constant, arising from the mathematical physics. The tanh method
with the aid of symbolic computational system is employed to investigate exact
solutions of BBMB-type equations and the exact solutions are found. The results
obtained can be viewed as verification and improvement of the previously known
data.

Keywords: nonlinear pseudo-parabolic equation; Benjamin-Bona-Mahony-Burgers
(BBMB)-type equation; Sobolev-type equation; tanh method

1 Introduction

The partial differential equations of the form

ur —nAu, — o Au=f(x,u, Vu) (1)

arise in many areas of mathematics and physics, where u = u(x,¢),x € 2 CR”, £ > 0, n and
« are non-negative constants, A denotes the Laplace operator acting on the space vari-
ables x. Equations of type (1) with only one time derivative appearing in the highest-order
term are called pseudo-parabolic and they are a special case of Sobolev equations. They
are characterized by derivatives of mixed type (i.e., time and space derivatives together)
appearing in the highest-order terms of the equation and were studied by Sobolev [1].
Sobolev equations have been used to describe many physical phenomena [2-8]. Equation
(1) arises as a mathematical model for the unidirectional propagation of nonlinear, disper-
sive, long waves. In applications, u is typically the amplitude or velocity, x is proportional
to the distance in the direction of propagation, and ¢ is proportional to elapsed time [9].
An important special case of (1) is the Benjamin-Bona-Mahony-Burgers (BBMB) equa-

tion

Uyt + Uy — Ol + (1 + 1)1t = 0. )
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It has been proposed in [10] as a model to study the unidirectional long waves of small

amplitudes in water, which is an alternative to the Korteweg-de Vries equation of the form
Uy + Up — Uyy + Ul = 0. (3)

The BBMB equation has been tackled and investigated by many authors. For more details,
we refer the reader to [11-15] and the references therein.

In [16], a generalized Benjamin-Bona-Mahony-Burgers equation
Uy + Uy — Qg + Pty + (g(10)) =0 (4)

has been considered and a set of new solitons, kinks, antikinks, compactons, and Wadati
solitons have been derived using by the classical Lie method, where « is a positive constant,
B € R, and g(u) is a C2-smooth nonlinear function. Equation (4) with the dissipative term
QU arises in the phenomena for both the bore propagation and the water waves.

Peregrine [17] and Benjamin, Bona, and Mahony [10] have proposed equation (4) with
the parameters g(u) = uu,, @ = 0, and 8 = 1. Furthermore, Benjamin, Bona, and Mahony
proposed equation (4) as an alternative regularized long-wave equation with the same
parameters.

Khaled, Momani, and Alawneh obtained explicit and numerical solutions of BBMB
equation (4) by using the Adomian’s decomposition method [18] .

Tari and Ganji implemented variational iteration and homotopy perturbation methods
obtaining approximate explicit solutions for (4) with g(u) = ”2—2 [19] and El-Wakil, Abdou,
and Hendi used another method (the exp-function) to obtain the generalized solitary so-
lutions and periodic solutions of this equation [20].

In addition, we consider g(u) = @ and obtain analytic solutions in a closed form.

The aim of this work is twofold. First, it is to obtain the exact solutions of the Benjamin-
Bona-Mahony-Burgers (BBMB) equation and the generalized Benjamin-Bona-Mahony-
Burgers equation with g(u) = uu,, g(u) = %, glu) = g; and second, it is to show that the

tanh method can be applied to obtain the solutions of pseudo-parabolic equations.

2 Outline of the tanh method
Wazwaz has summarized the tanh method [21] in the following manner:

(i) First, consider a general form of the nonlinear equation
P(u’ Uty Uy, uxxr--') =0. (5)

(ii) To find the traveling wave solution of equation (5), the wave variable & = x — V¢ is

introduced so that

u(x,t) = U(LE). (6)
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Based on this, one may use the following changes:

J v d
ot dE’
a d
ox Nae -
7
P
0x? dg?’
Pl
0x3 dg3
and so on for other derivatives. Using (7) changes PDE (5) to an ODE
Qu,u,u",...)=o. (8)

(iii) If all terms of the resulting ODE contain derivatives in &, then by integrating this
equation and by considering the constant of integration to be zero, one obtains a simplified
ODE.

