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Abstract

A system of two integral equations is presented to describe the system of 3D
axisymmetric inviscid stagnation flows related to Navier-Stokes equations and
existence of its solutions is studied. Utilizing it, we construct analytically the similarity
solutions of the 3D system. A nonexistence result is obtained. Previous study was only
supported by numerical results.
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1 Introduction
The following system of two differential equations arising in the boundary layer problems

in fluid mechanics

S @+ (F) + 2gm)f" ) + (1=£*()) =0 on [0,00), (11)
g )+ (F(n) + 2gm)g"(n) + A(1-g"*(m)) =0 on [0,00) (1.2)

with boundary conditions

f0)=0, f(0)=0,  f'(o0)=1,
g(0)=0, g(0)=0, g(o0)=1

(1.3)

has been used to describe the system of 3D axisymmetric inviscid stagnation flow [1, 2],
which consists of three partial differential equations [2, 3], where A is a parameter related
to the external flow components.

A solution of (1.1)-(1.3) is called a similarity solution and can be used to express the
solutions of the 3D system. Regarding the study of (1.1)-(1.3), Howarth [3] presented a
numerical study for the case 0 < A <1 which can be applied to the stagnation region of
an ellipsoid. Davey [2] investigated numerically the stagnation region near a saddle point
(-1 < 2 <0). The two-dimensional cases, A =g = 0 or A =1 and g = f, and the special cases
of the Falkner-Skan equation were solved by Hiemenz [4] and by Homann [5], respectively.
Regarding the Falkner-Skan problems, further analytical study can be found in [6-10].
Also, one may refer to recent review of similarity solutions of the Navier-Stokes equations
[11].
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However, up to now, there has been very little analytical study on the existence of solu-
tions of (1.1)-(1.3).

The main aim of this paper is to study the existence of solutions of (1.1)-(1.3) analytically
for the case of |A| < 1. The method is to present a system of two integral equations and
study the existence of its solutions and then use it to construct the solutions of (1.1)-(1.3).
Also, a nonexistence result is obtained.

2 A system of two integral equations related to (1.1)-(1.3)
In this section, we present a system of two integral equations to describe a system of (1.1)-
(1.3) under suitable conditions, which will be utilized in Section 4.

Let

Qi ={x€C[0,1):x(t) >0, € [0,1)},

Q ={y€C[0,11NC'[0,1): () > 0, € [0,1)},

Q=Q xQ
and

I ={(f,g) € C*[0,00) x C*[0,00) :f'() = 0,¢" (1) > 0,1 € [0,00) }.
Lemma 2.1 If(f,g) € I is a solution of (1.1)-(1.3), then g"(c0) = 0.

Proof Since g’'(+00) = 1, we have

liminfg”(n) = 0. (2.1)

n—0o0

Notice that (f,g) € T, f(n) = fonf/(s) ds>0,g'(n) = Ong”(s) ds >0, g(n) = Ong’(s) ds>0
and 1> g'(n) > 0 for n € (0, +00).

If» > 0, weknow g"” () = —(f(n) + Ag(n))g” (n) —+(1-g"%(n)) < 0 and then g” is decreasing
on [0, +00), which implies that lim,_, o, g’ (1) exists. Hence, g"(c0) = 0 by (2.1).

If A < 0, we have g”’(0) = —A > 0 by (1.2). By (2.1), there exists 19 > 0 such that g"(no) <
£"(0) and then there exists 1" such that g”(n") = max{g”(n) : n € [0,70]}. Obviously, n" €
(0,770] by g”(0) > 0. We prove that g” is decreasing on (1", 00).

In fact, if there exist 11,7, € (1, +00) with 1, < 1y such that g”(n;) < g”(172). Let - €
[n",m2] such that g"(»-) = min{g"(n) : n € [n", 2]} > 0, then g"”’(n-) = 0 and g™ () > 0.

