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1 Introduction
Let Q € R? be a bounded, simply connected domain with smooth boundary 0Q), and »
is the unit outward normal vector to 0Q. We consider the Boussinesq system in Q x

(0, o0):
ou+u-Vu+Va — Au = 0ey, (1.1)
divu =0, (1.2)
30 +u- VO = eAb, (1.3)
u-n=0, curlu=0, 6=0, onadQ x (0,00), (1.4)
(u,0)(x, 0) = (uo, o) (x), x€, (1.5)

where u, 7, and 6 denote unknown velocity vector field, pressure scalar and tempera-
ture of the fluid. € > 0 is the heat conductivity coefficient and ey:= (0, 1)*. w:= curlu:=
01Uy - i is the vorticity.

The aim of this article is to study the partial vanishing viscosity limit ¢ — 0. When
Q:= R? the problem has been solved by Chae [1]. When 6 = 0, the Boussinesq system
reduces to the well-known Navier-Stokes equations. The investigation of the inviscid
limit of solutions of the Navier-Stokes equations is a classical issue. We refer to the
articles [2-7] when Q is a bounded domain. However, the methods in [1-6] could not
be used here directly. We will use a well-known logarithmic Sobolev inequality in [8,9]
to complete our proof. We will prove:
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Theorem 1.1. Let uy € H>, divug = 0 in Q, ugn = 0, curluy = 0 on 9Q and

6o € H) N H2 Then there exists a positive constant C independent of € such that

lltte | e 0,513y ez 0,751%) < o 116s Mo o,m512) < €

1.6
el 20,100y < C, 100, I20.12) < C (1.6)
or any T > 0, which implies
y 'p
(ug,qs) — (u,0) strongly in L*(0, T; H') when & — 0. (1.7)

Here (u, 0) is the unique solution of the problem (1.1)-(1.5) with € = 0.

2 Proof of Theorem 1.1
Since (1.7) follows easily from (1.6) by the Aubin-Lions compactness principle, we only
need to prove the a priori estimates (1.6). From now on we will drop the subscript e
and throughout this section C will be a constant independent of € > 0.

First, we recall the following two lemmas in [8-10].

Lemma 2.1. ([8,9]) There holds

IVulliegy < C(1+ [curlu| . o log(e + lull(e)))

for any u e H*(Q) with divu = 0 in Q and u - n = 0 on 9Q.
Lemma 2.2. ([10]) For any u € W*” with divu = 0 in Q and u - n = 0 on 9Q, there
holds

lullwse < C(llull + |curl ul| . .,)

forany s> 1and pe (1, «).
By the maximum principle, it follows from (1.2), (1.3), and (1.4) that

1011 (0,7;0) < 160l < C. (2.1)

Testing (1.3) by 6, using (1.2), (1.3), and (1.4), we see that

1d
/Ozdx+8/|V0|2dx=0,
2dt

which gives
Vellbll oy < C. (2.2)
Testing (1.1) by #, using (1.2), (1.4), and (2.1), we find that

1d
2dt

uZdﬁHC/ |Vu|2dx=/962u < 10l lull2 < Cllullz2,
which gives
lullpeo,mir2y + Nllr2 0,501y < C. (2.3)
Here we used the well-known inequality:
lullp < Cl|curlul,,.
Applying curl to (1.1), using (1.2), we get

9w +u- Vo — Aw = curl(fey). (2.4)
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Testing (2.4) by |o|"w (p > 2), using (1.2), (1.4), and (2.1), we obtain
1d 1 -2 2
/|a)|pdx+ / P2 | Vol?dx + 4P / ‘v|w|ﬂ/2‘ dx

f curl(fey)|wlP > wdx

IA

cwmg/WUMW%HM

1/1 -2 2
( /|w|P—2|Vw|2dx+4p /‘Vlwlp/z‘ dx)
2\2 p?

+ C/ lwlPdx + C,

which gives
lullpeo,m;w1,p) < Cll@llzeo, 110y < C.
(2.4) can be rewritten as

9w — Aw = divf := curl(fe;) — div(uw),
w=0 onadQ x (0,00)
o(x,0) = wo(x) in Q

with fi: = 0 - yyo, fo:= -uo.

(2.5)

Using (2.1), (2.5) and the L™-estimate of the heat equation, we reach the key estimate

[0l 7% = C (lwollix + |f o) =€)
Let 7 be any unit tangential vector of 9Q, using (1.4), we infer that
20
u~V9=((u~r)r+(u~n)n)oV0=(uo1:)t~V0=(u-r)a =0
T

on Q) x (0, o).
It follows from (1.3), (1.4), and (2.7) that

A6 =0 ond2 x (0,00).

Applying A to (1.3), testing by A6, using (1.2), (1.4), and (2.8), we derive

Ld /|A9|2dx+a/|VAe|2dx
2dt
= —/(A(u-VG)—uVA@)Ade
= —/(Au-V0+228iu~V8i0)A0dx

= CUlAullps VOl s + IVulli= | AO]12) | AG]];2.
Now using the Gagliardo-Nirenberg inequalities

IVOIIZ: < CllOIIL~ 12612,

2
[Aullfa < ClIVullllullgs,

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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we have

Ld /|A9|2dx+a/|VAe|2dx
2dt

< ClIVullp~ 18617 + ClIAGIZ: + Cll Vullp~ lullp

2.11
< C+ [Vull) (lull?s + 126]12) @11
< C(l + [l ~ log (e + ||u||H3)) (1 + ||Aw||fz + ||A9||fz)
< C(1+log(e+ Al + 1A0112)) (1 + |Awl}, + 1A0]7,) .
Similarly to (2.7) and (2.8), if follows from (2.4) and (1.4) that
u-Vo=0 ondQ x (0,00), (2.12)
Aw + curl(fe;) =0 on 32 x (0, 00). (2.13)

Applying A to (2.4), testing by Aw, using (1.2), (1.4), (2.13), (2.10), and Lemma 2.2,
we reach

1d

/|Aa)|2dx+/|VAa)|2dx
2dt
= —/ (A(u- Vo) —uVAw)Awdx — / Vcurl(fe;) VAwdx

= CdlAulps Vol + IVul <l Awll2) | Awllz + CIAO |2 IV Awll2
< C(lAulfs + IVul < Aol 2) [Awll2 + CIAO] 2 IV Awll2
< ClIVullp< llullys | Awllz + CIIAG| 2V Aol 2

1
< CIVul~ A+ [[Awl2) [Aw]l2 + CIAOIF + ) VAl

which yields

jt/|Aw|2dx+/|VAw|2dx

2.14
< CIVull~ (1 + [Aoll) Aol +ClIASIE 214)
<C(1+log(e+[Awll + 1A0]12)) (1 + [ Awl}, + 1 A0]I7) .
Combining (2.11) and (2.14), using the Gronwall inequality, we conclude that
1012 (0,7:12) + VN0 |1 (0,1515) < C (2.15)
lull o (o,r:13) + Null 20,114y < C. (2.16)

It follows from (1.1), (1.3), (2.15), and (2.16) that

l0cullz20,mr2y < G 10012 (0,112) < C.

This completes the proof.
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