(iv) A new independent variable

Y = tanh(u§) ©)

is introduced that leads to the change of derivatives:

d d
— =u(1-Y?)—,
de w1-Y) oy
d? d o d
— =2 Y(1-Y?)— + 2 (1-Y?) —, 10
g =Y (1-Y) et (=) s (10)
d® d 5 d? 3 d°
— =231 -YH(BY*-1)— -6, Y(1-Y?) — + 2 (1-Y?) —,
ng M( )( )dY H ( ) de+l’L( ) dyl%
where other derivatives can be derived in a similar manner.
(v) The ansatz of the form
M M
U(ug) =S(Y) =Y acY*+) by™* (1)

k=0 k=1

is introduced, where M is a positive integer, in most cases, that will be determined. If
M is not an integer, then a transformation formula is used to overcome this difficulty.
Substituting (10) and (11) into ODE (8) yields an equation in powers of Y.

(vi) To determine the parameter M, the linear terms of highest order in the resulting
equation with the highest-order nonlinear terms are balanced. With M determined, one
collects all the coefficients of powers of Y in the resulting equation where these coefficients
have to vanish. This will give a system of algebraic equations involving the a; and by (k =
0,...,M), V, and u. Having determined these parameters, knowing that M is a positive
integer in most cases, and using (11), one obtains an analytic solution in a closed form.

Throughout the work, Mathematica or Maple is used to deal with the tedious algebraic
operations.
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3 The Benjamin-Bona-Mahony-Burgers (BBMB) equation
The Benjamin-Bona-Mahony-Burgers (BBMB) equation is given by

~Upyr + Uy — Oty + (1 + 1)1t = 0,

where « is a positive constant. Using the wave variable & = x — Vi carries (12) into the ODE

1
(~V+DU+ VU -al +=U*=0.
2

Balancing U? with U” in (13) gives M = 2. The tanh method admits the use of the finite

expansion

2 2
UE) =SY) =) aY*+> bY™,
k=0 k=1

where Y = tanh(u&). Substituting (14) into (13), collecting the coefficients of Y, and setting

it equal to zero, we find the system of equations

Y% 12Vpla, +a3 =0,
Y7 4Val,u,2 +4aau + 2a1a; =0,
Y% —16Vayu? + 2aua; + al + 2a, — 2Vay + 2apa; =0,
Y’ —4Vap? - daasp + 2a1 — 2Vay + 2biay + 2apa; = 0,
Y 2a0-2Vag + 2bia; + 2byas + a(z)

+4Vu2by + 4V ilta, - 2auby - 2apua; =0,
Y3 —4Vbiu? - dabyp + 2by — 2Vby + 2b1ag + 2bsay = 0,
Y% —16Vbhou? + 2auby + b? + 2by — 2Vb, + 2byag = 0,
Y 4Vbiu? + dabyp + 2biby = 0,

Y% b +12Vuhy = 0.

Using Maple gives nine sets of solutions

3a-30u 12au 6o u
ap=—F7— ay =— ’ ay=———7)
201 5 5
a -5 +4/25 + 2402
b =0, by =0 =—, =———"""-:
10 24«
o—10u 12a 1 6au
ap=——» ay = — , a) =——"-"),
20 5 5
o 5+ /25— 24a? , 25
b =0, b, =0, =—, p=——— <=
101 24« 24
oa—-20u 12au 3ou
ap = ’ ar=b =- ’ as =by — —,
16u 5 5
a _ =5+ +/25+240?

v 2 S il
o M 48«
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3a—-60u 12au 3au
a= ——o~ ay=b =- , ay=by=——,
80u 5 5
o 5++/25 - 2402 2<25
=T = = o A
w0n’ M 480 =9
3a—-30u 1201 3au
apg=—7——) ay=by=- ’ ay=——]—""»
201 5 5
bo = 60 Ve o _ —5++/25+240?
2= T M7 240 ’
-10 12 6
610=a M, 611:612:0, blz— Ol/L, bzz—ﬂ,
201 5 5
o 5+ /25— 2402 225
=T =T o= —,
0. M 24 24
oa—-10u 12au 601
ao = ’ ap=ay =0, by =- ’ D =———)
20 5 5
v o 5—+/25 - 24qa2 2<25
=T - o )
10 ’ 24« ~ 24
30— 60u 1201 3au
ar=—(o~ ay=by=- ’ as;=by=—-———,
801 5 5
v o 5—+/25-24a2 2<25
=T = = o s —,
0. M 48a 24
o—10u 1201 6au
ap=—(—"> ay = — , a)=——"-)
20 5 5
5-4/25-2402 25
bi=by=0, V=—, p=2"Y272 0 2 22
10n 24« 24