Differentiating (1.2) with n, we have

gV = (g ) —f ()" () - (fF(n) + rg))g” (n),
then
g9 = (Ag () —f (1))g" () < 0,

a contradiction. Hence, g” (1)) is decreasing on (n’, +00) and then g”(co) = 0.
This completes the proof. d
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Theorem 2.1 If (f,g) € T is a solution of (1.1)-(1.2), then

[P @As+a+y(s)(A—s) ~ £ s+ y(s)
x(t) = /x ) ds+(1-t) /0 ) ds, (2.2)
1 2 / 2
ﬂn=[;Gmqu“ ‘”ygxfl‘y“”dww 23)

has a solution (x,y) € Q, where Gy (¢, s) denotes the Green function for u” (t) = 0 with u(0) =
0 and u(b) = 0 defined by

tb-s)/b, 0<t<s<b,
Gop(t,s) = (2.4)
s(b-t)/b, 0<s<t<bh.

Proof Assume that (f,g) € . Let n := n(¢) = (¢)"}(¢) for ¢ € [0,1) be the inverse function
tot=g'(n) : [0,00) — [0,1). It follows that g’ is strictly increasing on [0, +00) and 7(t) =
@)'(®) : [0,1) — [0, 00) with (¢')71(0) = 0, lim,_,,-(g)}(¢) = oco. Let x(¢) = g"(n) > 0 for
t € [0,1), by Lemma 2.1, x(1) = lim,_, o g"(n) = 0. This implies that x(¢) > 0 for ¢ € [0,1)
and « is continuous on [0,1). By Lemma 2.1, we see that x is continuous from the left at 1.
Hence, we have x(¢) € C[0,1] and x(1) = 0, i.e., x(¢t) € Q;.

Using the chain rule to x(¢) = g”(n), we obtain g"’(n) % = «'(¢) and by the inverse function
theorem, we have

dn 1 1

dt  g'(n) ()

for t € [0,1).

This, together with g’'(n) = ¢, implies

t d
g" () = ' (t)x(t), n :/o ﬁ ds and g’(n)d—;7 = % for t € [0,1).

Integrating the last equality from O to ¢ implies

g(n(t))=/0 %ds for t € [0,1).

Let

y@&) =f(n)=f (/0 ’% ds) for t € [0,1).

Then y(0) = 0. By f'(c0) = 1, we know that y is continuous from the left at 1 and then
y(1) =1.

Notice thatf’(n)% = f’%, t €[0,1), we have f(n) = Ot % ds.

Differentiating y(¢) with ¢, we have

dn _f"

YO =17 ="

fort €[0,1).

From this, we have f”'(n) = y'(¢)x(¢) for n € [0,00) and y € Q.
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Differentiating " (n) with ¢ and utilizing % = ﬁ), we have
") _

x(t)

¥ (O)x(t) + y ()% (2).
Hence,

S () =y (Ox* () + ¥ (Ox()x ().

Substituting g, ¢/, g”, ¢” and f into (1.2) implies

x/(t):-/ty(s)”sdu WZ_”, te[0,1).
0

x(s) x(t)

Integrating (2.5) from ¢ to 1, we have

x(1) —x(t) = - // S)+)\S o+/t1}\(f(s_)l)ds

) / Mjc(sg : ”’S_/o (/ (2<:>M d") - / 1(/ | y(st(:))»s do

Las®-1) ty(s)+ks (ys)+)»s) —s)
- ds — _ Vs) + As)U —$)
/t ) /o x(s) f
MM =1) = (s + y(s)(A - As + y(s
-/ %) ~1= / (s)
~ L(2As + A+ y(s))(s — 1) As + y(s)
= ) ds—(1-t) / ds

By x(1) = 0, then

[P @hs+a+y(s)(A—s) L s+ y(s)
x(t) = /: ) ds+(1 - t)/o ) ds.

