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Abstract

In this paper, we are concerned with a system of nonlinear viscoelastic wave
equations with initial and Dirichlet boundary conditions in R” (n = 1,2, 3). Under
suitable assumptions, we establish a general decay result by multiplier techniques,
which extends some existing results for a single equation to the case of a coupled
system.
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1 Introduction
In this paper, we are concerned with a coupled system of nonlinear viscoelastic wave equa-
tions with weak damping

Uy — AU+ fotgl(t— T)Au(t)dt +u; = filw,v), in Q x (0,+00),

Vi — Av+ [y ga(t = T)AV(T)dT + v = fo(w,v),  in Q x (0,+00), 1.1)
u:V:O, OHBQX(O)+OO); ‘

I/l(~, O) = Uop, ut(" 0) = U, V(': 0) =Vo, vt('; O) =V in €,

where Q CR” (n=1,2,3) is a bounded domain with smooth boundary 92, # and v repre-
sent the transverse displacements of waves. The functions g; and g, denote the kernel of
a memory, fi(u,v) and f>(u, v) are the nonlinearities.

In recent years, many mathematicians have paid their attention to the energy decay and
dynamic systems of the nonlinear wave equations, hyperbolic systems and viscoelastic
equations.

Firstly, we recall some results concerning single viscoelastic wave equation. Kafini and

Tatar [1] considered the following Cauchy problem:

utt—Au+f0tg(t—s)Au(x,s)ds=0, xeR%,t>0, 12)
u(x,0) = up(x), u(x,0) = up(x), xeR" .

They established the polynomial decay of the first-order energy of solutions for compactly
supported initial data and for a not necessarily decreasing relaxation function. Later Tatar
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[2] studied the problem (1.2) with the Dirichlet boundary condition and showed that the
decay of solutions was an arbitrary decay not necessarily at exponential or polynomial rate.
Cavalcanti et al. [3] studied the following equation with Dirichlet boundary condition:

loge|Puaye — A — Aty + g % Au— y Auy = 0.

The authors established a global existence result for y > 0 and an exponential decay of
energy for y > 0. They studied the interaction within the |#;|’u; and the memory term
g% Au. Later on, several other results were published based on [4—6]. For more results on
a single viscoelastic equation, we can refer to [7-14].

For a coupled system, Agre and Rammaha [15] investigated the following system:

Uy — Au+ || uy = fi(w,v), in Q2 x(0,7),

Ve — Av+ v vy = f(u,v), inQx(0,7T),

where Q@ C R” (n =1,2,3) is a bounded domain with smooth boundary. They considered
the following assumptions on f; (i = 1,2):
(Al) Let
+ oF oF
F,v) = alu+ P 4 26lwv|'T,  fwv) = —,  Hluv)= —
ou av
witha,b>0,p>3ifn=12andp=3ifn=3;mr>1.
(A3) There exist two positive constants co, ¢; such that for all u,v € R?, F(u, v) satisfies

co(lulP™ + W) < F(u,v) < o (Jul?* + [vP*).

Under the assumptions (A;)-(Ay), they established the global existence of weak solutions
and the global existence of small weak solutions with initial and Dirichlet boundary con-
ditions. Moreover, they also obtained the blow up of weak solutions. Mustafa [16] studied
the following system:

Uy — A+ fotgl(t— )Au(z)drt + fi(u,v) = 0,

Vg — AV + fotgg(t —1)Av(t)dT + fo(u,v) = 0, -3
in € x (0, +o0) with initial and Dirichlet boundary conditions, proved the existence and
uniqueness to the system by using the classical Faedo-Galerkin method and established a
stability result by multiplier techniques. But the author considered the following different
assumptions on f; (i = 1,2) from (A;)-(Ay):

(A} fi: R* > R (i = 1,2) are C! functions and there exists a function F such that

dF dF
Silxy) = o fLlxy)=—, F=0,x/(xy) +yfAxy) > Flxy),
x ay

(A3)

i

- x,y)
X

e (%)