These sets give the following solutions respectively:

3o —30 12 6
wi(x,t) = O[ZT/LM 2 anh wlx— Vi) — % tanh? u(x — V#),
-10 12 6
us(x, t) = ¢ ZOMM - 5““ tanh wu(x — Vi) - % tanh? 11 (x — V2),
o —20 12« 3a
us(x, t) = Tox g : e tanh p(x — Vi) — TM tanh? ju(x — Vt)
12au

3
coth p(x — Vi) — % coth? u(x — Vi),

3a - 60 12 3
ua(x,t) = ¢ B2 anh wix—Ve) — 29K (anh? wix— V)
80/ 5
2 3
il coth p(x — Vi) — % coth? u(x — Vt),
3o —-30 12 3
us(x, t) = et el o tanh u(x — V¥) - b tanh? ju(x — V)
204 5 5
12« 6a
- ad coth u(x — V) — TM coth? u(x — V#),
-10 12 6
ug(x, t) = ¢ r_en coth p(x — V&) — bkl coth? u(x — Vt),
201 5 5

(16)

17)

Page 5 of 12
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-10 12 6
u;(x,t) = ¢ p_zzen coth u(x — V) — hulad coth? u(x — V#),
200 5 5
30 - 60 12 3
ug(x, t) = a i ntedad tanh u(x — V¢) — bl tanh? ju(x — V2)
801 5 5
12 3
ilas coth pu(x — V&) - % coth? u(x — Vi),
-10 12 6
uo(x,t) = G- R 29K anh wix—Ve) - 2% (anh? wlx — Ve).
20 5 5

If we accept « =1, then we obtain solutions

1 2 1/ 3\ 1,1/ 3
u(x,t)=—= ——tanh—|{x— =t ) — —tanh® — [ x — =¢ |,
5 5 6

3 3 1 2 3 51 2
Us(x,t) =—— — —tanh— | x — =t | — —tanh” — [ x — =¢ |,
10 5 4 5 10 4 5

6 1 6
us(x,t) = — — —tanh—(x— -t ) - —tanh® =[x — =¢ ),
5 10 5 5
2 1( 3 ) 3
ug(x,t)=—— ——=coth—|x—-=t) - =coth" = {x - =t ),
5 6 5 5
3 2 ,1( 2
us(x,t) =—— ——coth—(x— =t | — —coth” =[x - =t ],
10 5 4 10 4 5
1

4 The generalized Benjamin-Bona-Mahony-Burgers equation

We consider the generalized Benjamin-Bona-Mahony-Burgers equation

~lyat + Uy — Qs + Bt + (g(1)), = 0,
where « is a positive constant and 8 € R.
Case 1. g(u) = uu,.
Using the wave variable &€ = x — VZ carries (19) into the ODE

VU +VU" -al +BU+UU =0.

(18)

(19)

(20)

Page 6 of 12
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Balancing U’ with UU’ in (20) gives M = 1. Using the finite expansion

1 1
UE) =SY) =) aY*+> bY™,
k=0 k=1

we find the system of equations

Y% pal-2Vula, =0,
Y®: naio — puaga; =0,

Y4 a B+ Ma% - Va; - 2V,u2a1 =0,

Y3 agB - Vag — pare — ubia + pagay + paoby =0,

Y% b+ ubi - Vb -2V uth =0,
Y ubia — pagby, =0,

Y% 2Vulb, - ub? =0.
Maple gives three sets of solutions

ag =, 611:0, bIIZMﬂ, 14

I
=

dag =0, ay = 2,LL,3, bl =0, 14

I
=

aop = a, a; =2up, b1=2/,L/3, V=4,

where k is left as a free parameter. These give the following solutions:

u1(x,t) = a + 2kp coth k(x — Bt),

uy(x, t) = o + 2k B tanh k(x — Bt),

uz(x, t) = o + 2kB tanh k(x — St) + 2k coth k(x — Bt).