Substituting f, f', f”, f"” and g into (1.1) implies

Y (O52(2) + 5 (Ox(O)x (0) + 5 (E)x(D) f ) 4 1-y ) =0,

0 x(s)

B ft )\s+y A(2-1)

OB x'(t), we have

AME*=1)y'(8) + (1 - y*(2))
x2(t)

y'(£) + =0.

Therefore,

1)y (s) + (1= 5%(s))

x2(s)

1 2
y(t) = / Go,1(f,S)k(S ds+t, tel0,1),
0

where Gy 1(t,s) is defined by (2.4). Hence, (x,y) is a solution of (2.2)-(2.3) in Q.

(2.5)

)ds

Page 4 of 16
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3 Positive solutions of the system (2.2)-(2.3)
In this section, we will use the fixed point theorem to study the existence of positive solu-
tions of the system (2.2)-(2.3).

Let

A 1
§=8601)=- , rel-=,0].
21 +1 3

It is easy to verify

1
0<d8<1 ifand onlyif -3 <A<O.

We define some functions

Br+1)3  A2(A+1)BAr+1)
62 +1)2 | 22r+1)7

’

1 s
h()»):/s(2A5+A+s)(1—s)ds+(1—5)/0 (As+s)ds =

3451 371
V3 Ty 3
b

o) =

8 AZ(A1A% +124 + 3)

_ 2 _
l(A)_—A/O (l—s)dS— 305+ 1) )
)
~o2(h)

w(A) =2I(%).

By computation, (0) = %, a)(—%) = —%, there exists A € (—%,0) such that w() > 0 for
A € (Xo,0] and w(Ag) = 0.

In order to study the existence of solutions of (2.2)-(2.3) in Q for A € (X¢,1), we denote
the norm of the Banach space C[0,1] x C*[0,1] by

Gy | = Il + Nyl + [y

’

where ||x|| = max{|x(¢)| : ¢ € [0,1]}.
Let (x,y) € C[0,1] x C'[0,1] and # > 0 be a natural number, we define

ox(t) = max{x(t), c(t)}, ©ux(t) = max{x(t), (1), % }, 0y(t) = max{y(t), t},
where c(t) = ¢, (1 -1¢), t € [0,1],

i 1>0,
n

min{y/2(0), Vo), BRETY 5 <) <.

Notation

a(y)(t) =20t + A + y(2),
BY)() = At +y(1),
ho)(8) = 1(22 =1)y () + (1 - (65(0))?)
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and

N 1))
B,,(x,y)(t) = /0 Goyl(t,s)m ds + t,

[T -s)
S, (67)(0) = f s

[0

T (%, y)(2) o)

where Gy (¢, s) is defined by (2.4).

Let (x,y) € C[0,1] x C'[0,1], we define an operator F as follows:

Fn(x!y)(t) = (An(x!y)(t)7Bn(x:y)(t)):

where

A )0 = Suley)(O) + (L— O To(,) + %

It is easy to verify that ¢,, 6 are continuous operators from C[0,1] into C[0,1] and
oux(t) > %, t € [0,1], we know the following proposition holds:

Lemma 3.1 F, is a continuous and compact operator from C[0,1] x C'[0,1] to C[0,1] x
c'[o,1].

Lemma 3.2 Let (A, z,w) € (-1,1) x C[0,1] x C'[0,1] and 0 < ju <1 such that

x(t) = nA,(x, y)(t), (3.2)
¥(2) = uB,(x, y)(8). (3.3)

Then the following assertions hold.:
(i) ut<y(t) <1fortel0,1].
(ii) fol [y (s)| ds < 2 and V(y) < 2, where V(y) is a total variation of y on [0,1].
(ili) If w =1, then y(¢t) is increasing on (0,1) and then 0y(t) = y(t) for t € [0,1].

Proof We shall use the basic fact: let u(t) € Cla, b] x C*(a,b) and u(&) (¢ € (a, b)) be local
minimum (maximum), then #”(¢) > 0 (< 0).