+ <d(1+ x|t 4 |yfe),

0

for all (x,y) € R2, where the constant d > 0 and Bi=1,(n-2)Bj<nforij=12.
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Han and Wang [17] considered the following coupled nonlinear viscoelastic wave equa-

tions with weak damping:

Uy — Au+ fotgl(t— T)Au(t)dt + |us|" Y us = fi(u,v), inQx(0,T),
Vi — AV + fotg2(t —T)Av(t)dt + |ve| v =fo(w,v), inQ x(0,T),
u=v=0, ondQx(0,7T),

(1.4)
u(-,0) = u, uy(-,0) = uy, v(-,0) = vo, ve(-,0) =v1, in €,

where Q C R” is a bounded domain with smooth boundary 9<2. Under the assumptions
(A1)-(Az) on f; (i = 1,2), the initial data and the parameters in the equations, they estab-
lished the local existence, global existence uniqueness and finite time blow up properties.
When the weak damping terms |u,|"u,, |v;|""!v, were replaced by the strong damping
terms —Au;, —Av,, Liang and Gao [18] showed that under certain assumption on ini-
tial data in the stable set, the decay rate of the solution energy is exponential when they
take

filu,v) = [a|u + V2D (4 v) + b|u|”u|v|p+2],

folu,v) = [alu + V2D (4 v) + b|u|p+2v|v|p],

a,b>0and p>-1if n=1,2,-1<p <1if n=3. Moreover, they obtained that the so-
lutions with positive initial energy blow up in a finite time for certain initial data in the
unstable set. For more results on coupled viscoelastic equations, we can refer to [19—
21].

If we take m = r =1 in (1.4), the system will be transformed into (1.1). To the best of our
knowledge, there is no result on general energy decay for the viscoelastic problem (1.1).
Motivated by [16, 17], in this paper, we shall establish the general energy decay for the
problem (1.1) by multiplier techniques, which extends some existing results for a single
equation to the case of a coupled system. The rest of our paper is organized as follows.
In Section 2, we give some preparations for our consideration and our main result. The
statement and the proof of our main result will be given in Section 3.

For the reader’s convenience, we denote the norm and the scalar product in L2(2) by || - |
and (+,-), respectively. C; denotes a general constant, which may be different in different

estimates.

2 Preliminaries and main result
To state our main result, in addition to (A;)-(Az), we need the following assumption.
(As) gi: R* — R*, i =1,2, are differentiable functions such that

+00
g(0)>0, 1- / gi(s)ds=1;>0,
0
and there exist nonincreasing functions &, &, : R* — R* satisfying

g <-&g@), t=0.
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Now, we define the energy functional

E@t) = %A(wf+ (1—/0tg1(s)ds)|Vu|2) dx

+ %(gl o Vu)(t) + %(gz o Vv)(2)

+ %/;Z(V?+ <1—/0tg2(s)ds)|Vv|2) dx—/QF(u,v)dx (2.1)

and the functional

D() = (1 - /0 a(s) ds> |Vu@)|* + <1 - /0 &) ds) Vv
+ 2[(g1 oVu)(t) + (g2 0 VV)(t)] - 4/ F(u(t),v(t)) dx, (2.2)

Q

where

t
2
o= [ gtt=9)l0 -5 ds
0
The existence of a global solution to the system (1.1) is established in [17] as follows.

Proposition [17] Let (A1)-(A3) hold. Assume that D(0) = ||Vuol|* + |Vvoll* — 4 [, F(uo,
vo)dx > 0, @(@)pfl < 1 and that (uo,u1) € HY(Q) x L*(Q), (vo,v1) € Hy(R) x LX(RQ),
where Cy is a computable constant and | = min{ly, ly}. Then the problem (1.1) has a unique
global solution (u(t), v(t)) satisfying