2

Case 2. g(u) = %5

Page 7 of 12

(21)

(22)

(24)

Using the wave variable &€ = x — V%, then by integrating this equation and considering the

constant of integration to be zero, we obtain

1
- - +al +-U"=0.
(V-BU-vU" +al 2u2 0

(25)

Balancing the second term with the last term in (25) gives M = 2. Using the finite expansion

2 2
UE) =SY) =) aY*+> biY™,

k=0 k=1

(26)
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we find the system of equations

Y8 a3 -12Vula, =0,
Y 4Vapu? + daarp - 2a1a, = 0,
Y®: l6Vﬂ2pL2 - 20 uay + af +2Va, —2Bay + 2apa; =0,
Y®: 4Va1u2 +4daarpu + 2Vay — 2Bay + 2bra, + 2aga; =0,
Y% 2Vag—2Bag +2bia; + 2byay + aj

—4Vtby — 4V ilay + 2aub; + 2apa; = 0,
Y3 4Vbiu? + dabyp + 2Vhy — 28by + 2biag + 2bsay = 0,
Y% 16Vbyu® — 2auby + bt + 2Vby — 28by + 2byag = 0,
Y 4Vbiu? + dabyp — 2b1by = 0,

Y% b3 -12Vu’hy = 0.

Using Maple, we obtain nine sets of solutions

10up - 12 6
40=My a) = aﬂr d2=ﬂl bl=b2=0;
20 5 5
o« _ 5B +./25B82 - 2402  ? - 25
o M7 24 T
10up - 12 6
aOZM, ay = aﬂ’ a2:ﬂ; b1:b2:01
200 5 5
o« _5B- V257 -24a> o 25
S 10’ - 24 Top2 T 24’
30uB -3 12 6
aozi'uﬂ a’ m:_otu’ 612=—O[M, by =by=0,
20 5 5
o« _ =5 +/25p% + 24a?
- 10u "= 24« ’
20uB — o 12au 3au
ap=——— ay=b = ——, ay=by=—,
161 5 5
o« _ =5 +/25p% + 24a?
“o0n M7 48q ’
60uB —3a 1201 3au
apo= ——s-—— > a1 =b, = ’ as=by = —,
80u 5 5
o« _ 58 +4/2582 - 2402 o - 25
o0 M7 48q TN
60up —3a 12au 3au
ap=—(gn ay=by = ) ay=by=—,
801 5 5
o 58-/25B82 2402 o® 25
= —, M= ) — =<
20 48« B2 ~ 24
30uB -3 12 6
ap = MIB a’ d1:ﬂ2—0, b1: O‘M’ b2:ﬂy
201 5 5

(28)

Page 8 of 12
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o -58 + /2582 + 240
et W=

104 24a
108 - 12 6
ﬂo=ﬂr a=a =0, b = au’ bz—ﬂ,
201 5 5
o« _58+/258% - 24a®  o? .2
o M7 24a T YN
1048 — 12 6
ap = als a’ ay=ap =0, b = au’ b2=ﬂ,
201 5 5
58 — /2582 — 24a? 2 25
ve S - P P ®oor 2

24 B2 T 24°

These sets give the solutions

ui(x, t) = % + 12% tanh w(x — V) + &ITM tanh? u(x — Vi),

us(x,t) = % + 12% tanh p(x — Vi) + 6”?“ tanh? u(x — V#),

us(x, t) = 30[;’?)/; Sa + L2ap tanh p(x — V) + MTM tanh® 1 (x — V2),

ug(x,t) = % + 12% tanh w(x — V) + ?MTM tanh? ju(x — V)
+ L2ap coth u(x — Vi) + ?M?M coth? u(x — V&),

us(x,t) = 60’;’?)/: 3a + L2ap tanh p(x — V¥) + ?MTM tanh? u(x — V¥)
+ e coth pu(x — Vi) + Ba?,u coth? u(x — Vi),

ug(x,t) = 60p:£); Su + 12:” tanh p(x — Vi) + MTM tanh® ju(x — Vt)
+ L2ap coth u(x — Vi) + ?MTM coth? u(x — V&),

U7 (x,t) = 30[;’?); 3a 125a,u coth pu(x — Vi) + MTM coth? u(x — Vt),

ug(x, t) = % + 12:“ coth u(x — Vi) + MTM coth? u(x — V2),

Ug(x, t) = % + L2ap coth p(x — V&) + MTM coth? u(x — Vt).

3
Case 3. g(u) = 5.

Page 9 of 12

Using the wave variable £ = x — V%, then by integrating this equation once and consider-

ing the constant of integration to be zero, we obtain

-3VU +3VU" -3l +3BU + U° = 0.