(i) If there exists £y € (0,1) such that y(¢y) > 1, by ¥(0) = 0 < & = y(1), we know that there
exists ¢ € (0,1) such that y(¢#) = max{y(¢) : t € [0,1]} > 1. Differentiating (3.3) with ¢ twice,

we have

0
(pux(2))?

By /(¢:) = 0 and (3.4), we have

y”(t) _

(3.4)

_r-y*())

V) = =P

’

a contradiction. Hence, y(¢) <1 for ¢ € (0,1).

Page 6 of 16
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If there exists £y € [0,1] such that uty > y(to), let 7(£) = ut — y(¢), by 7(0) =0 = t(1) and
7(to) > 0, we may assume ¢+ € (0,1) such that 7(¢) = max{z(¢) : £ € [0,1]}. This implies
() =0, ie, ¥y (t) = u,and 7”() < 0. By (3.4) and 0y(t) = t-, we know

h(y)(t) =2t -+ (1-£)=1-rw)(1-#) >0,

then

pwh(y) (&)

T//(t*) = —)//(t*) = ((an(t*))z >V,

a contradiction. Hence, (i) holds.

(ii) Let 7 € [0,1] such that y(f) = max{y(¢) : £ € [0,1]} and y = sup{z}. If y < 1, we prove
that y(¢) is increasing on (0, y) and decreasing on (y,1).

Since y(0) = 0 and y(1) = i > 0, then y > 0. Let y < 1. If there exist ;, £, € (0, y) with t; <
£, such that y(t;) > y(£,), let ¢ € (#1, ) such that y(¢-) = min{y(¢) : ¢ € [t1, y]}, then y(¢) < 1
by (i). From y/(t) = 0, & < 0y(t-) <1 and (3.4), we know

(1= (0y()*)

P R

y”(t*) __

a contradiction.
If there exist 1, t; € (y,1) with f; < £, such that y(¢;) < ¥(£,), let & € (y, £2) such that y(¢) =
min{y(¢) : t € [y, £;]}, then y(¢-) < 1 by (i). Analogously, we know easily

- @y()P)

N TS

a contradiction. Hence,

1 Y 1
/oly(s>|ds=f0 y(S)dS—/yy(S)dS=2y(V)—u§2,

and V() = [ y/(s)| ds < 2, i.e., (ii) holds.
(iii) Let u = 1. By (i) and y(1) = 1, we know y =1 and then y(¢) is increasing on (0,1) and
then 0y(£) = y(¢) for t € [0,1]. Hence, (iii) holds. O

Lemma 3.3 [12] Let E be a Banach space, D be a bounded open set of E and 6 € D, F :
D — E is compact. If x # WFx for any 0 < u < 1 and x € 3D, then F has a fixed point in D.

Lemma 3.4 Let A € (-1,1), then F has a fixed point (x,,,) in C[0,1] x C'[0,1], i.e., there
exists (x,,y,) € C[0,1] x C[0,1] such that

%u(t) :A(xnryn)(t): (3.5)

yn(t) ZB(xmyn)(t) (3.6)

hold.

Page 7 of 16
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Proof Let

Q={(xy):xy) e C[0,1] x C'[0,1],

(x)] <R},

where R = 1612, We prove (x,y) # uF(x,y) for 0 < u <1 and with || (x,y)|| = R

In fact, if there exist (x,y) and p with ||(x,)|| = Rand 0 < u < 1 such that (x,y) # wF(x,y),
by Lemma 3.2(i) and (iii), we have ||y|| <1.