(u(®), u,(t)) € C(R Hy(R) x LX), (v(®), ve(t)) € C(RY; Hy(R) x LA(R)).
We are now ready to state our main result.
Theorem 2.1 Let (A;)-(A3) hold. Assume that D(0) = ||[Vuoll* + | Vvoll* — 4 [, F(uo,
vo)dx >0, @(@)pfl <1 and that (uo,u1) € Hy(Q2) x L2(2), (vo,v1) € Hy(R2) x L*(RQ),

where Cy is a computable constant and | = min{ly, l,}. Then there exist constants C,n >0
such that, for t large, the solution of (1.1) satisfies

E(t) < CeJo€6)ds, (2.3)
where
£(6) = min{& (1), &)}, t=0. (2.4)

3 Proof of Theorem 2.1
In this section, we carry out the proof of Theorem 2.1. Firstly, we will estimate several
lemmas.

Page 4 of 11
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Lemma 3.1 Let u(t), v(t) be the solution of (1.1). Then the following energy estimate holds
foranyt>0:

E@) =l + ) + 5[0 V) + (g3 0 V)]
_ %[gl(t) IVu)|* + &0 | V() |*] <. 3.1)

Proof Multiplying the first equation of (1.1) by u#, and the second equation by v;, respec-
tively, integrating the results over 2, performing integration by parts and noting that

Fi(u,v) =fi(u,v)u, + fo(u,v)v;, we can easily get (3.1). The proof is complete. O

Lemma 3.2 Under the assumption (As), the following hold:

t 2
/ (/ gt =) (Vu(t) - Vu(r)) dr) dx < Ci(go Vu), (3.2)
2 \Jo
t 2
f (/ —g' (6 - 7)(Vu(t) - Vu(r)) dr) dx < -Cy(¢ o Vu). (3.3)
2 \Jo

Proof Using Holder’s inequality, we get

t 2
/(/ g(t—t)(Vu(t)—Vu(r))dr) dx
a\Jo
< /g)(/:g(r)dt> (/.Otg(t—r)(Vu(t)—Vu(t))zdr) dx
“ear) [ et Vu(t) - Vu(r))* d )d
S(/O g(7) r)/og(t t)(/ﬂ( u(t) - Vu(r)) dx | dr

< Cl(g o Vu).

On the other hand, we repeat the above proof with —¢’, instead of g, we can get (3.3). The

proof is now complete. d

Lemma 3.3 Let (A1)-(As) hold and u(t), v(t) be the solution of (1.1). Then the functional
1(t) defined by

1(t) := / (uus + vvy) dx
Q
satisfies

) ! L 1
1) < —51||w(t)||2 - §||Vv(t>||2 + <1+ B)(nutnz + vel?)

C C
+Saovi s F@ovn+ G [ Fuds (34)
Q

forall§>0.
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Proof By (1.1), a direct differentiation gives
t
') = |lw))® = | Vu|? +/ Vu/ gt —1)Vu(r)dr dx—/ usudx + /ﬁudx
Q 0 Q Q
t
+ [lvell® = IV v))? +/ VV/ S£(t-1)Vv(r)dr dx
Q 0

—/Qvtvdx+/;2f2vdx. (3.5)

From the assumptions (A;)-(A,), we derive

filw,v)=ap+1)|u+vf +b@+1)|u|1974|v|1%1,

@) = alp + Dl +vI? + bp+ Dl T 17,
and

+1
fiu+fov=ap+Du+vP +bp+ 1)|uv|pT

< CiF(u,v). (3.6)
By Young’s inequality and (3.2), we deduce for any § > 0
t
/ Vu-/ gt —1)Vu(r)dr dx
Q 0
L
= / Vu- / al(t- t)(Vu(t) —Vul(t) + Vu(t)) dr dx
Q 0
t t
=||Vu|?- / a(r)dr +/ Vi - / &t = 1)(Vu(r) - Vu(t)) dr dx
0 Q 0
t 1 t 2
< || Vul? / a(r)dt +8|Vul? + —/ </ alt-1)|Vu(r) - u(t)\dz) dx
0 438 Ja\Jo
t Cl
<||Vul?*- / a(t)dr + 8| Vul* + E(g1 o Vu). (3.7)
0
Similarly, we have
t t
/ Vv~/ @t -1)Vv(t)drdx < ||Vv|? / o(t)dt +8||Vv|?
Q 0 0