(30)
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Balancing UJ” with U? in (30) gives M = 1. Using the finite expansion

1 1
UE) =SY) =) aY*+> bY™,

k=0 k=1

we find the system of equations

Y% 4 +6Vau®=0,

Y®: BaOaf +3aua; =0,

Y% 3a1B +3ada +3ab, —3Va; — 6Vayu® = 0,

Y3 3agB —3Vag + ay — 3aa i — 3byapu + 6agarby =0,
Y% 3b1B +3aiby + 3a1b} —3Vh, - 6Vbu* = 0,

Y'Y 3aoh? +3aub, =0,

Y% b +6Vhiut=0.

Solving the resulting system, we find the following sets of solutions with

ag = Jo L, a; =0, by =—-Jau,
Ve 4a(B + pa) _ 3B+/9B%-8a?

T = ’ 01
o—-2up 8« w=
ag = —JoL, a; =0, by = Japu,
4a(B + pa) 3B + /982 - 8a?
y =T L Bl BTN}
o—-2up 8«
ag = —+/—au, a; =0, by = /—au,
4a(-B + pa) 3B +/9B2% — 8a? 0
= =, <V,
3(a +2uB) H 8u H
ag = /-, a; =0, b =—-J-apu,
4o (-B + pa) 38 +./98% — 8u? 0
= =, <V,
3(a +2uB) " 8a H
ap = =/~ a; = /—au, b, =0,
4o (— 2 _ 2
Ve oz(,3+ﬂot)’ M=3ﬂ+\/9ﬂ 80!, ©<0,
3(a +2uB) 8u
ap =/ —au, a) = —/—0u, bl = 0;
4o(-B + pa) 38 +/9B2% - 8a? 0
=, Bl — ’ < ’
3(a + 2118) ’ 8 H
ap = Jap, ay = —J/au, b =0,
V_4a(/3+/wz) M:_3ﬂ+‘/9,32—8a2’ 150,

" 3(a-2up)’ 8«
ap = —/0U, ap = /A, bl=0;

Page 10 of 12

(31

(32)

(33)
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4 3 982 — 8a?
poteBrp) 3B OB 8
3(a —2up) 8«
1
ag =/ —2apu, a=b = —E\/—Zau,
8a? 3B ++/9B8% — 8a2
V:—i, l/v:M: <0,
3(a —12upB) 16«
1
ag = —/ 20, a;=b = 5,/—2au,
8a? 38 ++/9B2% — 8a2
V:—i, M:M, nw<0,
3(a —121B) 16a
1
aop =20, a;=by=——/ 20,

8o’ 38 ++/982 — 8 0
=—_— =— >0,
Ba+12up) M 16 H
1

ag =—/2au, a1:b1:§\/2om,
8o 38 + /982 — 8a2
Ve o , w=— B+v9B 0‘, > 0.
3(a +12uB) 16«

These in turn give the solutions

i (x,8) = Jou — Jopcoth u(x — Vi),

uy(x,t) = —Jap + Jop coth u(x — Vi),

us(x,t) = —/—ap + /—apcoth u(x — Vt),

us(x,t) = /—ap — /—apcoth pu(x — Vi),

us(x,t) = —/—ap + /—ap tanh u(x — Vi),

ue(x,t) = /o — /—aptanh p(x — Vi),

u;(x,t) = /—ap — /—aptanh u(x — Vi), (34)
ug(x, t) = —/—ap + o/—ap tanh p(x — Vi),

1 1
uy(x, t) = \/—Zom - E\/—Zau tanh u(x — Vi) — 5,/—2(xucoth,u(x - Vi),

1 1
uo(%,£) = —/ =200t + E\/—Zapctanh w(x— Vi) + 5\/—20:/1 coth u(x — Vi),
1 1
up(x,t) = /200 — E,/2oz,utanhu(x— Vi) - E\/2au coth pu(x — Vi),
1 1
up(x,t) = —/2au + 5‘/2autanhp,(x— Vi) + 5‘/2a,ucothu(x— V).

5 Conclusion

In summary, we implemented the tanh method to solve some nonlinear pseudo-parabolic
Benjamin-Bona-Mahony-Burgers equations and obtained new solutions which could not
be attained in the past. Besides, we have seen that the tanh method is easy to apply and
reliable to solve the pseudo-parabolic and the Sobolev-type equations.

Page 11 of 12
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