Since |a(y)(s)| < 2|A|+|A|+1) = 3|A| +1and |B(y)(s)| < |r| +1fors € [0,1], this, together

with1-¢<1-sfors<tand ¢,x(t) > %, implies

1
5,0)0] < 1 [ |a0)6)|ds = (3121 + 1)
1
0= 0| 70| < [ 86| ds < (121 + )

And then [x(£)] < [S.(x,9) ()] + A = O T,.(x,y)(@)] + 1 < 2QIA| + Du + 1, ie, |x] <

22|A + ) + 1.
By (3.3), we have

) )G
(o= ASwaﬁ /“’)<xwﬂ“+L ®7)

Noticing that |h(y)(s)| < |A|[y'(s)] + 1 and @,x(s) > 1 for s € [0,1], we obtain | h(}y)
n2(|A[]y'(s)| + 1) for s € [0,1]. This, together with (3. 7) and Lemma 3.2(ii), 1mp11es

1
/
0

S)Z|_

h(y)(s) h(y)(s)

el = (@nx(s))?

52(2|A| +1)n* +1,
ie, |y <2@2|A] + 1)n? + 1. Hence,

|G| = llxll + Iyl + /]|
<2(2Al+1)n+1+2(2Al +1)* +1<R,

a contradiction.
By Lemmas 3.1 and 3.3, F has a fixed point (x,, y,,) in C[0,1] x C'[0,1]. O

Lemma 3.5 Let (x,,y,) be in Lemma 3.4, then
(i) {x.(2)} is bounded on [0,1].
(ii) {x,,(t)} is bounded on [0, b] for any b € (%, 1).

Proof By Lemma 3.3(i), we know 0 < y,(¢) < 1. By (3.5), we have

oy —M1-1) L y,(s) + As
x,(t) = o) —/0 o) ds, tel0,1). (3.8)
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(i) For A > 0, we know x,,(¢t) < 0 for ¢ € [0,1], i.e., x,(t) is decreasing in [0, 1], by x,,(1) = %,
©x,(2) = x,(2) for ¢ € [0,1]. By a(y,,)(¢) > ¢ for ¢ € [0,1] and (3.5), we have

1
20(8) = S o yn) (0) = / sdsx / (1- (3.9)

And then x,(¢) > %‘/ﬂ for t € [0,1]. Obviously, x,(t) > % fort e [%,1]. This, together

with the decrease in x,,, implies
1-t¢
%, (t) > e for t € [0,1]. (3.10)

Let ¢’ () = u(1 - ), u defined by
1 ifa=o,

M =
¢, ifr<O,

where ¢; defined in (3.1).
It is easy to verify ¢,x,(t) > ¢ (t) for ¢ € [0,1]. And then

_ 1
| (X ) ()] < /W _/0 3|Al|L+1ds<+oo,

1
(1= 0)| Tl ya)(0)| < (1 - t)/ O) S)'dsgfo 1+des<+oo.

The last two inequalities imply that {x,(¢)} is bounded on [0, 1].
(i) By (3.8),

]xuﬂ|§|kul+t)+¥étzz5d& te[0,1),

we know that {x/ (¢)} is bounded on [0, b] for any b € (%, 1). a

Lemma 3.6 Let (x,,y,) be in Lemma 3.4, then
(i) t <yu(t) <1and y,(¢) is increasing in [0,1].
(i) {y, ()} is bounded and equicontinuous in [0, b] for any b € (%, 1).

Proof
(i) Lemma 3.2(i) and (iii) imply the desired results.
(ii) Forb e (%, 1), let t;, € [0, b] such that y,(t,) = min{y,(¢) : £ € [0, b]}. Since y,,(¢) > 0 on

[0,1], by Lemma 3.2(ii), ¥/, (t,)b < foby;(s) ds < foly’ (s)ds < 2, we obtain y,(5) < 2.
Differentiating (3.6) with ¢ twice, we have y/ () = — (;(1" © . Integrating this equallty

from O to ¢t < b, we have

t h .
Ph(6) =9, (t) = - / &7)(2;))2 i
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Noticing that |A(y,) ()| < |A|y,(¢) + 1 and ¢ (£) > ¢’ (b) for ¢ € [0,b] and Lemma 3.2(ii), we

know
) 20 +1 M +1 2
t t z
ly, (@) < cor |y, (&) < Cor s
i.e., {y,(¢)} is bounded on [0, b]. Let M}, = sup{M,,} (where M,, = max{y,(¢) : t € [0, b]}), we
know
1h(y) @) MM +1
1"
(0] = < — +oo for0<t<b.
DO = (o = w2
This implies that {y,(¢)} is equicontinuous on [0, b]. d