+ %(gz [} VV). (3.8)

Using Young’s inequality and Poincaré’s inequality, we obtain for any § > 0
1 1
/ unydx < 8|ull® + — lluell* < S22 IVul® + — a1, (3.9)
Q 48 48
where 1 is the first eigenvalue of —A with the Dirichlet boundary condition. Similarly,

1 1
/ vvedx < SIvIP + — [Ivell® < 8X2VVII® + —[lvell?,
o 48 46
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which together with (3.5)-(3.9) gives
, 1
I'(8) < (=8 =82%) | Vul® = (I, - 8 - 82) [ VvI|* + (1 + B)(nutn2 +[lvell?)
C C
+ —l(gl oVu)+ —l(gz oVv) + C1/ F(u,v)dx. (3.10)
48 48 o
Now, we choose § > 0 so small that
2 h 2 P
L=8-61">—, h—=8-61">—,
2 2
which together with (3.10) gives (3.4). The proof is complete. O

Lemma 3.4 Let (A1)-(As) hold and u(t), v(t) be the solution of (1.1). Then the functional
J(¢t) defined by

J@) = 1(8) + 2(0),
with

Ji(t) = - /;2 ut/() a(t- T)(u(t) - u(r)) dt dx,

Ja(t) = —/Qvt/O &t —1)(v(t) - V(7)) dr dx,
satisfies

J(®) < —(/ &) —25> lluell® + 8Cy | V]| * + %(gl oVu) - %(g{ o Vu)

0
‘ 2 2 Cl Cl ,
_ (/0 o(1) - 25) lvl? + 8CLIVVI* + ?(gz o V) — ?(gz o V). (3.11)

Proof A direct differentiation for J;(¢) yields

Ji() = —/Qu” . /Otgl(t— t)(u(t) - u(r)) dr —/Qut . /Otg{(t— t)(u(t) - u(r)) dtdx

- (/Otgl(r)dr> /Q uf dx. (3.12)

Using the first equation of (1.1) and integrating by parts, we obtain
t t
J1(8) = (1 —/ gl(r)dt)/ Vu / a1t = 7)(Vu(t) - Vu(r)) dr dx
0 Q 0

t 2
+/Q</(; gl(t—r)‘Vu(t)—Vu(t)Mr) dx

+/Qut'/(; @t —7)(u(t) - u(r)) drdx
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- [ At [ a0 - ) deds
Q 0

—/ ut~/tg{(t—r)(u(t)—u(r))drdx
Q 0

- (/Otgl(r)dr> /Quf dx. (3.13)

From Young’s inequality, Poincaré’s inequality and Lemma 3.2, we derive

(1_./0 gl(r)dt)/QVu-/o a1t = 7)(Vu(t) - Vu(r)) dr dx

<8||Vul* + %(g1 o Vu), (3.14)
- / Uy - f tg{(t— ) (u(t) - u(v)) dr dx < 8|u,|* - Sgo Vu), (315)
Q 0 )
/ Uy - /tgl(t— ) (u(t) - u(z)) dv dx < 8llu|* + g(g1 o Vu), (3.16)
Q 0 1)

/fl(u,v)/ gl(t—r)(u(t)—u(t))drdxf/flz(u,v)dx+ %(glou)
Q 0 Q

<$ /flz(u, V)dx + E(gl o Vu). (3.17)
Q 8

Now, we estimate the first term on the right-hand side of (3.17). Using the assumptions