Theorem 3.1 There exists (x,y) € C[0,1] x (C[0,1] N C*[0,1)) such that

x(2) = S(x,)(@) + 1 =) T(x,9), (3.11)
¥(£) = B(x,)(¢) (3.12)
hold, where

1
S(x,)(0) = / A9

’

¢ @x(s)
T y)() = /0 ﬁgig’ ds,
! h
B(x,y)(t) = ‘/0 Goa(z, s)((’;y% ds + t.

Proof Let (x,,y,) be in Lemma 3.4, by Lemma 3.5(ii) and (iii), we know that {x,(¢)} is
bounded and equicontinuous on [0, 5] for any b € (%,1). Letting b =1 — % (k =3,4,...),
utilizing the diagonal principle and the Arzela-Ascoli theorem, we know that there exists
a subsequence {x,, (t)} of {x,(¢)} and x(¢) € C[0,1) such that x,, () converges to x(t) for
t € [0,1). Without loss of generality, we assume that {x,, (£)} is itself of {x,(£)}.
By Lemma 3.6, we know that {y,,(¢)} is bounded and equicontinuous on [0, 5] forany b €
%, 1) and then {y,(t)} is bounded and equicontinuous on [0,b]. Let b =1 — % (k=3,4,...),
the diagonal principle and the Arzela-Ascoli theorem imply that there exist y and y, in
C[0,1) and two subsequences {y,, (¢)} and {y/ni(t)} with {y,,,(#)} € {y, ()} S {yu(2)} such
that y,, (£) converges to y(¢) for £ € [0,1) with (1) =1 and y’n’,(t) converges to yo(t) for each
t € [0,1). For the sake of convenience, we assume that {y,,(t)} and {y,, (¢)} are itself of
ya(8)}. By y,(¢) = foty;(s) ds, we obtain y(¢) = fotyo (s)ds and then y, () = ¥/ (¢) for t € [0,1).
Since

a(y,)(s)1—s)
©x(s)

) BWn)(s)
©x(8)

3IA+1
<

* ’

Cc

1+ (A
LMoy,

C

a(y,)(t) converges to «(y)(£) and B(y,)(£) converges to S(y)(¢) for ¢ € [0,1), by the Lebesgue
L € [0,1]), we have that (x,7)

dominated theorem (the dominated function F(s) = =2

satisfies (3.11) and x € Q.
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Fix ¢t € (0,1) and choose b € (0,1) such that ¢ < b, then

"o BoWG)
n = n f
Vn(2) /o Gob(¢ (s)) by (b) fortel0,b].

Noticing that |/(y,)(s)| < |Ally,(s)] + 1 < |A|M; + 1 and h(y,)(s) converges to h(y)(s) for
s € [0, b], by the Lebesgue dominated theorem (the dominated function F(s) = (2\11(%)12

€ [0, b]), we have

on

b h(y)(s) t
y(t) = /0 Gop (%) ds + Ey(b) for t € [0, Db].

Differentiating the last equality twice, we know

h(») @)
(px(2))?

yY'(t) = - for t € [0,1).
By (i), we know ¢ < y(¢) < 1and lim,_,; y(¢) = 1 = y(1) and then y € C[0,1] N C'[0,1). This,
together with (2.4), implies that y(¢) satisfies (3.12). Clearly, (x,y) € Q. O

Theorem 3.2 For X € (A, 1), the system (2.2)-(2.3) has at least a solution (x,y) in Q.

Proof Let (x,y) in Theorem 3.1. It is clear that we only prove gx(t) = x(¢). If . > 0, by (3.10),
we obtain x(¢) > % for t € [0,1] and then ¢x(f) = x(¢). Next, we prove x(t) > ¢; (1 - ¢) for
t €[0,1] for Ag <A <O.

Let y € [0,1] such that M = px(y) = max{px(t) : t € [0,1]}, then

(21s + A+ y(s))(1 As + ¥(s)
M 1) s
> x(8) = / gz)x(s) +(1- )/ pp
(2)»s+)»+s)( AS + S
2/5 C omax{M,¢;) c,\} - 8)/ max{M, ¢, } CA}
) M/ @2s+ 2 +5)(1-s)ds + (1~ 5)/ (As +s)ds
R
" max{M,c;}’

From this and ¢; < +/k(}), we obtain M > /h()A) and x(y) = px(y) = M.
Let S(t) = S(x,y)(¢) and S = max{S(¢) : ¢ € [0,1]}, we prove

345X

S<
- 3

(3.13)

By a(y)(0) = 2 < 0 and «(y)(1) = 31 + 1 > 0, there exists ¢, € (0,1) such that «(y)(t) = 0.
Since «(y)"(¢) = y"(t) < 0 for t € [0,1], i.e., ¢ (y)(¢) is concave down on [0,1], then a(y)(s) <
0 for s € [0, 0] and «(y)(s) > 0 for s € [y, 1]. Hence, S = S(to).

By (3.11), we have

ox(t) > x(t) > S(¢) fort € [t,1],
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we know

B (y)(2)

S(t)(—S/(t)) = S o) <2\t +A+1 forte[ty,1].

Integrating the last inequality from £, to 1 and utilizing S(1) = 0, we have

S2(¢ ! 1 3+5A
(0)5/(2ks+k+1)(1—3)d35/(2)»s+)\+1)(1—s)ds: * .
2 0 0 6

Hence, (3.13) holds.
By x'(0) > 0, x(8) > 0 and x(1) = 0, we have 0 < y <1 and «'(y) = 0, then

0=x(y)=- ds,

A1 -y?) _/V As + y(s)
@x(y) o @x(s)

Y s+ y(s) Al —y2)
ds =— .
/o oxs) T paly)

Hence,

M-y)A-y?) A
px(y) T M

A-Y)Txy)(y) =
This, together with (3.13), implies

3+50 A
3 M’

M=x(y)=Sxyy)+1-y)Txy(y) <

=o(A).

3451 [3-7A
+
M< 3 3
- 2

Since a(y)(£) > 21t + A + £t > 0 for t € [3,1], we have

x(t) = 1-0)T(xy) () = 1 - )T (x,)(8)

S As+s (A +1)8%
Z(l—t)/o e ds > ) 1-1), tels,1].

And then x(¢) > ¢, (¢) for t € [§,1].

Finally, we prove x(t) > ¢, for ¢ € [0, 5].

In fact, if there exists t € [0, §] such that x(¢) < c;, by x(5) > ¢;, there exists ¢’ € (0, ) such
that x(¢) > ¢; for t € (¢, 8] and x(¢') = ¢;.

From

%(8) = S(x, )(8) + (1 - 8) T (x,»)(5),
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S(x,9)(8) > f; “;*A’\)” ds and T(x,y)(8) = [, & s ’\”S j ds, we obtain

h(2)

"0 = 76y

By (3.11), we have

x'(t) = -

A1-1%) P s+ y(s) A1 -t2) /
x(t) _/0 x(s) ds <= x(t) ‘e [t ’8],

ie., x(t)x'(t) < —A(1—t2), t € [, 8]. Integrating this inequality from ¢’ to §, we have

208y 2 s s
%5[ —)L(l—sz)ds</ —A(l—sz)ds
¢ 0

and then ¢ > x*(8) + 2 fo M1 -s%)ds > 555 = 21(1) = (1), a contradiction.
This completes the proof. O

4 Existence of solutions of (1.1)-(1.3)
In this section, we use positive solutions obtained in Theorem 3.2 to construct the solu-
tions of (1.1)-(1.3) in T".