(A1)-(A3) and Young’s inequality, we arrive at

/ff(u, v)dx
Q
< C1/ lu + V| dx + le P )P+t dx
Q Q
< Cillullh, + LIV, + Cillul 5,2y + CllvI™,
L~ 2
8E(0)\*™! 8E(0)\*™
scl( IVul® + G| ——=)  1vvI?
I I
8E(0)\”> 8E(0)\?
+G IVull + G IVv]?
ll 12
< GlIVul® + G Vv, (3.18)

where we used the embedding H}(Q) < L5(Q) for 2 <s <2n/(n—2) if n =3 or s > 2 if
n=1,2 and the fact 3 (||ue||? + [|v¢]|?) + 24| Vael* + 11| V][> < 2E(0) proved in Lemma 5.1
in [17]. Combining (3.13)-(3.18), we get

t
Ji(8) < —(/ a(r)dr —25) e + SCLI Vel + 8CLlI VY
0

C C
+ ?l(g1 o Vi) - ?l(g{ o Vu). (3.19)

Page 8 of 11
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The same estimate to J,(£), we can derive

t
L) < —</ &(r)dr - 25) [vell? + 8Cy [ Vuel|* + Ci [ Vv
0
C C
+ %(gz oVv) - ?l(gé o V),
which together with (3.19) gives (3.11). The proof is now complete.

Proof of Theorem 2.1 For Ni,N; > 0, we define the functional KX by
K = NL1E(£) + NoJ(¢) + I(¢),

and let

go:min{/Ogl(s)ds,/ogz(s)ds}
0 0

for some fixed ¢y > 0.

Using Lemma 3.1 and Lemmas 3.3-3.4, a direct differentiation gives

C

/ C
X'(t) < —(5 —stcl>(||w||2 +VvI?) + (f +N2?1

- <N1+N2—28—1—%)(||u,§||2+ ||vt||2)+C1/F(u,v)dx
Q
N, NG , ,
+ (71 - —28 1)[(g1 o Vu) + (g o V)],

where [ = min{l;, l,}.
1

Now, we choose § = 0N, and Nj, N, large enough so that

_h asc =t
C1—2 2 1—2
/

Cy :N1 +N2—

201N, l
N;  4C?N?
c3 = m P Eh N
2 !

Inserting (3.21)-(3.23) into (3.20), we have

K'(t) < —a(IVull> + IVVI*) = ca(llue)* + 1vell®) + e[ (gf © Vae) + (g5 0 VV)]
. <4C12N2 4C2N,

+

i I )[(glovu)”gzOVV)]+C1/QF(M,v)dx.

Therefore, for two positive constants w and C, we obtain

K'(t) < —wE(t) + C[(g1 oVu)+ (g o Vv)], for all £ > t,.

)[(g1 oVu)+(g o VV)]

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Page 9 of 11
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On the other hand, we choose N; even larger so that K (¢) is equivalent to E(¢), i.e.,
K (t) ~ E(¢). (3.26)

Multiplying (3.25) by £(£) = min{&;(¢), £2(¢)} and using (As), we get

E0K'0) = -0 WEW + C [ [ &le= il 0)|Vu(o) - Vulo) dr ds
cf [ e- —7)|Vut) - Vu(z)|* dr d
+ /Q/(;Sg(t 7)o (¢ 7,')’ v(t) v(r)| Tdx
< —wEQE(t) - c/ /tg{(t—r)Wu(t) - Vu(e)|  dr dx
QJO

-C/Qfogg(t-r)|vV(t)-vV(f)|2dzdx

< —wé&(t)E(t) — CE'(t), forallt>t,. (3.27)

By virtue of (A3) and &(¢) < 0, we have

d

E(S(t)J{(t) +CE(t)) < —~w&(DE(t), forall > f,. (3.28)
Using (3.26), we can easily get

L(t):= &) K (t) + CE(t) ~ E(t), (3.29)
which together with (3.28) yields, for some positive constant 7,

L(t) < —nE)L(t), forallt>t,. (3.30)
Integrating (3.30) over (ty, t), we arrive at

L(8) < oc(to)e*ﬂf[to &(r)dr

< Ce )i Emar

which together with (3.29) and the boundedness of E and & yields (2.3). The proof is now
complete. O
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