Theorem 4.1 For X\ € (Ao, 1), the system (1.1)-(1.3) has at least a solution (f,g) € T’

Proof Let A € (Xo,1), by Theorem 3.2, the system (2.2)-(2.3) has at least a solution (x,y)
in Q. By x(£) > ¢+(¢) and (2.2), we know

t)_f w S+(1—t)/t|);J:1dS

j(/ (3|A|+1)ds+(1—t)/ 1+|M )

;(3|/\| +1=(1+A])In(@-9))1-2).

I/\

IA

Let u(t) = 2(3|A| + 1= (1+ [A)In(1 - £)), du = 25 dt and then

/1 1 4 >/1 1 4 cs /‘x’du
—ds s = =00
o 2(s) T Jo uls)(1-s) 1+ Jo u

we have fol ﬁds =00

Let

|
n:n(t):/o mds, 0<t<l (4.1)

Then 7(t) is strictly increasing on [0,1) and

1
n(0) =0, n(1-0)= / %ds—+oo
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Let £ = h(n) be the inverse function to n = n(t), we define the function

. .

g ["neras, go= [THho)ds 0<n<r.
Then

g =hm), g0)=0, g0)=0, g(o)=1
and

f'm=y(rm),  fO)=0, f(0)=0, f(o0)=1

From (4.1), we have

g'(n)

1
n=n(gn) = /0 G) ds, 0<mn<+o0. (4.2)

Differentiating (4.2) with respect to 1, we have
') =x(g ) =x(), 0=<n<-+oo. (4.3)

Then g”(n) > 0 for 0 <5 < +o0.
Differentiating (4.3) with respect to 1, we have

&' =xEgm), gm=xExE), 0<t<l (4.4)

Differentiating (2.2) with respect to ¢, we have

, 0<t<l (4.5)

o E s+ y(s) —M1-1¢2)
x(z,‘)_—/0 ) ds + 20

By setting s = ¢/(0) and utilizing ¢ = g’'() and (4.3), we have

L s+ y(s) €0 s+ y(s)
ds = d
[ et

= fon(f/(o) +1g(0)) do =f(n) + Ag(n). (4.6)

By (4.3), (4.4), (4.5) and (4.6), we have
g/// — _(f+ )\g)g” +)L(g/2 _ 1)

By (4.1), we have j—; = x(¢t). Differentiating f’(n) with respect to n, we have

d
f =y d—; =y Ox(®), (1) =y (OO +y (O O().
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Differentiating (2.3) with ¢ twice and combining (4.5) and (4.6), we obtain

f”/+(f+)»g) //+ (1_f/2)
=y ()% (8) + ¥ (K ()x(t) + ¥ (£)x(E) f Ay ds+(1- (1))
0 x(s)

-1y @) +Q —yz(t))]

200) =0.

A
=x%(t) [y”(t) +
This completes the proof. O

Remark 4.1 For A < -1, by Theorem 1 [2], (1.1)-(1.3) has no solution such that
lim,, o g'(n) = 1 with |g’()| <1 for n > ny, no > 0 is a constant.

Utilizing the system (2.2)-(2.3), we know easily that (1.1)-(1.3) has no solution in I" for
A<-1.

In fact, if (1.1)-(1.3) has a solution (f,g) € I" for some A < -1, by Theorem 2.1, then (1.1)-
(1.3) has a solution in (x, y) € Q. Noticing that

a(y)(t) =20t +A+y(t) <2At+A+1<0 forte(0,1),

we know

g//(o) =x(0) — /1 Mds < 0,

o ¢x(s)

a contradiction.

This research uses integrals of equations to investigate the existence of solutions of the
3D axisymmetric inviscid stagnation flows related to Navier-Stokes equations and supplies
a gap of analytical study in this field.
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